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The electron capture cross sections Gj,i-1 Of multiply charged light ions having charge i and 
atomic numbers Z from 2 to 18 were determined for ions moving with velocities v = (2.6—12) 
x 108 cm/sec in helium, nitrogen, argon, and krypton. Approximately the same dependence of 
Oj,i-1 On v was found for all ions ina given gas. A correlation was found between the cross 
sections in different gases and the numbers of electrons in specified shells of the gas atoms. 
Minima in the dependence of oj j-4 on Z were found for low-charge ions. 


1. INTRODUCTION 


Ee CTRON capture by fast ions passing through 
matter has so far been studied mainly for protons 
and helium ions.! Heavier ions have been studied 
principally at velocities under 10° cm/sec.”? Data 
obtained at higher velocities were available only 
for nitrogen’ and oxygen ions.’ The theoretical 
papers are also concerned with the passage of hy- 
drogen and helium ions through matter;®" only es- 
timates of the cross sections are available for 
other ions.>»®.? 

The present paper reports an experimental in- 
vestigation of single-electron capture by ions of 
light elements with Z = 2 passing through helium, 
nitrogen, argon, and krypton. Measurements for 
He, Li, B, and N ions were obtained in the veloc- 
ity range (2.6 —4) x 108 to ~ 12 x 108 cm/sec, 
for Ne ions at (2.6—6) x 10® cm/sec, and for P 
and Ar ions at 2.6 and 4.1x 108 cm/sec. For the 
purpose of determining the dependence of the cross 
sections on Z, measurements were also obtained 
for Be, C, and O ions in helium and nitrogen at 
v= 8x 108 cm/sec, and for Na, Mg, Al, and Kr 
ions in helium, nitrogen, and krypton at v = 2.6 
x 108 cm/sec. 


2. PROCEDURE 


Cross sections for the capture of a single elec- 
tron were measured along with cross sections for 
other electron capture and loss processes, using 
the experimental setup represented in Fig. 1. 
Multiply charged ions were accelerated in the 
72-cm cyclotron and were focused at a point 8m 
from the cyclotron chamber.” Near the focus the 
beam was defined by two 1-cm slits (1 and 3). A 
thin (~ 2ug/cm?) celluloid film 2 was placed be- 
hind slit 1; after traversing this film the beam 
contained ions with different charges. The first 
analyzing magnet H, directed ions with a specified 
charge i into the charge-exchange (collision) 
chamber B, consisting of a cylinder 8 cm in di- 
ameter and 38 cm long with inlet and exit channels 
(4 and 5) 0.5 cm high, 0.2 cm wide, and 2.6 cm long. 
Gas was admitted to the chamber continuously; the 
pressure was measured with 3 — 5% accuracy by 
ionization gauges calibrated for the different gases 
against an oil compression gauge. 

The helium, nitrogen, and argon target gases 
contained less than 0.5% impurities; the krypton 
contained 7% xenon. The pressure in the collision 
chamber varied from (1—2) x 10 ° mm Hg (re- 
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FIG. 1. Diagram of apparatus. Scale in mm. 
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sidual pressure ) to 7 x 10°? mm for helium and 
107° mm for the other gases. The pressure was 
COnps— 2"): 10-> mm in the chambers traversed by 
the ions before (A) and after (C) the collision 
chamber. 

When a beam of ions with the initial charge i 
traversed a gas, ions with charges k #i resulted 
from electron capture or loss. The charge distri- 
bution in the beam was determined by a second 
analyzing magnet H, and a system (6) of eight pro- 
portional counters, each of which registered ions 
with a single specified charge. The first counter 
registered neutral particles, while the last counter 
registered septuply charged ions. The counters 
were separated from the high-vacuum portion of 
the apparatus by a slit 0.08 mm high and 100 mm 
long, sealed with a ~ 20ug/cm? celluloid film. 

The entrance window of each counter was 10 mm 
wide. The field of the second analyzing magnet 
was adjusted to cause most ions to impinge on the 
middle of each appropriate counter. This adjust- 
ment was monitored by placing before each counter 
a screen, with a 2-mm slit, which could be moved 
across the counter entrance window. The counters 
exhibited practically 100% efficiency in registering 
particles that passed through their entrance win- 
dows. 

The fraction ®j, of ions with a given charge k 
( 2 Pik = 1) was calculated from the simultaneous 
readings of all counters. jk was determined for 
different initial ion charges i at several gas pres- 
sures in the target chamber including the residual 
pressure. The maximum pressures at which ®j, 
was measured were such that the intensity reduc- 
tion of the primary beam as a result of charge ex- 
change amounted to about 20 to 30%, i.e. jj 
= 0.7—0.8. The charge distribution at each pres- 
sure was measured three to six times; in each in- 
stance the counters registered a total of at least 
104 particles. The individual measurements usu- 
ally did not differ by more than the statistical 
error, which was of the order 2 — 3% for the most 
intense ion groups produced by charge exchange. 
The possible error in $j, resulting from varying 
height of the counter entrance slits did not exceed 
2 — 3%. 


Since the charge distribution of the beam was 
measured at relatively low pressures, with most 
ion charges remaining unchanged after traversal 
of the gas, the ratio of ions with charges i +1 and 
i — 1 was determined mainly by the cross sections 
for single-electron capture and loss. The experi- 
mental values of 4; j,, made it possible to deter- 
mine the cross sections for two-electron capture 
and loss, values of ©; j,3 led to the cross sections 
for three-electron capture and loss etc. The cross 
sections were calculated by solving the charge ex- 
change equation 


dD, (t) [dt =D) i; (t) om, (1) 


where t is the number of gas atoms in a volume 
with 1-cm? cross section along the ion path (t 

= J Nal, where N is the number of gas atoms per 
cm? and dl is an ion path element in the gas), 

Ojk with j =k is the cross section for the process 
which changes the ion charge from the initial value 
Hoy 1s, Bate! 
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( the primed summation indicating j =k). 

The calculation of cross sections from experi- 
mental results was usually confined to the first 
approximation 


D;, => Girt (Rk == i) (2) 


at pressures where 9%}, is proportional to t (i.e. 
to the pressure). However, for jj ~ 0.7—0.8 

the single-electron capture and loss cross sections, 
Oj,it+1 and oj,j-1, calculated from this formula in- 
cur an error of 20 — 30%, which could only be re- 
duced by higher approximations. A more exact 
relationship between $j, and oj, is also required 
in calculating cross sections for the capture and 
loss of two or more electrons; the possibility must 
be allowed that even at the residual pressure a 
considerable fraction of the ions would be formed 
by successive single-electron captures or losses. 
We know that in this case the cross section cannot 
be determined from the slope of the curve repre- 
senting $j; as a function of the admitted target 
gas pressure. In the present work we used a 
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practically exact solution of Eq. (1) (for ij 

~ 0.6 —0.7) in order to achieve complete elimina- 
tion of errors in calculating cross sections from 
the experimental values 4j,. 

Since charge exchange took place in a mixture 
of admitted and residual gases, the cross sections 
Ojk were replaced in (1) by Ojk@ + OF, where 
Ojk pertains to the admitted gas and 9g; jk to the 
residual gas, and @ and a’ are the raintive con- 
centrations (a+ a@’=1). In the solution a@ was 
taken as constant for each of the chambers A, B, 
and C along the ion path (Fig. 1). The initial con- 
ditions for A were ®i_ = djk, where 6j, = 0 for 
k #i and 6jj=1. The values of 4}, at the bound- 
ary between chambers A and B, obtained by solv- 
ing (1), were taken as initial conditions in solving 
the equation for chamber B etc. The final expres- 
sion for %j,, obtained after integrating (1) and 
used to calculate cross sections, is 
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where 


7 = (8: —Bs) — (81 


and By is the fraction of gas molecules in the 
m-th chamber along the ion path (8;+f,+f3=1); 
go, t, and 8 pertain to the admitted gas and o’, t’, 
and B’ to the residual gas. 

B, and B3 were determined experimentally from 
the ratios between pressures in different portions 
of the apparatus, taking into account the ion path 
length in each portion; the values were small for 
the admitted gas. The largest values were found 
in the work with helium (f;= 0.05 and £3; = 0.035), 
and were 2.5—3 times larger than for the other 
gases. For the residual gas B4= 0.45 and £3 
= 0.07, so that y was close to 0.4. 

6‘, for the residual gas and $j, for specified 
pressures of the admitted gas were known experi- 
mentally. Solving the system (3) of algebraic 
equations with these data, we first obtained gi, 
for the residual gas and then oj, the charge-ex- 
change cross section for the investigated gas. The 
equations were solved on the ‘‘Strela’’ computer 
of Moscow State University. 

The accuracy of the cross sections depended on 
the errors in the largest terms of Eq. (3). The 
errors in the cross sections for capture and loss of 
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a Single electron depended on the errors of Oe ae 
and pressure in the first-approximation formula. 
In calculating the cross sections for capture or 
loss of several electrons the terms representing 
successive captures or losses were sometimes 
large; the errors in the cross sections then de- 
pended on errors in 9j j44, Piri iz2 etc. as well 
as errors in i, j4) or ®j j43;. The cross sections 
calculated from experimental values $j, obtained 
at different pressures agreed within the limits of 
error. 

In collisions between ions and gas atoms, be- 
sides electron captures and losses, ion scattering 
took place with the result that some ions with 
changed charge did not emerge from the collision 
chamber. Therefore from a rigorous point of 
view the cross sections obtained in the described 
experiments represent only electron capture or 
loss accompanied by ion scattering at angles 
6 = 6, where 6;, is the maximum scattering 
angle of particles emerging from the collision 
chamber. The mean value of 6,, was ~ A/1 
= 0.005 rad (J is the length of the collision cham- 
ber B and A is the width of the entrance channel 
5). However, there are grounds for believing that 
at the given ion energies only a small fraction of 
each cross section, not exceeding the limits of 
error, is associated with scattering at larger 
angles. 

In all our cases, the scattering at angles 0 = 0, 
can be treated classically. For the total scattering 
cross section at angles 0 = 6,, we can therefore 
take op( 9m) = Tp*(@m), where p(@) is the impact 
parameter for scattering at the angle 6. If we ob- 
tain p(@) by using the calculations of Everhart et 
al.,!! which agree well with experiment” in our 
required region of p values, then o,(A/Z) is not 
greater than 1— 3% of the total value obtained for 
the charge-exchange cross section oj = Dk Ojk and 
reaches 5 — 10% only for singly charged ions with 
minimum velocity in argon and krypton. 

From experiments” on the charge distribution 
of scattered particles, at somewhat lower veloci- 
ties than in the present work, it is known that the 
largest fraction of scattered ions having a speci- 
fied charge does not exceed one-half the total 
number of scattered particles and is practically 
independent of the velocity. Since there is no 
reason to assume that this fraction can be larger 
in our velocity range, for each given proces of 
electron capture or loss we can take AOp\ 0m) as 
the maximum possible cross section for scattering 
at @ > 6,,- In most instances A0p( 4/1) ) did not 
exceed the random errors of the derived cross 
sections. 


698 


There is experimental confirmation of the con- 
clusion that the fraction of the cross section asso- 
ciated with scattering at angles @ > @m is within 
the limits of the indicated random errors. Parti- 
cles scattered at angles from 1.5 to 2.6 A/Z in the 
last third of the ion path within the target chamber 
entered the counters close to the edges of the en- 
trance windows. The number of these particles 
was measured by means of a slotted screen placed 
in front of the counter entrance window. It was 
found that the few particles scattered at the given 
angles, did not exceed the background of accidental 
pulses (~ 1 pulse per minute in each counter ) 
while the usual registered beam intensity was 
(1—2) x 10? particles per sec. 


3. EXPERIMENTAL RESULTS 


Figure 2 shows the cross sections for single- 
electron capture by He, Li, B, and N ions. Fig- 
ures 3, 4, and 5 show the cross sections for the 
other ions. The cross sections were calculated 
per atom. In order to give an idea of the maximum 
possible cross sections for scattering at 0 > 0), 
Figure 2 shows AO 4/1) for singly charged ni- 
trogen ions. The scattering cross section depends 
only slightly on the ionic nuclear charge Z. For 
helium ions o,(A/l) is about 5% larger than for 
nitrogen ions, while for argon ions in nitrogen, 
argon, and krypton it is 5 —12% smaller, and in 
helium it is 30% smaller, than for nitrogen ions. 
For ions with charge i= Z the scattering cross 
section exceeds o,(A/l) for singly charged nitro- 
gen ions by not more than 40% at v = 2.6 x 10° 
cm/sec and by not more than 25% at v = 6 x 108 
em/sec. 

Figure 2 also shows the values of oy and o; 
for helium ions, taken from Allison’s review arti- 
cle.’ In helium at v x 4 x 108 cm/sec the values 
of oy from reference 1 agree with our work, but 
the values of o); are 40% under ours. A reason- 
able interpolation can be made between our values 
of oy in nitrogen and argon for v 2 4 x 10° cm/sec 
and those in reference 1 for v < 3 x 108 cm/sec. 
It should be noted that the values of oy given in 
reference 1 for helium ions in air are about 30% 
larger than in nitrogen, according to both our own 
data and reference 1. oy; in air as given in refer- 
ence 1 agrees with our results in nitrogen at 
v ~ (4—5) x 108 cm/sec, but at v = (6—8) 

x 10° cm/sec it is smaller by the factor 1.5 than 
the results given below. 

Our earlier’ cross sections for electron cap- 
ture by nitrogen ions in nitrogen and argon, with 
9m larger by the factor 1.5, agree with the present 
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measurements within the limits of error. 

The experimental values of 043 and 054, given 
in reference 5, for oxygen ions in argon at 
v ~ 10° cm/sec agree well with our present re- 
sults, since the ratios of these cross sections to 
the corresponding cross sections for nitrogen ions 
in the present work agree with our ratios of these 
cross sections at v = 8 x 10° cm/sec. ogs in ref- 
erence 5 is 1.5 times larger than could be ex- 
pected from our present results. 

The following regularities are derived from the 
experimental results. 

a) Dependence of oj,j-; on v. Figure 2 (a—d) 
shows that the relationship between cross sections 
and velocity, which can be represented by 
q=-—dlog 0i,i-1/d log v, depends mainly on ion 
velocity and the medium, while depending only 
slightly on the charge i of the ion and Z of its 
nucleus. As v increases in helium and nitrogen, 
q increases monotonically from ~ 1—2 at 
v = (2.6 —4) x 108 cm/sec to ~ 5—7 at v ~ 10° 
em/sec. A decrease of q is observed in argon and 
krypton for v > 8 x 108 cm/sec. The maximum of 
q, at v=(6—8) x 108 cm/sec, is ~ 6 in argon 
and ~ 7 inkrypton. At v ~ 10° cm/sec we have 
q ~ 4in argon and q ~ 3 in krypton. 

The general character of the dependence of 
oj,i-1 On v for the investigated ions agrees with 
that of oj for protons. However, q for protons 
is larger by ~ 2 than for the other ions. 

b) Dependence of oj j-; on Z. Figures 3 and 4 
show that this is determined by the ion charge i. 
For ions with small i minima are observed in the 
region of Z where a transition occurs from the 
filling of one electron shell to another. As i in- 
creases the minima become shallower, and at suf- 
ficiently large values of i the cross section de- 
pends only slightly on Z. In all cases the cross 
section minimum corresponds to the capture of 
the first L or M electron. The minimum is found 
at larger Z only for oy in helium and nitrogen. 


c) Dependence of oj,j-; on i. For ions of a 
given element Oj,;-1 Can be represented approx- 
imately by the power function i™. Asa rule, m is 
somewhat smaller in helium than in other gases. 
There appears to be a general tendency toward 
stronger dependence of oj,j-; on i as v increases. 
For example, as the velocity of nitrogen ions in- 
creases within the range (2.6 — 8) x 108 cm/sec, 
m increases from ~ 1.5 to~ 3. 

In accordance with the foregoing properties of 
Oj,i-1 28 a function of Z, m varies greatly for 
different ions and attains maximum values for 
Z= 3, 11, and 12 (Fig. 6). A similar dependence 
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b) v, 10° cm/sec d) v, 10° cm/sec 
FIG. 2. Cross sections o;,;-1 vs ion velocity v and ion energy per nucleon E/A in (a) helium, (b) nitrogen, (c) argon, and 
(d) krypton, for ions of: 0o—He, O—Li, +—B and e—N. A represents cross sections for He ions taken from Allison’s review ar- 
ticle. The value of i is indicated at the ends of the curves. Only errors above 10% are indicated. 


sections in different gases depend generally on all 
the parameters (i, v, Z, and Zy,). However, as 
Zm increases the dependence of the ratios on i 
and Z becomes weaker. For example, the ratios 
of the cross sections in argon and krypton differ 
on the whole by not more than 20% for ions with 


on Z —i (the number of electrons ) is exhibited 
by the exponent m/’ in the dependence of oj,j-; on 
i for different ions with identical values of Z — i. 
d) Dependence of oj,;-; on the medium. The 
cross section for electron capture by a given ion 


usually increases with the atomic number Zy, of 
the gaseous medium (Fig. 5). The ratios of cross different i and Z. 
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FIG. 3. oj, j-1 VS 
4, of ions at Pet 

x 10® cm/sec in he- 
lium and nitrogen. 
The initial ion charge 
i is indicated at the 
end of each curve. 


For v < 8x 108 cm/sec the cross section ratio 
usually depends only slightly on v. In this case 
cross sections in helium and nitrogen are close, 
and cross sections in krypton are on the average 
only about three times as large. For v > 8 x 108 
cm/sec the cross section ratio begins to change 
rapidly with increasing velocity, leading to a 
stronger dependence of oj j-; on Zm- For 
v ~ 12 x 108 cm/sec the cross sections in helium 
are smaller by a factor 2.5 — 4 than in nitrogen, 
and by a factor 10 — 20 than in krypton. Cross sec- 
tions for electron capture by protons exhibit ap- 
proximately the same behavior. ® 


4. DISCUSSION OF RESULTS 


Numerical values of electron capture cross sec- 
tions based on quantum mechanical calculations 
are available for only the simplest cases.°’® 
Therefore experimental values can be compared 
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FIG. 5. Cross sections o;,;1 for electron capture by Ne, 
P, and Ar ions in gases with atomic numbers Z,,. The black 
circles correspond to v = 4.1 x 10° cm/sec; open circles cor 
respond to v = 5.6 x 10° cm/sec. The value of i is indicated 
at the end of each curve. 


directly with calculations only for electron capture 
by singly charged helium ions in helium at (4—6) 
x 108 cm/sec. At v © 4x 108 cm/sec the calcu- 
lated values of oy agree with experimental re- 
sults; at v 6 x 10° cm/sec the experimental 
values are greater by the factor 1.7. The calcula- 
tions did not take into account the increased effec- 
tive ion charge in close collisions; the calculated 


FIG. 4. oj,i;-1 vs Z of ions at v =2.6 
x 10° cm/sec in: a—helium (e@) and nitrogen 
(0), b—krypton (e) and argon (0). The ion 
charge i is indicated at the end of each 
curve. 
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FIG. 6. The exponent m = A logoj,j_1/A logi in helium 
(@), nitrogen (A), and krypton (x) for different ions. For helium 
and lithium ions v =4 x 10° cm/sec; otherwise, v = 2.6 x 10° 
cm/sec. 


cross sections can therefore be too small at high 
velocities. 

Because of the great difficulties encountered in 
quantum mechanical calculations of electron cap- 
ture by multiply charged ions, it is very important 
to develop approximation methods for estimating 
the cross sections. In the attempted method the 
electron capture cross section is represented by 
the product o’fn, where go’ is the cross section 
for an ion-electron collision in which energy of 
the order pv’/2 is transferred to the electron 
(u is the electron mass), f is the probability of 
electron capture after the collision, and n is the 
number of gas-atom electrons effectively partici- 
pating in the capture. 

When this method was first used to obtain cross 
sections for the capture of an electron by a fast a 
particle, Bohr“ obtained values of oy; close to the 
experimental values. According to Bohr’s formula 
the cross section oz 7-, for electron capture by 
bare nuclei would be proportional to Z° (that is, 
m’=5), since o’ is proportional to Z’ and f 
= (Zv,/v)*, where vo = e’/h = 2.19 x 10° cm/sec. 
Our present experimental data in conjunction with 
results obtained by Barnett and Reynolds B at 
v ~ 10° cm/sec give m’=4—5 for Z=1 and 2 
and m’ =2— 2.5 for Z from 3to 5. This not un- 
expected result shows that when Zv) /v 2 1 the 
electron capture probability f ceases to depend on 
Z, as a result of which m’ is determined only by 
the dependence of a’ on Z and approaches the 


value 2. 
Satisfactory agreement with the available ex- 


perimental data was obtained when this method 
was used to evaluate cross sections for electron 
capture by nitrogen ions.’ It was shown that when 
i is small oj,j-; must depend on ion size and the 
electron binding energy after capture, which fluc- 
tuate considerably with Z, while for sufficiently 
large values of i the cross section is dependent 
only on i and v, but is independent of Z. 
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Our experimental results confirm the foregoing 
conclusion. The minimum of the curve represent- 
ing the dependence of Oj,i-1 On Z agrees in most 
cases with the given theory. However, such effects 
as the reduction of oj,j-; with increasing Z in the 
capture of the last K and L electrons (with con- 
tinuous increase of the ionization potential) and 
the shift of the minimum in the dependence of o4 
on Z in light elements cannot be accounted for 
solely on the basis of the hypotheses in reference 
9. The smaller cross sections for the capture of 
the last K and L electrons can be attributed rea- 
sonably to reduced capture probability f when the 
respective shells are filled. The shift of the min- 
imum of oy can evidently be accounted for by loss 
of the weakly bound first M electron. It remains 
unclear why electron loss is important only in 
light gases. 

The theoretical dependences of the electron 
capture cross section on the target gas and ion 
velocity are based to a considerable extent on a 
statistical atomic model and do not represent 
many experimental facts. Specifically, the statisti- 
cal model cannot account for the observed decrease 
of q in argon and krypton for v > 8 x 10° cm/sec. 
However, this effect agrees with the idea of the 
preferential capture of electrons with orbital ve- 
locity close to the ion velocity, and can be associ- 
ated with the fact that atoms of these gases contain 
a large number of electrons with orbital velocities 
of the order 1.5 x 10° cm/sec. The reduction of 
q is not observed in nitrogen, the atoms of which 
contain only two electrons with this velocity. The 
highest value of q is reached in helium, the atoms 
of which have no such electrons. 

The hypothesis of preferential capture of elec- 
trons with orbital velocity near the ion velocity is 
confirmed by the dependence of the cross sections 
on the target gas. Electrons in the outer shells of 
helium, nitrogen, argon, and krypton atoms have 
velocities in the range ~ (3—6) x 108 cm/sec, the 
numbers of these electrons in the gas atoms being 
2, 5, 8, and 8, respectively. The next shell con- 
tains electrons with velocities ~ (1—2) x 10° 
cm/sec, the numbers of electrons being 0, 2, 8, 
and 18, respectively. The cross section ratio in 
these gases averaged over all ions at v= (4—8) 

x 108 cm/sec is 4:5:8:10; at v ~ 12x 10° cm/sec 
the ratio is 1:4:8:20. These ratios are approx- 
imately the same as the ratios of the numbers of 
electrons in the corresponding shells of the gas 
atoms. The cross sections are twice as large 

only in the case of electron capture from the K 
shell, at v = (4-—8) x 108 em/sec in helium and 

vy ~ 1.2 x 10° cm/sec in nitrogen. 
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The angular distribution of annihilation y rays is measured for crystalline and amorphous 


sulphur, selenium, and silicon. 


Maeasureme NTS have shown” that the differ- 
ence in the positron-annihilation process for crys- 
talline and for amorphous substances affects the 
angular distribution of the annihilation y rays. 
The angular distribution in a two-quanta annihila- 
tion usually has a bell-shaped form. In crystalline 
substances, as compared to amorphous ones, there 
is a narrower maximum and a relatively wide base. 
The narrow maximum is thought to be due to the 
production of positronium. 

In the present experiment, the annihilation of 
positrons was investigated in crystalline and amor- 
phous sulphur, selenium, and silicon. 

The measurements were carried out with the 
setup described in detail by Baskova and Dzhele- 
pov.4 

The results of the measurements are presented 
in Fig. 1— 3, where the curves of the angular dis- 
tribution of y rays produced in the annihilation of 
positrons in sulphur, selenium, and silicon are 
shown. 

The angular distribution curves for crystalline 
and amorphous sulfur coincide within the limits of 
error of the experiment. This result is in agree- 


ii 


u 


ment with the data of Ferguson and Lewis.° It 
follows from this that, for sulphur, there is no 
second component in the distribution due to a dif- 
ferent lifetime. 

As can be seen from Fig. 2, the angular distri- 
butions for crystalline and amorphous silicon dif- 
fer greatly only for large angles. The angular 
distribution for crystalline silicon is in agreement 
with that measured by Page and Heinberg.! How- 
ever, the amplitude of the narrow maximum for 
the amorphous silicon is, according to our data, 
considerably smaller. This is evidently due to the 
admixture of about 25% of crystalline silicon in our 
samples of amorphous silicon. 

The angular distribution curves for crystalline 
selenium and amorphous (vitreous, red, and black) 
selenium are shown in Fig. 3. It can be seen that 
the different forms of selenium have angular dis- 
tribution curves of different width. From a com- 
parison of the half-widths of the curves, it can be 
seen that the widest curve is that for crystalline 
selenium. A narrower maximum is observed for 
amorphous selenium. 


FIG. 1. Angular distribution of y rays produced in positron 
annihilation in sulfur: e—crystalline, A— amorphous. 
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FIG. 2. Angular distribution of y rays produced in positron 
annihilation in silicon: e—crystalline, A— amorphous. 
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FIG. 4. Narrow com- 
ponent of the angular 
distribution of y rays 
produced in positron an- 
nihilation in amorphous 
selenium. 
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The narrow component of the angular distribu- 
tion for black and red selenium is represented in 
Fig. 4 (as was also done by Page and Heinberg’). 
An estimate carried out permits us to conclude 
that the intensity of the narrow component amounts 


FIG. 3. Angular distribution of y rays produced in 
positron annihilation in selenium: @—crystalline, 


A — amorphous, O— amorphous red, and X — amorphous 
black. 


28s 
to 18 + 8%. In its order of magnitude, the intensity 
of the narrow component is in agreement with the 


values obtained for other amorphous substances. 
The value obtained cannot be solely due to the 


fraction of positronium produced, since freely an- 
nihilating positrons also contribute to the narrow 
component. 

The authors would like to thank A. S. Basina 


and A. A. Koran, who helped with the measure- 
ments. 
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The relative intensities and angular distributions of neutrons with effective energies of 10, 
15, and 25 Mev produced by multiply charged ions in (C™, xn, xp) and (07°, xn, xp) reac- 
tions were investigated. The results are in satisfactory agreement with the predictions of the 


statistical model of nuclear reactions. 


K amanryan and Pleve! observed that at large 
excitation energies the cross sections of the reac- 
tions (cP 2n) and (O18 2n) for vanadium and 
niobium are quite large. This effect was attributed 
to the direct interaction of the incident ions with 
nucleons of the target nucleus. If the main part of 
the excitation is then taken away by the emitted 
neutrons, it is natural to assume that the mean 
energy of these neutrons is approximately equal 

to half the excitation energy. In the overall energy 
distribution of neutrons produced as a result of all 
possible reactions, a group of neutrons in the high- 
energy region should then be quite distinct. The 
present work was undertaken to test this 
hypothesis. 

The experimental arrangement is shown in the 
figure. The target and detectors, which were made 
of copper, iron, and graphite of natural isotopic 
composition, were bombarded by the internal 
beam of a cyclotron. The Cc” and O" ion current 
at an orbit radius of 69 cm was ~0.5ya. The 
maximum energies of the Cc” and O' ions were 
then 80 Mev and 108 Mev, respectively. The 
thickness of the bombarded targets was consider- 
ably greater than the range of the ions in them. 
Therefore the energy spectrum of the ions taking 
part in the reaction extended from their maximum 
energy to an energy determined by the Coulomb 
barrier of the target nuclei. 

In the experiment for which the data are shown 
in the first line of Table I, a uranium plate was 
placed behind a vanadium target ~ 10 mg/cm? 


Ion beam 


Experimental arrange- 
ment: 1—dee; 2 —target; 
3—copper; 4 — graphite; 

5 —iron; 6 —detector for 
measurement of the neu- 
tron angular distribution. 


*Deseased. 


Table I. 
ees 
= Ty M ; 
Reaction | Re ACul4Pe i Geek Enin—Emax» 
(c.m.s.) Mev 
Vice 2,64+0,25 Sao) 3,.0—3.5 64—79 
V+tcr 1,84+0,.20 Ba) 2.4—3:5 35—79 
V -E Ol 2.16+0.20 Sya0} 2.4—3.6 38—90 
Nb-+ Cl? 1.364014 Pea) 2,2—2.6 52—72 
Nb-+ O16 1.47 
Ta + Cc? 1,45 
Ta + O16 Me Page 
U + 016 AST, 


thick. Since the ions traveling through the vana- 
dium were of insufficient energy to overcome the 
Coulomb barrier of the uranium, they stopped in 
the uranium without evoking nuclear reactions. 

Hence the energy interval of the ions taking part 


in the reaction was appreciably reduced. 
To record the fast neutrons, we used the reac- 


tions Fe (n, p) Mn*®, Cu® (n, 2n) Cu®, and 

Cc” (n, 2n)C!! with energy thresholds of about 5, 
12, and 22 Mev, respectively.2. The exposure time 
was 20 min. The absolute 6 activity of the fast- 
neutron detectors was measured by a 47 counter. 
Iron and copper foil cut into four equal strips were 
used for the measurement of the neutron angular 
distribution. Their 8 activity was measured with 
end-window counters. The detector activity corre- 
sponding to the chosen threshold reaction was iden- 
tified by the half-lives and the absorption curve for 


Table II. Neutron Angular Distributions * 


C.m.s. angle, deg Effective 

Reaction neutroa 

O+12 | 27410 | 45+7 | 5545 | enerey, 
Mev 
vy+tc 1 0.93 | 0.80 | 0,70 10 
V+cr 4 0,82 | 0,60 | 0,50 45 
Nb+ CP 1 ().90 | 0.80 |} 0,70 10 
Nb + CP 1 0.85 | 0.70 | 0,65 15 
Ta + CY 4 0,93 | 0,90 | 0.86 10 
Ta+ Cr 4 0.88 | 0,85 | 0,75 15) 


*The error in the relative values is Sar ays 
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B particles. The investigated reactions and ratio 
R of the activity induced in the copper (Acu) and 
iron (Afe) detectors are given in Table I, and the 
angular distributions of the neutrons produced by 
the C” ions are given in Table II. 

The results were compared with the predictions 
of the statistical model of nuclear reactions. Ac- 
cording to this theory, the energy spectrum of the 
neutrons emitted from excited nuclei is approxi- 
mately of the form 


W(e)~e \ dxe*/x, 
e/T. 
where € is the c.m.s. neutron energy, To 
=V 10E*/A is the initial temperature of the com- 
pound nucleus at an excitation energy of Ex. 

To calculate the values of R theoretically, this 
spectrum was transformed into the laboratory sys- 
tem spectrum. Then, for different values of Ty 
we took the numerical product of the functions 
representing the neutron spectrum in the labora- 
tory system and the dependence of the effective 
cross section of the threshold reaction on the 
neutron energy for Fe”, Cu, and C™. The ef- 
fective energy of the neutrons recorded by the 
detectors was determined by the maximum of this 
product and turned out to be ~ 10, 15, and 25 Mev, 
respectively; the value was almost the same for 
all reactions. In the calculation of the values of 
R, we took into account the weight of the targets 
and their isotopic composition. The final value of 
R also contained a correction taking into account 
the self-absorption of 8 particles in the detectors. 
This correction, no greater than 10%, was deter- 
mined experimentally. 

Table I gives the values of T) at which the 
theoretical value of R is the same as the experi- 
mental value. The averaging signifies that ions of 
energy varying over a wide range of values take 
part in the reactions. 

As seen from Table I, the values of T; are in 
satisfactory agreement with the theoretical values 
of T). The reason for the closeness of the values 
of T) to the maximum values of Ty is that the re- 
action cross section increases with increasing 
energy of the incident ions. We note that for the 
V+C® and vV + 0" reactions the intensity of 


KARAMYAN, DOROFEEV, and KLOCHKOV 


neutrons of energy greater than 22 Mev (in the 
case of a graphite detector) also corresponds to 
the above-mentioned shape of the neutron spec- 
trum. It should be kept in mind, however, that 

the angular momenta of the compound nucleus are 
not taken into account in the theoretical calculation 
of the spectrum. 

The data of Table II on the neutron angular dis- 
tributions have two interesting characteristics: 

a) neutrons of high energy have a more peaked 
angular distribution; b) as the mass of the target 
nucleus increases, the anisotropy in the angular 
distributions becomes less marked. However, for 
a detailed comparison with the theory, it would be 
desirable to measure the angular distribution of 
neutrons emitted in the forward and backward di- 
rections in reactions produced by monoenergetic 
ions. Unfortunately, since we worked with the in- 
ternal beam of the cyclotron, we were not able to 
do this. 

Nevertheless, since our results are not in con- 
tradiction with Strutinskii’s calculations* based on 
the statistical model of nuclear reactions, it can 
be concluded qualitatively that the neutrons are 
emitted by a compound nucleus. 

In conclusion, we consider it our duty to thank 
G. N. Flerov for his interest in the work and for 
his day-to-day guidance, and also V. M. 
Strutinskii for helpful discussions on the problem 
under study. 
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The long-lived @ active isomer Bi?!™ has been studied. Lines with energies of 4930 + 10 

kev (60%), 4890 + 10 kev (34%), 4590 + 10 kev (5%), and 4480 + 15 kev (~ 0.5%) have been 
detected in the @ spectrum. Gamma radiation from the daughter nucleus T1?"° has been de- 
tected and studied. Gamma rays of energies 262, 301, 340, and 610 kev have been found. The 


existence of the coincidences #4930 — y262, a4890 — y301, @4590 — y610, and 4590 

— y340 kev has been established. The y -transition multipolarities were determined from 
the internal-conversion electron spectrum and were found to be E2 for 262 kev and M1 for 
301 kev. The measured lifetimes of the T12"° levels are 7 (262 kev) = 1.7 x 107’ sec and 


T (301 kev) = 4.6 x 107? sec. 


A decay scheme for Bi 


210M is constructed on the basis of the 


experimental data. It is shown that RaE is the ground state of Bi?” and the long-lived 


BiZ 10m 


is its excited state (250 kev) with a partial half-life of ~5 x 10" years relative to 


the isomeric transition. The experimental data are compared with the theoretical calcula- 


tions of the energy states of the TI?" and Bi 


1. INTRODUCTION 

‘Tae long-lived a active isomer Bi?" was first 
detected in 1950.! Hughes and Palevsky’ estimated 
its half-life to be Ty. = (2.6 + 0.8) x 10° years 
from the difference in the thermal neutron absorp- 
tion cross section of the Bi?°? nucleus and the 
Br (RaE) production cross section. Levy and 
Perlman’ confirmed the correctness of assigning 
the mass number 210 to the a -active bismuth nu- 
cleus by means of electromagnetic separation of 
the isotopes and determined the a -particle energy 
as Eq = 4935 + 20 kev. In their measurements, 
Levy and Perlman used a pulse ionization chamber 
and a long-lived Bi?" sample with a specific a 
activity of 140 min“! mg”). 

The study of the energy levels in the odd-odd 
nuclei Bitsy and silico: is of considerable inter- 
est. In addition to the filled shells, the Bi??? 
nucleus has one proton and one neutron and the 
T12°* nucleus has one proton and one neutron 
‘thole.’’? The levels of these nuclei can be calcu- 
lated on the basis of the nuclear shell model with 
allowance for the interaction with the core and the 
pair interaction. Up to the present time, however, 
there is practically no experimental data on the 
excited states of these nuclei. Thus, for the Bi?” 


nucleus, only the 47-kev level (from RaD f decay) 


has been determined, while the position of the iso- 


*Deceased. 


nuclei. 


meric level remained unknown; excited states of 
the T1?°° nucleus have not been observed in gen- 
eral. 

The aim of the present work was to establish 
the successive levels in the Bi?! and Tl?” nuclei 
and to determine their quantum characteristics. 
Preliminary results have been published earlier.*”> 


2. EXPERIMENTAL METHOD 


The Bi2™ decay was studied with the aid of 
a pulse ionization chamber with a grid, scintilla- 
tion y spectrometer, multi-channel time analyzer, 
and a thin line magnetic 6 spectrometer. 

The Bi2"™ sample was obtained from the 
(n, y) reaction by lengthy irradiation of Bi? ina 
reactor. Produced alongside with the long-lived 
Bi2°™ (g¢ = 14 +43 mb) is the five-day Bi’ (RaE), 
with approximately the same cross section (0 
= 19 42 mb); the Bi?!” decays into Po*'”. Since 
Po?” has a half-life of 138 days, and Bi?!°™ has a 
half-life of 2.6 x 10° years, the a radiation of the 
polonium will be considerably more intense 
(10° — 10° times as great) than the Bi’?”™ a 
radiation. Therefore the sample underwent care- 
ful chemical treatment to remove the Po?! and 
other radioactive contamination.® Moreover, the 
sample was enriched with the Bi?” isotope by the 
electromagnetic method. As a result, we obtained 
a source with‘a specific a activity of ~ 14 000 


min! mg. 
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For the study of the Bi?™ q@ radiation, we 
used a pulse ionization chamber with a grid and a 
geometry of ~27. The geometrical and electric 
parameters of the chamber were calculated by the 
method of Bunemann and Cranshaw.' The source 
was deposited on a stainless steel disk; its area 
was 25 cm? and active layer thickness 10 ug/em’. 
The chamber was filled with a mixture of Ar (90%) 
+ CH,(10%) at atmospheric pressure. The addi- 
tion of methane decreased the collection time of 
the electrons on the collector. We chose the dif- 
ferentiation and integration constants of the ampli- 
fier to correspond to the minimum noise and weak- 
est dependence of the pulse amplitudes on the 
a -particle angle of flight: tgif = Tint = 5 usec. 
During operation, the gas mixture was continuously 
purified to remove electro-negative impurities, 
chiefly oxygen, by heated calcium chips. The 
chamber design allowed the rapid replacement of 
the samples without disturbance of the mixture 
composition. 

The amplitude of the pulses from the electrode 
on which the sample was placed depends on the 
angle of flight of the a@ particle with respect to the 
chamber axis. These pulses were used to control 
the gating circuit for the analyzed pulses from the 
collector. In this way, we achieved the electron 
collimation described by Bochagov et al.8 

The resolving power of the chamber was 28 kev 
for the U’? 4816-kev @ line. A Nal(T1) crystal 
with an FEU-S photomultiplier was used as the 
detector. The spectrometer resolving power for 
the Cs’ (661-kev) line was 8%. 


N 
5000 


5000 


FIG. 1. spectrum of Bi?*°™ (the resolved 


components of the spectrum are shown dotted). 
2000 
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We studied the ay coincidences with this spec- 
trometer and the ionization chamber described 
above. The chamber design made it possible to 
place the scintillation detector in the direct 
vicinity of the chamber source. 

The lifetimes of the excited states of the ‘Ele 
nucleus were measured on a multi-channel time 
analyzer of 10-* -sec range whose operation was 
based on the principle of transformation of the 
delay time between two pulses into an amplitude.’? 

The y rays were recorded by a stilbene crys- 
tal and the a particles, by a thin plastic scintilla- 
tor (a solution of terphenyl and polystyrene). An 
FEU-33 photomultiplier was used. The half-width 
of the prompt coincidence curve (resolving time 
of the circuit), measured with a Co” source, was 
27 = 10" sec, 

The study of the internal conversion electron 
spectrum was made on an air-core magnetic B 
spectrometer with a thin lens and ring focus.” 
The Bi?!°™ sample was deposited on a platinum 
foil 50 yu thick (platinum was used as a base be- 
cause of the special nature of a deposit of an active 
substance). The source had a diameter of 10 mm 
and an active layer thickness of about 1 mg/cm’. 
The spectrometer resolving power with such a 
source was AHp/Hp = 6% and the transmission 
was 1%. 

With the source activity of 4000 (27)7! min", 
the detector background (G-M end-window 
counter) was greater than the number of recorded 
electrons on the most intense conversion line. 
Since all conversion electrons are in coincidence 
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with @ particles of bismuth, we used the method 
of a@e~ coincidences to reduce the background. We 
placed a scintillation counter, which recorded a 
particles, close to the source in the spectrometer. 
This counter consisted of a plastic scintillator 
(made in the shape of a thin hollow cone and 
placed on the side of the active layer), a light 
pipe, and an FEU-1B photomultiplier shielded 
from the magnetic field of the spectrometer. The 
pulses from this counter and the pulses from the 
electron detector were applied to a coincidence 
circuit with a resolving time of 10~ sec. In this 
case, the random-coincidence background due to 
cosmic radiation and radioactive contamination of 
the spectrometer material was approximately 10 
pulses per 30 hours, and the number of qae~ 
coincidences on the most intense line was 400 
pulses during the same time. 


RESULTS OF THE MEASUREMENTS 


@ spectrum. The Bi?”™ sample available to us 
had a specific activity 100 times that of the sample 
used by Levy and Perlman.’ This made it possible 
to observe weak @ groups with a comparatively 
high energy resolution. 

Two well-separated intense lines 4930 + 10 kev 
(60%) and 4890 + 10 kev (34%) stand out in the a 
spectrum (Fig. 1). Also seen are a lines of 
4590 + 10 kev (5%) and 4480 + 15 kev (~ 0.5%). 
These four lines should be assigned to the Bi?”™ 
nucleus for the following reasons: 1) the sample 
emits 6 particles with Emax = 1500 + 30 kev, 
which corresponds to the known!! limiting energy 
of the 8 spectrum of the daughter nucleus Tes 
(the B particles were recorded by a scintillation 
counter ); 2) the probability of an impurity is small, 
since the sample underwent careful chemical puri- 
fication, and the isotope was separated by the elec- 
tromagnetic method; 3) no lines with such (or 
close) energies are observed among the known @ 
emitters. 

Apart from the transitions already cited, two a 
transitions of low intensity and energies of 5115 
+15 and 5300 + 15 kev (~ 0.005%) were also ob- 
served. As will be shown below, an a transition 
to the T1?% ground state would have an energy of 
5185 kev. If it is assumed that the 5115-kev a 
transition belongs to Bi?™, then there should 
exist in the T1°°* nucleus a 70-kev level from 
which the y transition to the ground state is 
strongly converted. The range of the conversion 
electrons (of energy ~ 60 kev) would lie entirely 
in the gap between the high-voltage electrode and 
the grid of the ionization chamber. One would then 
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observe in the @ spectrum two maxima of approx- 
imately equal intensity: one at an energy of 

~ 5180 kev, when the @ particle and the conversion 
electron in coincidence with it produce the ioniza- 
tion in the chamber; the second at an energy of 
5115 kev, when the conversion electron stops in 
the base. However, there are no maxima on the 
@-spectrum curve in the energy interval 5140 

— 9260 kev, within the limits of experimental 
error (107°% in intensity). Consequently, the 
5115 + 15 kev transition should be attributed to 
some impurity. Calculations indicate that the ob- 
served intensity of the 5115-kev line can be ex- 
plained by the presence of a contamination of 

10°* g of Po (Ty = 2.93 years). 

The 5300-kev line belongs to Po?”. Its inten- 
sity was checked over three half-life periods of 
polonium (T42 = 138 days) and proved to be con- 
stant at ~ 0.005%. Hence, the presence of Po?!® 
in the sample is due not to a contamination, but to 


the isomeric transition Bi?°™ 138 Bi?! (RaE) 


B 210 


with a subsequent B decay RaE — Po Knowing 


the half-life of Bi?™ (2.6 x 10° years) and the 
amount of Po?" in equilibrium, we can calculate 
that the partial half-life of the isomeric state 


relative to the Bi2#m L° 


~5 x10” years. 

In the measurement of the a -transition ener- 
gies, we used as references: Th?’ (Eq = 4682 kev), 
U283 (Eq = 4816 kev), Pu89(Eq = 5147 kev), and 


Am**? (Hy = 5480 key). 


y spectrum and ay coincidences. The present 
experiment was the first in which the y radiation 
of the T1?°° nucleus following the a@ decay of 
Bi?°™ was detected and studied. Lines corre- 
sponding to transitions of 262 +10 and 301+ 10 
kev, whose intensities are in the ratio 1:0.45, can 
be seen clearly in the y spectrum. Also observed 
are the characteristic 72-kev x-ray line of TI. 

In order to establish the decay scheme of 
Bi?!°™ | we investigated the ay coincidences. 
Gamma lines of 262 and 301 kev are observed in 
the spectrum of coincidences with the two most 
intense a groups 4890 and 4930 kev. Only the 
262-kev y line appears in the spectrum of coinci- 
dences with the 4930-kev group; the 310-kev line is 
not present. Consequently, the 301-kev y transi- 
tion is in coincidence with the 4890-kev @ group, 
and the 262-kev y transition, with the 4930-kev a 
group, i.e., the 4930-kev a@ transition goes to an 
excited state of T12°° and not to the ground state, 
as had been suggested earlier.” 


RaE transition is 
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FIG. 2. ay delayed coincidence curve for Bi”*°™. 
Observed in coincidence with the 4590-kev a 
group are 340 + 15 and 610 + 20 kev y transitions, 

which were not noted in the singles y spectrum, 
owing to the considerable background from the scin- 
tillation counter (a@-source activity of 7000 (40)7! 
min~'). The presence of the 610-kev peak in the 
spectrum cannot be explained by the simultaneous 
recording in the scintillator of 262-kev and 340-kev 
Y quanta in cascade, in view of the small solid 
angle of the y counter (~ 0.05 of 47). 

Lifetimes of excited states of the T1?"° nucleus. 
We carried out measurements of the lifetimes of 
the excited states of the T1°°° nucleus in the range 
of 5x 10°" to 2 x 10% sec by the delayed 
ay -coincidence method by means of a multi- 
channel time analyzer. The obtained curve is 
shown in Fig. 2. It corresponds to coincidences 
between the most intense a@ transitions, i.e., 4930 
and 4890 kev, with 262- and 301-kev y quanta; the 
contribution from the 4480- and 4590-kev a@ transi- 
tions was slight, owing to their low intensity. In 
this case, there was no energy selection in the a 
channel or in the y channel. 

The experimental curve was resolved into two 
components, one with Tip =( 1.25 + 0.2) x 107° sec 
(mean lifetime tT; = 1.7 x 10~’ sec) and the other 
with Typ = (3.2 + 0.3) x 10° sec (tT, = 4.6 x 107 
sec). They were identified from the ratio of inten- 
sities. The relative intensity of the prompt compo- 
nent was 60 — 70% and of the delayed component, 
30 — 40%. Such an intensity ratio also occurs for 
the 4930- and 4890-kev @ transitions and for the 
262- and 301-kev f transitions in coincidence 
with them. Therefore the lifetime 7, = 1.7 
x 10° sec should be assigned to the level to which 
the 4930-kev a transition goes, and the lifetime 
T; = 4.6 x 107° sec, to the level to which the 
4890-kev a transitions goes. 
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FIG. 3. Conversion electron spectrum of T1?°° (I is the 
spectrometer coil current in amperes). The resolved compo- 
nents of the spectrum are shown dotted. 


Conversion electron spectrum of TI? We in- 
vestigated the internal conversion electron spec- 
trum of the daughter nucleus Tl’ in the region 
between 80 and 330 kev. The lower limit of the 
measured energies was set by the source thickness 
~1gm/cm’; a thinner source could not be used 
since its activity would be too low. 

The conversion electron spectrum measured 
with a thin line magnetic B spectrometer is shown 
in Fig. 3. The background was reduced by the 
@e coincidence method (see Sec. 2). 

Four internal conversion electron lines with 
energies of 176 + 5, 215 + 5, 250 + 5, and 292 + 5 
kev were observed in the spectrum (curve a was 
measured over a time of 700 hours). Their inten- 
sity ratio was 0.6:1.0:0.4:0.16. The first two 
lines were identified as K lines of y transitions 
at 262 + 5 and 301 +5 kev; the last two lines were 
identified as the L lines of the same transitions. 
Curve b of Fig. 3 represents part of the same 
spectrum between 80 and 200 kev measured with 
larger statistics. 

The spectrometer was calibrated with the ThB 
conversion line of energy 148.05 kev. The shape 
of this line was used to resolve the spectrum into 
the individual components. In order to take into 
account the distortion of the line shape due to back- 
scattering of the electrons, the ThB source, as 
well as the Bi?!” source, were deposited on a 
platinum foil. 


4, DISCUSSION OF THE RESULTS 


On the basis of the obtained data, we constructed 
the Bi? decay scheme (Fig. 4). 
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FIG. 4. Decay scheme of Bi2!°™. 


The levels of the T1?°° nucleus are determined 
from the @ spectrum and the ay coincidences. It 
is improbable that the 262- and 301-kev transitions 
do not go to the 717° ground state, since no y 
lines of large energy (direct transitions) or y 
lines corresponding to cascade transitions are ob- 
served. From the presence of the coincidences 
@4930 — y262 and a4890 — y301 kev, it therefore 
follows that the T1?°° nucleus has levels of 262 and 
301 kev. Then the 4590- and 4480-kev a transi- 
tions go to the 610- and 720-kev levels, respec- 
tively. The existence of the 610-kev level is also 
confirmed by the coincidences a4590 — y610 kev. 
The existence of a T1°"° level of about 60 kev, 
which was proposed by us earlier,” was not con- 
firmed. 

The multipolarities of the 262- and 301-kev y 
transitions were established by comparison of the 
experimental values of the internal conversion co- 
efficients wK and the ratios K/L with their theo- 
retical values (Table 1). The internal conversion 
coefficients aK were determined from the spectra 
of ay coincidences by the ratio of the number of 
x-ray quanta accompanying the conversion to the 
number of nonconversion y quanta. The large 
error was due to the approximate character of the 


(on 


corrections for the dependence of the y spectrom- 
eter efficiency on the quantum energy and the 
error in the graphical resolution of the y 
spectrum. The ratio K/L for the 262- and 301-kev 
transitions was determined from the internal con- 
version electron spectrum (Fig. 3). 

From the data of Table I it is possible to con- 
clude that the 262-kev transition is of the E2 type 
and the 301-kev transition is of the M1 type. 
Analysis of the Tl?" 8 spectrum leads to the 
value 0 for the spin and parity of the ground 
state of thallium.!! Then, from our determinations 
of the multipolarities of the y transitions, we can 
fix the spins and parities as 27 for the 262-kev 
level and 1° for the 301-kev level. 

According to the nuclear shell model, the ground 
and first excited state of the T1?°* nucleus should 
correspond to the configurations (s1/. )p (P12 ye 
(dsj.)p (P12 dn» and (S12 )p' (f52)n. For each of 
these configurations, the residual interaction of 
the nucleons leads to doublet splitting and a level 
shift. Sliv et al.’ calculated the splitting and level 
shift arising as a result of pair interactions of the 
outer nucleons and the interaction with the core 
surface. The results of the calculations are in 
good agreement with experiment. The 262-kev 
(2~) and 301-kev (1°) levels correspond pri- 
marily to the configuration (d3/2 )p (P12 ya the 
610- and 720-kev levels apparently belong to the 
configuration (S172 \p (£572 )n’, where one of these 
levels (although this does not follow from the cal- 
culations ) has a spin and parity of 2” and the 
other 3°. 

The amount of splitting calculated for the con- 
figuration (81/2 ei (pin )n proved to be small, only 
5 — 10 kev. Hence, it is suggested that there is an 
excited level of energy '5 — 10 kev, spin and parity 
1” close to the T12°° ground state, and the y transi- 
tions from the 262- and 301-kev levels should go 
not only to the ground state, but also to this level. 
However, there is still no direct experimental 
proof of the existence of the 5 — 10 kev level. On 
the basis of the resolving power of our B spec- 


TABLE I. Determination of the Nature of the 262- and 301-kev 


Transitions 
. Theoretical values” Peecinte 
Transits Compared Exptl. iypelee 
tion en~ | quantities value El E2ui ese! i || en M8 geansition 
ergy, kev 
IL “Velie Day fS)ets) 4,37 |0.35 Stl 3,8 | 2,0 | £2, M3 
abe se 0.45+0.06 |0.0345/0,094 |0.25 | 0.5 | 1.9 | 5.52} £2, B3 
j 5 M1 
iG, 675-1208) 0.0 1,8 |0.59 5,6 4,2 1,8 Bi, 
ou als 0.26+0.1 |0.023 }0,06 0.165 | 0.30 | 1.05 2.90 | £3, M1 
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trometer, we can only say that the energy of the 
low-lying excited level (if it exists) is not more 
than 10 kev. From the size of the experimental 
error in the determination of K/L, it follows that 
the possible mixture of M1 radiation in the transi- 
tion from the 262-kev level does not exceed 7% and 
the mixture of E2 radiation in the transition from 
the 301-kev level does not exceed 20%. Such mix- 
tures could be the result of transitions from these 
levels to the level at 5 — 10 kev. 

The transition from the 301-kev level (M1, 

1— 0) should be I-forbidden (d3/2— si, Al = 2). 
In fact, Texpt] (301 kev)/Ttheoret (301 kev) © 10°, 
where Ttheoret is the lifetime calculated from 
Moszkowski’s formula.“ The large value of 

1 -forbiddenness is, perhaps, evidence of the fact 
that the mixture of neighboring configurations with 
(ds 2)p (P12 )n' is small. As regards the 262-kev 
transition (E2, 2— 0), we find texptl /Ttheoret 

= 0.5. 

If no assumption is made as to the existence of 
the 1” level close to the Tl?" ground state, then 
the ground state 0° and the 301-kev (27) level 
should be assigned to the configuration 
(Si2)p (P12)n and the 262-kev (2°) level, to the 
configuration (d32)5 (P12 Nr The transition from 
301 kev (M1, 1— 0) will take place between the 
levels of one doublet. In this case, its experimen- 
tal probability is approximately 10° times the 
theoretical value calculated by Varshalovich’s 
method.!® This strong forbiddenness cannot be 
satisfactorily explained. Therefore the variant of 
the T1°° level scheme with the introduction of the 
low-lying 5 — 10 kev level is preferable, since it 
attributes the disparity between the experimental 
and theoretical probabilities for the 301-kev tran- 
sition to 7 -forbiddenness. 

The position of the isomeric level of Bi?” with 
Ty = 2.6 x 10° years can be established from the 
energy balance of the decay branches: 


a 
BizIom _, T1206, Ppy206, 


Bi2!° (RaE) —> Po% 5 ppeos, 
For the first branch 
Qa (Bi210") + Eg (T]20%) — 6796 + 15 kev ; 
for the second branch 
Ep (RaE) + Q, (Po!*) = 6574 + 15kev. 


The energy of the isomeric state Bi?™ is de- 
termined from the equality of these quantities and 
is equal to 222 + 20 kev. Walen and Bastin- 


Scoffier® studied the decay RaE & 7128 on a mag- 
netic a@ spectrometer. They observed a transi- 
tions of energies 4649 and 4686 kev going to the 


RUSINOV et al. 


301- and 262-kev levels of the daughter nucleus. 
This made it possible to determine more accurately 
the energy of the excited isomeric level: 


Qa (Bi2#9™) — Q, (RaE) = 250+ 10 kev 


According to the calculations of Sliv et al., the 
lowest levels of Bi?!” belong mainly to a mixture 
of two configurations (hg/2)p (S9/2)n and 
(1972 )p (itt )n and have spins and iste 
(ground state, i.e. RaE), 0° (47-kev level 
appearing in the 6 decay of RaD), 1” (not ob- 
served experimentally), and 9°. From a compari- 
son of the partial half-life of the isomeric state 
(~5 x 10" years) with the theoretical estimates 
from Weisskopf’s formula, 18 it follows that the spin 
of the isomer Bi?!™ jg not less than 7. The theo- 
retical value of the spin and parity 9° is shown on 
the decay scheme. 


TABLE II. Reduced Forbidden- 
ness Factors for a Transi- 
tions of the Bi*” Nucleus 


Reduced 
Eq kev AL He ee 
tors 

4930 8 Boilie 

4890 8 6.4-10° 

pian 8 5.3-10" 
i 4590 or 6 7-40 
6 1,.4-104 

4480 { or 8 4-408 

5180 8 4-10° 

R aE 4686 2 3-410? 
ee 4649 ) Pies 0? 


The isomer decays mainly by the emission of 
a particles. Table II gives the reduced forbidden- 
ness factors for the a transitions to the T° 
levels. It is of interest that the forbiddenness co- 
efficients for the a transitions going to the levels 
of a single doublet (262 and 301 kev) are close to 
each other in the case of Bi?!™ (Ey = 4930 and 
4890 kev) and in the case of RaE (Eg =4686 and 
4649 kev). The strong forbiddenness for the a@ 
transitions of Bi?"? are connected with the diffi- 


culty of forming a@ particles in the nucleus from 
nucleons in different shells. The forbiddenness 


coefficient for the 5180-kev transition to the pro- 
posed 5 — 10 kev level (17) is not less than 10°. 
In conclusion, the authors consider it their duty 
to express their gratitude to L. A. Sliv and D. A. 
Varshalovich for discussions of the results, to 
N. B. Abel’skaya, E. G. Gracheva, V. V. Maslov- 
skaya, and L. Ya. Rudaya for chemical purification 
of the samples to remove radioactive contamination 
and for the preparation of the samples, to V. S. 
Eletskii and A. E. Nevskii who took part in the 
construction and setting up of the equipment. 
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ELECTRONIC PARAMAGNETIC RESONANCE IN THE v3+ ION IN CORUND UM 


G. M. ZVEREV and A. M. PROKHOROV 
Institute for Nuclear Physics, Moscow State University 
Submitted to JETP editor October 14, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1016-1018 (April, 1961) 
The spin Hamiltonian constant g, has been determined experimentally. A theoretical inter- 


pretation of the spin Hamiltonian constants D, gj and g; is presented. The value of the 
trigonal crystal field parameter is found to be A = — 280 cm! and the spin-orbit coupling 


constant A = +38 cm”. 


Ws: published earlier’? the main results of a 
study of the electron paramagnetic resonance 
spectrum of the v>* ion in corundum. The aim 
of the present work is the determination of g) 
and a theoretical analysis of the values of the con- 
stants of the spin Hamiltonian. 

1. We expressed the positions of the lines of 
the spectrum by the formula? 

(g BH sin 6)? 

oe 


2 E2 
|tenBH cost + Am) + rere 


Ko == |2— aie 
derived on the assumption that D > g)6H, g\ GH; 
g||GH >> E, A,B. When the trigonal crystal axis lies 
perpendicular to the direction of the external mag- 
netic field (@ = 90°), the line position corresponds, 
according to (1), to an effective field H= ©. How- 
ever, (1) does not apply for large fields since the 
assumption D > g)8H, g) 6H is no longer valid. 

We calculate the spin energy levels of the V?* 
ion for 6 = 90° on the assumption that D and g); 6H 
are of the same order of magnitude. For @ = 90° 
the spin Hamiltonian takes the form 
We DS! +o 0nS, 4 £(S— $2) 

+ AS2/, + B(S,f, + 8,1,). (2) 

The terms describing the hyperfine structure will 
be accounted for later by perturbation theory. 

Solution of the secular equation gives the follow- 
ing expressions for the energy levels 


a=F(D+2)—|[4(D +5) + (e18H)|",  =D—E, 


e=F(D+£) +[4(D+ BP + (epny|* (3) 
The dependence of the positions of the energy levels 
on the magnitude of the applied magnetic field is 
shown in Fig. 1. 


The energy of the transition €;<— €, is equal to 
hv = + (3E—D) + [4 (D + B)*+ (g8H)?) 


= (gi BH)? D™. (4) 


FIG. 1. Energy levels of the 
v'+ ion as a function of magnetic 
field perpendicular to the trigonal 
crystal axis. 


The approximate equality applies for small g|SH/D 
and for E neglected. We can estimate for what 
value of the magnetic field the resonance line for 

6 = 90° can be observed. Taking g,; ~ 1.6, as pre- 
dicted by theory, the field H should be ~ 40 koe in 
an experiment at a frequency of 37500 Mc/sec. 

The line would be observed in a field ~ 20 koe at 
9000 Mc/sec. Calculation of the matrix elements 
of the transition €) «—~ €3; leads to the following 
result: 


FIG, 2. Electronic paramagnetic 
resonance line of the V*+ ion in co- 
rundum with magnetic field perpen- 
dicular to the trigonal axis - 


21 22 23 K0e 
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<8, |S, |e. = 0, 
<22|S,| 85> = —ihv (hv)? + (g BH)” 
= — i (g\BH) D4, 


<@2|S2|&> = —(g 18H) ((Av)? + (g BH) — 1. (6) 


Since the matrix element 8) has the largest value, 
the high frequency field must be in the direction of 
the trigonal crystal axis in order to observe the 
resonance line. 

The line in the perpendicular orientation should 
show a hyperfine structure with eight equidistant 
components, differing in energy by an amount 

Ae = 2hvg ,BHB / [(hv)? + (g,BH)?). (6) 

2. The experimental determination of g | was 
made at 9300 Mc/sec at a temperature of 4.2°K. 
The corundum crystal, containing 0.13% vanadium 
impurity, was oriented so that its trigonal axis 
was perpendicular to the steady magnetic field 
and parallel to the high frequency magnetic field 
in the resonator. A very broad line was found 
with its peak at 19800 oe. The value of the field 
strength was measured with a magnetometer using 
a Hall probe. Using the value? D=7.0 + 0.3 cm7! 
and putting E = 0, the value derived from (4) is 
£; = 1.63 + 0-05. 

Using (4), the constants D and g, can in prin- 
ciple be determined from the position of the line 
in the perpendicular orientation for various fre- 
quencies. However, the position of its peak cannot 
be determined with sufficient accuracy because of 
the large line width, and the error in determining 
D by this method would be extremely large. 

The line width is associated mainly with the 
unresolved hyperfine structure. Besides, since 
in the accessible range of fields the energy of the 
€3 level depends weakly on magnetic field, while 
the energy of level €, does not change, the line 
for the transition €, ~~ €3 is appreciably field 
broadened. The effect of scatter in the directions 
of the trigonal axis also contributes a certain 
amount to the line width.” Calculation shows that 
hyperfine structure should contribute ~ 1000 oe 
to the line width (if we put B = A). 

38. The constants D, gj; and g, of the spin 
Hamiltonian can be derived theoretically. Ina 
crystal field of cubic symmetry, the sevenfold 
degeneracy of the F ground level of the Wenig 
is partly lifted. The lowest level becomes an or- 
bital triplet. Further splitting of this level takes 
place under the influence of spin-orbit coupling 
and the crystalline field of trigonal symmetry. 
This splitting is described by the fine structure 
Hamiltonian:? 


W=A(1 Ser eee a'r (i xe LS) (7) 


where |’ is the effective orbital momentum oper- 
ator l’=1, S is the spin operator S=1, A is the 
parameter of the crystal field of trigonal symmetry, 
X is the spin-orbit coupling constant and a and a’ 
are constants close to be We have here neglected 
the contribution of spin-spin interaction between 

the electrons of the paramagnetic ions, since this 

is insignificant. 

We can find the energy level scheme by solving 
the secular equation. In order to obtain two closely 
spaced levels (singlet and doublet) at the bottom, 
we have had to put A< 0. The distance between 
the singlet and doublet, corresponding to the con- 
stant D of the spin Hamiltonian is equal to 
D = = {[(A + aA)? + 8a'202]* — [A2 4 4ex’20.2]" 

— Oh} ah)! Al. (8) 
This approximate expression is valid for small 
r/A. 

In order to find the g-factors one must find the 
wave functions of the lowest energy states, and 
calculate the matrix elements of the interaction 
operator of the ion with the external magnetic field. 
We obtain the result®»® 
By = 2 (@ 2) e207 /A2, 2, = 2—20/2h /| A}. (9) 

Expressions (8) and (9) enable us to determine 
from the constants of the spin Hamiltonian (D = 7.0 
em7!, g) = 1.915, g; = 1.63) the values A = —280 
em~!, A = 38 em~!, @ Sil“ givel @” = ily. 

Pryce and Runciman® studied corundum with 
vanadium optically and calculated the energy level 
scheme for this ion. The values A = —1200 cm7! 
and A = 70 cm™! which they chose could not explain 
the experimental g-factor values. We obtained 
considerably smaller values of the spin-orbit coup- 
ling constant than for the free ion (A = 104 cm). 
The reduction in 2» indicates the presence of co- 
valent binding between the d-electrons of the para- 
magnetic ion and the electrons of the surrounding 
oxygen ions. 

The authors express their thanks to A. I. Smir- 
nov for help in carrying out the experiment. 
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The values of the transferred angular momenta, parities, and possible spins of the ground and 
excited states of the Zr®® and Zr*! nuclei are determined by comparing the experimental 


proton angular distributions in stripping reactions with the theory. 


‘Tue angular distributions of protons in the reac- 
tions Zr®*! (4, p) Zr°)*. were investigated using 
the extracted beam of 13.6-Mev deuterons from 
the cyclotron of the Physics Institute of the 
Ukrainian Academy of Sciences. 

The geometry and experimental procedure were 
described earlier.! The present experiment dif- 
fered in that a polystyrene absorber was placed 
ahead of the chamber to cut off the deuteron. The 
Zr” target was a polystyrene film containing 
finely powdered enriched Zr*0,. 

The angular distributions obtained are shown 
in the figure. The solid curves are calculated by 
the Butler theory.’ 


26/dw, rel, units 


zr ap) Zr round 5 


The spin, orbital-momentum, and energy-level 
data obtained by comparison with experiment, and 
also the radii rp used in the calculations, are 
listed in the table. 

The values of Q, 5 Mev for Zr? (Melange) Zr! 
and 6.5 Mev for Zr! (d, p) Zr’, agree with the 
data of reference 3. 

According to the level scheme proposed by 
Klinkenberg, when the number of neutrons exceeds 
50 the states d5/2, 87/2, Hy1/2, d3/2, and s4/, begin 
to be filled. Nilsson’s calculations give for the 
spherical case a somewhat different filling order, 
namely ds/, 87/2, Si/2 3/2, and hy. The spin 
and parity °*4* which our experiments yield for 
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the ground® state of Zr*®! agree with the data that 
Brun et al. obtained by measuring the spin directly, 
and with the values of the spin predicted by the 
shell model (ds/.). The spin and parity ¥4* of 
the first-excited state (with energy 1.21 Mev) 
does not fit in any of the schemes referred to 
above. To explain the obtained value of the spin 
within the framework of Nilsson’s calculations for 
the spherical case,° it is necessary to assume that 
the state g7/2, which should lie between d;/. and 
S1/,, either was not registered by us or does not 
exist at all. In Klinkenberg’s scheme even the 
States {7/2 hyy/2 and d37. would have to be re- 
garded as unregistered or nonexistent. 

On the other hand, Dzhelepov and Peker’ give 
for the 1.21-Mev level of Zr*®! a value J” = 54", 
which is also difficult to interpret from the point 
of view of the shell model. We note that in the 
case of the reaction Sr®® (d, p) Sr®® it was ob- 
served? that for the first excited state of Sr® the 
51-st neutron is also captured in the s,/2 state. 
Such a coincidence can hardly be accidental. 

According to Dzhelepov and Peker,! J” = 2* 
for the 0.93-Mev level of Zr*’. If the spin and 
parity of the ground state of Zr®! are *4*, then 
according to the selection rules this state can be 
formed in stripping reactions’ by transfer of ang- 
ular momenta 0, 2, and 4. The fact that only the 
momentum Ip = 2 is observed signifies that 
In = 0 is forbidden by the selection rules of the 
shell model. The possibility that the transitions 


to the ground states of the final nuclei are forbidden 


was pointed out by Bethe and Butler.? We know of 


no other examples for transitions into excited 
states. 


In conclusion, the authors take this opportunity 
to thank A. P. Klyucharev for providing the metal 
target of enriched Zr*! and to the cyclotron crew 
for ensuring uninterrupted operation of the appa- 
ratus. 
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Neutron diffraction analysis at 12°K has confirmed the structure of deuterium and the tetra- 


gonal variant of the hydrogen structure, as found by x-ray diffraction methods. 


For neutrons, 


the diffraction patterns were found to be considerably richer than for x-rays, for both hydro- 
gen and deuterium. This is due, in the first place, to the appearance of interferences at an- 
gles greater than those for which the intensity of the x-ray interferences, which falls rapidly 
with increasing scattering angle, decreases to zero, and, in the second place, to the occur- 
rence in the neutron diffraction patterns of interferences having odd index sums, which are 
forbidden for body-centered structures made up of identical particles. The latter may be 
accounted for, if it is assumed that the ortho- and para-molecules are distributed through the 
lattice in an ordered manner, and have different neutron scattering cross-sections. In cer- 
tain cases interferences were observed at small angles, to which indices may be assigned by 
proceeding from the assumption that the ortho- and para-molecules are ordered within a 


volume containing eight cells. 


X-ray structural analysis of polycrystalline 
samples of hydrogen and deuterium has shown that 
at 4.2°K these two isotopes possess different lat- 
tice structures.! This conclusion regarding the 
structure of hydrogen and deuterium was based, 
however, upon the analysis of x-ray diffraction 
patterns having an extremely small number of 
lines, and those only at small angles. The sparse- 
ness of the interference patterns was due to the 
rapid fall in the intensity of the x-ray interferences 
with increasing scattering angle, characteristic of 
diffraction by light elements. The lines in the 
x-ray patterns for solid hydrogen could not be in- 
dexed uniquely, and as a result of their analysis 
this isotope could be assigned, with equal probabil- 
ity, either a hexagonal (with axis ratio c/a = 1.73) 
or a tetragonal (with axis ratio c/a = 0.82) struc- 
ture. The structure of deuterium was determined 
to be tetragonal (with axis ratio c/a = 1.73). 

With the object of securing more complete in- 
formation on the crystalline structures of hydro- 
gen and deuterium, a neutron diffraction study of 
these isotopes was undertaken. The coherent scat- 
tering amplitude for neutrons does not depend upon 
the angle of scattering. This led to the expectation 
that neutron diffraction patterns could be obtained 
for the hydrogen isotopes which would have a 
greater number of interferences at large angles 
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than the x-ray patterns. Such neutron diffraction 
patterns could be accurately indexed, and a more 
certain solution could be found to the problem of 
the crystalline structure of hydrogen and deuter- 
ium. 


EXPERIMENTAL METHOD 


The investigation was carried out using the ap- 
paratus previously described.”*? The absence of 
any need for a magnetic field allowed a modifica- 
tion to be introduced in the construction of the 
cryostat: the outer jacket and screen (both of 
copper) were removed to a distance of 100 mm 
from the central container holding the object under 
study. In addition, the copper container was re- 
placed by one made from a titanium-zirconium 
alloy (32 atomic percent zirconium ), clamped 
with an indium gasket to the bottom of the reser- 
voir containing the cooling agent. These changes 
made it possible to avoid completely the effects of 
coherent scattering of the neutrons by the jacket 
and screen (through collimation) and also by the 
container (since a titanium-zirconium alloy con- 
taining 32% zirconium does not yield coherent scat- 
tering ). 

Liquid hydrogen was employed as the cooling 
agent, being pumped on with a forevacuum pump. 


CRYSTALLINE STRUCTURE OF SOLID HYDROGEN AND DEUTERIUM 


The samples had a temperature of 11 - 12°K, as 
determined from the vapor pressure at their sur- 
faces. One filling of the cryostat with the coolant 
liquids (nitrogen and hydrogen) sufficed for more 
than 24 hours of operation. 

Under the conditions of crystallization prevail- 
ing in the experiment, the hydrogen and deuterium 
samples took the form of aggregates of coarse 
crystals. The orientation of these crystals varied 
in an uncontrollable fashion from sample to sample; 
in all probability, they did not remain constant 
even in a given sample over the duration of a run, 
due to the intensive recrystallization and self- 
diffusion processes taking place at the tempera- 
tures of the experiment. The following measures 
were taken to reduce the effect of the coarse crys- 
talline structure of the samples: 

1. The sample was made to oscillate, together 
with the entire cryostat, through 120°, at a period 
such that an integral number of oscillations took 
place during a single measurement. 

2. The neutron diffraction patterns obtained on 
different days from separate samples, under vary- 
ing experimental conditions (i.e., statistics, colli- 
mation, etc.), were averaged, with these differing 
conditions taken into consideration. 

These measures, however, could not insure the 
provision of unique data on the intensities of the 
interference maxima, which would have permitted 
determination of the orientations of the molecules 
in the unit cell. The neutron diffraction patterns 
yielded information only on the absence or pres- 
ence of the maxima, and on their positions. 


RESULTS 


A. Deuterium. Figure 1 presents some of the 
neutron diffraction patterns obtained for deuterium 
samples having an ortho-molecule concentration 
equal to or somewhat smaller than the equilibrium 
value for room temperature. As noted above, the 
relative intensities of reflections having the same 
indices vary among the diffraction patterns ob- 
tained from different samples. The positions of 
the reflections, however, can be established with 
a sufficient degree of precision, especially if 
through a particular choice of the cryostat position 
it is possible to find one peak of such intensity as 
to correspond to reflection from a monocrystal 
oriented at the Bragg angle. Indexing, using the 
Hull-Davey curves, and appropriate elementary 
calculations permitted establishment of the fact 
that the crystalline lattice of deuterium belongs to 
the tetragonal system. The dimensions of the unit 
cell are a = 3.38A and c = 5.60A 
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FIG. 1. Neutron diffraction patterns for deuterium at 
T ~ 12°K (upper curve obtained by averaging four neutron pat- 
terns taken without oscillation of the sample). 


(c/a = 1.66). Positions of the maxima as com- 
puted from these parameters are indicated in Fig. 
1 by the small arrows. The slight deviations of 
some of the maxima from their calculated posi- 
tions may be explained by the fact that the mono- 
crystals giving rise to the corresponding reflec- 
tions are displaced relative to one another within 
the container, the diameter of which is 10 mm. 
The incoherent scattering background for deuter- 
ium (after subtracting out the instrumental back- 
ground) is essentially zero. 

B. Hydrogen. The investigation of hydrogen by 
neutron diffraction is greatly hampered by the 


Relative neutron intensity 
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FIG. 2. Neutron diffraction patterns for hydrogen at 
T ~ 12°K (two lower patterns obtained with the aid of the flat 
container; upper pattern with the ordinary cylindrical container; 
second from the top, obtained with a cylindrical container 
empty at the center). 
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presence of strong incoherent spin scattering of 
the neutrons. In order to reduce the level of the 
background associated with the incoherent scatter- 
ing, containers were employed which provided 
sample thicknesses not exceeding that of a 50%- 
attenuating layer (3 -4 mm). A flat copper con- 
tainer, as well as a double-walled cylinder, empty 
within, were used in place of the ordinary cylindri- 
cal container. The use of the copper container was 
rendered feasible by the fact that the hydrogen 
lines are produced at smaller angles than the first 
line from copper. 

A few typical neutron diffraction patterns for 
hydrogen (a mixture of ortho- and para-molecules 
having nearly the equilibrium distribution for room 
temperature ) are presented in Fig. 2. The coher- 
ent scattering maxima in these patterns are only 
weakly evident above the incoherent scattering 
background; however, analysis of a large number 
of the diffraction patterns (more than 20) permit- 
ted determination of the positions of the maxima 
with adequate precision. Indexing, with the aid of 
the Hull-Davey curves, and subsequent computation 
permitted assignment of the hydrogen structure to 
the tetragonal system. The unit-cell dimensions 
are a=4.5A, c =3.6A (c/a =0.81). The posi- 
tions of the interference maxima corresponding to 
this structure are indicated in Fig. 2 by the heavy 
lines; the indices of these maxima are written in 
above the corresponding lines. In a few cases (see, 
for example, the upper neutron diffraction pattern 
in Fig. 2) still other maxima are visible, in addi- 
tion to those already pointed out, some of them at 
extremely small angles (these are indicated in 
Fig. 2 by the narrow lines). Indexing of the neu- 
tron diffraction patterns showing this interference 
system (the corresponding indices are written in 
below the lines) and subsequent computation again 
yields a tetragonal lattice, having the same ratio 
of axes, but with doubled parameters (a & 9A, 
CURA). 


DISCUSSION OF THE RESULTS 


The neutron diffraction study has confirmed the 
structure of deuterium and the tetragonal variant 
of the hydrogen structure,* as determined by x-ray 
diffraction methods.! The small discrepancy in 
the axis ratios for the tetragonal deuterium lattice 
determined from the x-ray data and from the neu- 
tron structural analysis is perhaps to be attributed 


*This variant is also confirmed by measurements of the 
specific heat and the nuclear magnetic moment, as is shown in 
a theoretical paper by Dukhin‘* and in the experiments of Galkin 
and Matyash.* 
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to the difference in the temperatures at which these 
investigations were carried out (4.2 and 12°K, 
respectively ). However, the agreement of the re- 
sults from the x-ray and neutron structural analy- 
ses is confined to the symmetry, the parameters, 
and the axis ratio of the unit cell. In the x-ray 
diffraction patterns only those reflections having 
even index sums were present as is characteristic 
for body-centered structures. In the neutron dif- 
fraction patterns, in addition to further maxima 
with even sums of indices, appearing at relatively 
large angles, lines are also present which have 

odd index sums; this corresponds to a primitive 
unit cell rather than the body-centered one inferred 
from the x-ray structural analysis data. This dis- 
crepancy might be explained in the following man- 
ner: 

1. The amplitudes for coherent scattering of 
neutrons by the ortho- and para-molecules in hy- 
drogen and deuterium are unequal. 

2. The distribution of the ortho- and para-mole- 
cules within the lattice is not purely statistical. In 
this event the lines having odd sums of indices 
could be regarded as coming from the superstruc- 
ture. With respect to x-rays the ortho- and para- 
molecules are completely equivalent, and the 
superstructure has no effect. 

Published data on the properties of hydrogen 
and deuterium in the ortho- and para-states do not 
as yet permit a definite answer to the question of 
the validity of the hypothesis, advanced above, that 
the interference patterns observed in neutron dif- 
fraction by these isotopes are to be attributed to 
an ordered arrangement of ortho- and para-mole- 
cules in their lattices. 

The ortho- and para-molecules of one and the 
same isotope are so similar in all their properties 
that until fairly recently it was thought that they 
constitute ideal mixtures. Vapor pressure data,® 
however, have shown that, for hydrogen as well as 
deuterium, the ortho - para mixtures fail to obey 
Raoult’s law for ideal solutions. Through the use 
of Clapeyron’s equation it has been established 
that the latent heat of vaporization and the internal 
energy in the liquid and solid phases are quadratic, 
rather than linear, functions of the composition. 
This suggests a difference in the mutual energies 
of the various types of molecular pairs, and the 
possibility, in principle, of an energetic advantage 
in the ordering of the ortho- and para-molecules 
in the hydrogen and deuterium lattices. Further, 
this hypothetical ordering is not contradicted by 
the data on the specific heats of ortho - para hy- 
drogen mixtures (a departure, beginning at 12°K, 
of the temperature dependence of the mixture spe- 
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cific heats from the analogous curve for pure para- 
hydrogen’), nor by the results of a study of nuclear 


magnetic resonance in solid hydrogen (a rapid 
broadening of the resonance line, from 0.1 oersted 
at 12°K to ~ 8 oersteds at 10°K and below, which 
implies a sharp change in the rates of the diffusion 
processes within this temperature interval). 

A direct experimental test of the validity of the 
hypothesis concerning the existence of a super- 
structure in the lattices of solid ortho - para mix- 
tures of hydrogen and deuterium would, it appears, 
be provided by the investigation of mixtures of 
controlled composition, ranging down to pure para- 
hydrogen and ortho-deuterium. 

The authors wish to express their gratitude to 
B. N. Samoilov, who made possible the work with 
liquefied gases, as well as to N. E. Yukovich for 
supplying the liquid hydrogen, and to S. V. Kiselev 
and A. L. Donde for their participation in the ex- 
periments. 
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The upper limit of the cross section for elastic scattering of 8.5 Bev protons on neutrons 
accompanied by charge exchange was studied by the photographic emulsion technique and 


was found to be 0.46 + 0.15 mb. 


Accorpine to statistical theory, the pn charge- 
exchange scattering cross section dex should be 
small at high energies (as is the case for the cross 
section of any possible reaction involving the in- 
elastic interaction of nucleons); at 10 Bev, dex 

~ 2x10 oj, (see reference 1), where ojn is the 
cross section for all inelastic processes. It is not 
impossible, however, that charge exchange stands 
apart from all the remaining reactions. 

Another circumstance which makes charge- 
exchange scattering of interest is the fact that the 
ratio dex /de] pp (%elpp is the pp elastic scatter- 
ing cross section), under the condition of isotopic 
invariance, depends on the contribution of the one- 
meson interaction scheme to the process of elastic 
scattering of nucleons. Thus, if NN elastic scat- 
tering takes place only as a result of the exchange 
of a single 7 meson, then the above-mentioned 
ratio is equal to 4. 

Under certain assumptions, it is possible to es- 
timate the maximum difference of the pp and pn 
total interaction cross sections Atot = Spp — Ppn: 
Indeed, owing to isotopic invariance, we have the 
following relation between the amplitudes of the 
corresponding elastic processes: 


(3)(0) (3)(0) 3)(0 
App A. = A 


(1) 


The indices 3, 0 indicate that this relation holds 
separately for the triplet and singlet states of the 
nucleons (for ordinary spin). Using also the re- 
lations 


k 
tq im A (0) = jor, ex (0) > [Im Ae, (6)]? 
(here k is the wave vector of the incident particle 


and ot¢ot¢ is the total interaction cross section), 
we obtain 


dot < [GVO + ZVONO]. (2) 


Here o)(0) and of(0) are the differential 
charge-exchange cross sections for @ = 0° in the 
triplet and singlet states of the nucleons, respec- 
tively. These cross sections are related to the 
cross section dex(0) measured with an unpolar- 
ized target and an unpolarized beam in the follow- 
ing way: 


4 6) 0) + £0 (0) = oe, (0). 


Hence the bracketed expression in formula (2) 
takes on a maximum value Vog,(0) when of)(0) 
= o)(0) and a minimum value $V 0gx(0) when 
o{(0) = 0. Thus, a measurement of the difference 
Atot and the differential charge-exchange cross 
section for 6 = 0° gives some information on the 
role of the spin interaction. 

Under the assumptions 1) that the cross sec- 
tions are independent of the spin state of the nu- 
cleons and 2) that the angular dependences of the 
differential pp elastic scattering cross section 
and the differential pn charge-exchange scatter- 
ing cross section are similar, formula (2) takes 
the form 


Atot <S (4x/k) y SexSel pp (0)/Sex = ’ (3) 
where de] pp(0) is the differential pp elastic scat- 
tering cross section for 9 = 0°. 

If it is assumed that the pp elastic scattering 
amplitude is purely imaginary, then inequality (3) 
can be simplified to 

Atot < V SaSop tot/ Set pp: (4) 

In the present article we attempt to estimate the 

upper limit of the charge-exchange cross section 


in the scattering of 8.5-Bev protons on bound neu- 
trons in emulsion nuclei. 
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CHARGE-EXCHANGE CROSS SECTION FOR THE pn INTERACTION 


EXPERIMENTAL METHOD AND RESULTS 


A 10x10x2 em emulsion stack was exposed to 
a beam of 8.5-Bev protons. 

The beam was directed perpendicularly to the 
emulsion pellicles. The advantage of such a 
method for the observation of events such as pp 
elastic scattering and charge exchange p+n—n 
+p has been discussed previously.2 Area scanning 
was employed. 

We selected for analysis all two-prong and one- 
prong stars containing one black or gray prong 
(the latter corresponds to protons of energy <300 
Mev). The two-prong stars included elastic scat- 
terings of protons on hydrogen and quasi-elastic 
pp scatterings, i.e., scatterings of protons on 
bound protons of emulsion nuclei. The one-prong 
stars should include the charge-exchange reactions 
p+n—n+p (if such reactions occur ).* 

If the number of quasi-free protons and neutrons 
is the same, then the charge-exchange cross sec- 
tion is 

Sex = (Nex / IN cas pp) Set pp, 


(5) 


where Nex and Nguasipp are the numbers of cases 
of each type after analysis of the events and K is 
the ratio of the efficiencies of recording two- and 
one-prong stars. 

This estimate will be increased or decreased, 
depending on the strictness of the criteria by which 
the cases of charge exchange and quasi-elastic 
scattering are selected. 

The selection criteria were as follows: 

1. Separation of charge-exchange events: a) we 
selected stars without recoil nuclei; b) the prong 
in a one-prong star was regarded as the recoil 
proton produced as a result of the charge exchange 
of a neutron. Therefore the relation between the 
angle of flight of the recoil proton 9 and its mo- 
mentum p should include the binding energy of 
the neutrons in the nucleus and their momentum 
distribution. To take this into account, we con- 
structed on the (6,p) plane the region in which 
points corresponding to charge-exchange reac- 
tions could lie. The density of points outside this 
region is a measure of the background. 

2. Separation of pp quasi-elastic scattering. 
This separation reduced to the calculation (for 
two-prong stars without a recoil nucleus or a 
beta-decay electron) of the momentum of the tar- 
get proton, i.e., of a proton bound in a nucleus. 
This momentum was calculated as the difference 
between the observed recoil-proton momentum 


*This reaction can also be regarded as elastic backward 
scattering of a proton on a neutron in the c.m.s. 
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and the momentum transfer. The first quantity 
was measured from the range (or ionization) in 
emulsion and the second was determined from the 
scattering angle of the primary proton. This 
angle was measured to an accuracy of 0.2°. 

We then constructed the distribution of the 
number of cases as a function of the momentum 
of the target proton dN(p)/dp (see the figure). 
This distribution has a maximum near the point 
p = 200 Mev, corresponding to the pp quasi- 
elastic scatterings. The width of the maximum 
depends on the value of the mean momentum of 
the target proton inside the nucleus and the meas- 
urement error. The dip in the curve close to the 
point p = 0 results from the errors in the meas- 
urements of the angles and momenta of the par- 
ticles, which lead to an increased momentum p 
of the target proton. The value of the function 
dN(p)/dp at large p characterizes the back- 
ground. In our case, it turned out to be ~ 10%. 
For the estimate of the background, we also at- 
tempted to separate similar ‘‘quasi-elastic’’ cases 
for three-prong stars by neglecting one of the 
prongs. It turned out that the probability of the 
separation of a ‘‘quasi-elastic’’ case for a three- 
prong star was one-tenth of that for a two-prong 
star. This indicates that the described method 
gives a sufficiently reliable separation of the 
quasi-elastic cases. 

It is seen from the above that the two-prong 
stars are subjected to stricter selection criteria 
than the one-prong stars. Expression (5) there- 
fore gives an upper limit for the charge-exchange 
cross section. One could attempt to obtain the 
cross section dex from expression (5) by apply- 
ing to the two-prong stars the same selection cri- 
teria that is applied to the one-prong stars. This 
could be done, however, only if it is known before- 
hand that the background-effect ratio in pp scat- 
tering and in pn charge-exchange scattering is 
the same. 

A total of 8.08 cm® of emulsion was scanned. 
Of the 1859 recorded two-prong stars, 466 pp 
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quasi-elastic scatterings were separated. The 
number of one-prong stars found was 55, and 
after analysis, 20 remained. The scanning effi- 
ciency for two-prong stars (~ 92%) and for one- 
prong stars (~ 75%) was found from the results 
of a second scanning of the entire area. The cross 
section dg] pp = 8-7 mb was taken from the work 
of Markov et al.? We finally obtained ogx < 0.46 
+ 0.15 mb.* The error given is statistical and in- 
cludes the error in the determination of the scan- 
ning efficiency. 


CONCLUSIONS 


a) The ratio of the cross sections o¢x/¢e] pp 
= 0.07. This means that the contribution of one- 
meson scattering to the cross section for elastic 
interactions of nucleons does not exceed 2%.T 


*It should be noted that we made the important assumption 
that the momentum transfer in the case of charge exchange is 
not much smaller than the momentum transfer in the case of 
elastic scattering. If this is not so, then charge exchange with 
a bound neutron cannot be observed at all. 

tWe did not take into account possible interference between 
the one-meson and multi-meson interactions, 
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b) According to the data of Markov et al.,” 
Fel p p69) ~ 160 mb/sr. We therefore obtain from 
formule (3) Atot = 11 mb. From formula (4) we 
obtain Atot <= 9 mb, which is also not in Fontes 
diction with the available experimental data.® 

c) The obtained limit for the charge-exchange 
cross section is too high to check the predictions 
of the statistical theory. 

We thank M. I. Podgoretskii, V. G. Grishin, 
and V. N. Strel’tsov for advice and discussions. 
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The lifetime of the excited state at 608 kev in Te!*4 was determined from the experimental 
value of the cross section for resonance scattering of y quanta. The value obtained is com- 
pared with the predictions of the single particle model. 


W: have studied the resonance scattering by 
Te™4 of the 608-kev y quanta which are emitted in 
the decay Sb'4 — Te!4. The resonance condition 
was guaranteed by the Doppler broadening of the 
608-kKev line resulting from recoil in the preceding 
part of the cascades,! which are listed in the table. 

To eliminate effects of slowing down of recoil 
nuclei on the shape of the spectrum, the main ex- 
periment was done with a gaseous source. A 3.4- 
mC source of highly volatile SbCl, was heated to 
220° and converted completely to gas. The vapor 
pressure in the ampoule did not exceed atmos- 
pheric. The scatterers were cylinders of Tel, and 
CdO. Measurements were made with solid and 
gaseous sources. In the latter case, with a tellur- 
ium scatterer we observed an increase in counting 
rate (by 0.43 pulse/sec) over a cadmium scat- 
teres 


The cross section o for resonance scattering 
was computed using the standard formula,’ and 
when the angular distribution of the scattered y 
quanta and the self absorption in the scatterer were 
included we found the value (3.5 + 1.1) x 10 *cm?. 
The lifetime 1T,, for the 608-kev level of Te!%4 
was found from the formula 


= (0,0H/26)N (E.)/ N, (1) 


where N(E,)/N is the fraction of the 608-kev y 
quanta which fall in a 1-ev interval around the 
resonance energy. We computed the partial values 
of N(E;)/N by starting from the relative intensi- 
ties of the cascades,**! disregarding effects of 
chemical binding. However the latter do not es- 
sentially change the total value N( E;)/N = 0.058 

+ 0.006. The error in N(Ey)/N resulting from 
the inaccuracy in the determination of the relative 


By-cascades in the Sb'*4— Te!4 decay 


i i Relative | Partial 
End point|Intensity Cascades preceding intensity | values 
of 8 spec-|of 8 com- the 608-kev level of cas- |N(E;)/N, 
trum, kev|ponent, 7% ie 2 
i 2312 28 8 a eis 
as yar 10 B (7-723) 10 0'68 
. B (y—1370) 4 | 0,24 
ok lean 4 B (y—646) (y—646) <i 
5 B (y—724) (~—646) eat ite 
Th 
f B (y—1692) 47 
i we 49 8 (y¥—1047) (y—646) Da 
: B (y—969) (~—724) ~ 
0,30 
9 8 (~—2088) 6,5 k 
10 8 (y—1450) (y—646) ~'it 
A B (y¥—1361) (y—723) <1 
2) 2 9 B (~—714) (y—1370) ; 
a B (y—714) (y—724) (y—646) <3 
A¢ B (y—714) (y—646) (7-723) 
3=5,84 


*Inclusion of these cascades adds approximately 0.4% to N(Er)/N. 
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intensities of the cascades is 8%, which is greater 
than the errors due to neglect of correlations! and 
the choice of the variant of B decay theory.® 
According to Eq. (1), the lifetime of the 608-kev 
level was (5.8 + 1.5) x 10°" sec. A value of Ty 
< 2x 1071! sec was found® by using By coincidences. 
By studying Coulomb excitation,’ the reduced 
transition probability B(E2, 0* — 2*) was found 
to be 0.39 e®- barn”, which gives Ty = 12.6 
x 10°" sec. Computations using the Weisskopf® 
formula, which is based on the single particle 
model, give the value T= 1.2 x 10°"? sec. Thus 
the E2 quadrupole transition at 608 kev in Te!” is 
enhanced, with an enhancement factor equal to 20, 
which shows the collective nature of the excitation. 
The authors thank Yu. G. Kosyak for help in 
computing the spectra, and T. A. Zotov for prepar- 
ing the source. 
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Precision mass-spectrographic measurements of the mass of the Pu??? isotope have been 


made. 


We measured the mass of the Pu“? isotope on a 
mass spectrograph with a resolving power of 

~ 60,000.’ The Pu’? ions were produced by the 
evaporation of plutonium enriched to approximately 
10 — 12% Pu**’. The doublet used for the measure- 
ment was produced by the Pu”? ion and a fragment 
of the organic compound of perylene (Cy )H,., M 

= 252) containing ‘CipOoH., (M = 240). The mass 
of the C¥, C8, and H! isotopes were measured 
previously with sufficient accuracy.’? The ions 
were produced in an arc ion-source in which the 
basic discharge was maintained in helium. The 
vapors of the plutonium and the organic compound 
were introduced into the discharge by the evapor- 
ation of these substances in crucibles of special 
design. 

The analysis of the doublet C,,C"H,,— Pu? 
was carried out in the standard way.! Lodevcr— 
mine the dispersion constant, we used perylene 
fragments with a mass difference of one mass of 
hydrogen (M = 239, M = 240, and M=241). The 
value of the doublet and the value of the mass of 
the Pu’4? isotope corresponding to it were found to 
be the following: 


C#2CVH,,—Pu**° doublet: AM = 35.497 + 0.126 mmu 
Pu”*° mass: 240.130316 + 130 amu 
Pu**° mass from reference 3 240.129105 + 100 amu 


For comparison, we have given here the Pu” 
mass from the work of Huizenga.* 

The mass-spectrographic mass of Pu“? has 
not been measured until now. The difference in 
the value obtained in the present experiment from 
Huizenga’s value is 1.211 + 0.170 mmyu, i.e., about 
seven times the total error of measurement. This 
difference, however, can be accounted for by the 
difference in the values for the reference element 
used by Huizenga, namely, the mass of the Pb” 
isotope. The value of 208.041640 + 1000 amu for 
this mass, which he used as the standard in the 
calculations, was taken from the measurements of 
Stanford et al.4 This value differs by approxi- 
mately 107? amu from the data of later measure- 


ments made independently in two different experi- 
ments, according to which M ( Pb2"8) = 208.042658 
+ 35 amu® and M ( Pb”8) = 208.042779 + 6 amu.® 
The mean difference between these values, which 
are in satisfactory agreement with each other, and 
the standard mass of the Pb”? isotope used by 
Huizenga is 1.073 + 0.050 mmu. If this difference 
is taken into account, then the mass of the Pu? 
isotope calculated from the measurements of 
Huizenga will be M ( Pu24°) = 240.130178 + 120 amu, 
which is in good agreement with the value obtained 
in the present experiment. 

Moreover, the data of Everling, Konig, Mat- 
tauch and Wapstra’ were available to us. These 
authors made a statistical analysis of the data on 
the masses of isotopes in the range 1=A = 254 
with the aid of an electronic computer by the 
method of least squares. According to their data, 
the value of the mass of the Pu?“ isotope is equal 
to M ( Pu24°) = 240.130292 + 40, which is in very 
good agreement with the value obtained in the 
present experiment. 

It is known that the Pu2”’ isotope and the Th”? 
isotope are members of the natural radioactive 
4n series. The mass of the Th**? isotope has been 
measured previously.’ To check the accuracy of 
the measurements and the consistency of the re- 
sults, it is of interest to compare the difference in 
the masses of Pu? and Th?®? obtained by the 
mass-spectrographic method and the difference 
calculated from the energies of the a@ decays by 
which the isotope Pu24 is converted into Th’, 
i.e., of the decays 


saree ae pp IX =~ ay GE, 


The total values of the decay energies Q and 
the value of the a-particle mass have been meas- 
ured with sufficient reliability.®! The values of 
the Pu24? and Th”? masses obtained by the mass- 
spectrographic method are completely unrelated 
to each other. They were measured from different 
doublets at different times. The value of the dif- 
ference obtained by the mass-spectrographic 
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method is AM ( Pu? — Th?8) = 8.018448 + 270 amu. 
The analogous difference obtained with the aid of 
the Q-values for the a decays is AM = 8.018324 

+ 150 amu. The difference between these two 
values is 6 = 0.124 + 0.310 mmu, i.e., almost one- 
third the error of measurement. This agreement 
in the results obtained by completely different 
methods indicates that the value found for the 

mass of the Pu" isotope is sufficiently reliable. 
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The magnetization produced by an electric field in a Cr,O3 single crystal was investigated. 
The magnetization is proportional to the field, as predicted by theory.”? The proportional - 
ity coefficient was measured to be 4.3 x 10 4 at 20°C. The magnetic moment along the 
threefold axis and the magnetic moment in the basal plane have Opposite signs in the tem- 
perature range from 310°K to 80°K. Near the transition temperature the magnetic moment 
in the basal plane is well fitted by a, « Gi 1/2, in agreement with the theory of sec- 
ond-order phase transitions. The temperature dependence of the magnetic moment along 
the threefold axis is very complicated. Possible causes of the observed temperature de- 
pendence are discussed. A connection is established between the sign of the magnetic mo- 


ment and the magnetic structure. 


A N earlier communication! reported preliminary 
results of a study of the magnetoelectric effect in 
antiferromagnetic materials. It was established 
that when a single crystal of chromium oxide is 
placed in an electric field, it exhibits a magnetic 
moment proportional to the field. The possibility, 
in principle, of the occurrence of such an effect in 
substances with magnetic structure was first 
pointed out by Landau and Lifshitz. Dzyaloshin- 
skii, in a more detailed examination of this ques- 
tion, showed that at least one of the substances 
with known magnetic structure, namely, chromium 
oxide, ought to exhibit a magnetoelectric effect. 

This conclusion was the result of an analysis of 
the behavior of the thermodynamic potential under 
all the symmetry transformations of the chromium 
oxide magnetic class. Dzyaloshinskii showed that 
the transformations of this class leave two expres- 
sions in the thermodynamic potential invariant; 
each is linear in E and H and the invariance cor- 
responds to a linear relation between the induc- 
tions and field intensities in the substance: 


Dy = & En + % A, D, =2e,E,+o,H4; 


By = py Ay + % Ei, B,=p,H,+¢,E,. (1) 


The components marked |, are directed along 
the crystal axis, those marked | lie in the basal 
plane. 

The present work gives the results of a more 
detailed investigation of the magnetoelectric ef- 
fect in chromium oxide. 

In reference 1, measurements were made on an 
irregularly shaped single crystal oriented arbi- 


trarily relative to a highly inhomogeneous applied 
electric field. In order to show up the anistropy 
of the magnetoelectric effect and simplify the cal- 
culation of the internal field in the sample, the 
chromium oxide single crystal, grown by the Ver- 
neuil process,* was made spherical. The shaping 
of the single crystal was carried out with silicon 
carbide. A sample 6.4 + 0.1mm in diameter was 
oriented by means of an x-ray Laue pattern and 
was then attached to an appropriate holder with 
BF glue. The accuracy of orientation of the sample 
was 3 or 4 degrees. 

Figure 1 shows the apparatus used to measure 
the exact value of aj, the constant of proportion- 
ality between the magnetic moment and the electric 
field applied along the C3 axis of the sample, 1. 
The magnetic moment thus produced was detected 
by an astatic pair of coils, 4; the output of the 
coils was fed through a symmetrizing transformer 
into an amplifier. The noise at the input of the 
circuit did not exceed 2 x 107-'v. The measure- 
ments were carried out at 10‘ cps. 

The special feature of the apparatus is that it 
makes possible a sufficiently uniform field in the 
sample. With this purpose, the diameter of the 
electrodes, 2, was made three times the diameter 
of the sample; the electrodes and the sample were 
placed in a teflon container, 3, filled with a liquid 
with dielectric constant as close as possible to 12, 


*The author takes this opportunity to convey his gratitude 
to A. A. Popova of the Institute of Crystallography, who grew 
the single crystal. 
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FIG. 1 


the dielectric constant of chromium oxide,‘ in or- 


der that the electric field in the sample be uniform. 


The majority of organic liquids with sufficiently 
high values of € either strongly absorb moisture 
from the air (alcohols, acetone) and acquire an 
observable conductivity (= 107’) which makes 
them difficult to work with, or have a significantly 
frequency-dependent dielectric constant at room 
temperature (cresols), or, finally, mix poorly 
with nonpolar liquids with small € (carbon tetra- 
chloride, xylylols), thus making difficult the prep- 
aration of a mixture with the necessary value of 
the dielectric constant. The most suitable liquid 
proved to be dichlorethane, with a dielectric con- 
stant of 10.4 at 25°C.° Dichlorethane absorbs 
practically no moisture from the air and has a 
conductivity = 5 x 107° after double distillation. 
Because of the difference between the dielectric 
constants of chromium oxide and dichlorethane, 
the field in the sample is not perfectly uniform; its 
intensity is somewhat less than the field intensity 
between the electrodes. 

Estimating the magnitude of the actual field in 
the sample is very complicated; a solution to the 
problem of the field distribution in a dielectric 
sphere pressed between two conducting planes has 
not been attained. One can only calculate that if 
the difference between the dielectric constants of 
the sphere, €j, and the medium, €g, is not large, 
the field inside the sphere will differ from a uni- 
form field by a factor of order (€j — €e)/€j. 

In preparing the apparatus for determining an 
accurate value of aj, steps were taken to avoid 
short-circuited loops in the electrostatic screens, 


5, and to lessen the losses in the electrodes; the 
latter were two slit discs, one rotated through a 
small angle relative to the other, with electrical 
connections only at their centers. 

In calculating the magnetic flux, one must take 
into account the fact that a significant fraction of 
the lines of magnetic induction from the sphere 
magnetized by the electric field are closed inside 
the detecting coil and give no contribution to the 
voltage produced on the coil. The magnetic flux 
outside the coil which contributes to the measured 
voltage is given by the formula 

1/2, 00 

@M =4av\ \ H (p, z) pdpdz, (2) 

oR 
where H(p, z) is the projection on the z axis 
( axis of the coil) of the magnetic field intensity 
at any point due to the magnetized sphere, and 
R, 1, and v are the radius, length, and number of 
turns per unit length of the detecting coil, respec- 
tively. 

After evaluating the integral, we have 


@ = (2nlvm/R) (1 + 2/4R2)—*; (3) 


here m is the magnetic moment produced by the 
magnetoelectric effect in the sample. 

The value of m can be calculated as follows. 
The connection between the field inductions and 
intensities in the magnetoelectric substance is 
given by Eqs. (1). For a dielectric sphere in an 
external electric field @j and no external magnetic 
field, we have? 


38, 
Ei = eee (4) 
2H, +B; = 0. (5) 


By using Eq. (1), we obtain (for Cr2O3, py; = 1) 


28, a; 


2 
B= Se ad re rape (6) 
The magnetic moment of a sphere of radius a 
is 
ee 4 3 _%e 
IT oa (B: —f7;) 3 na® = a, a8 ears é;. (7) 
Finally, for the induced flux we obtain 
a; &, a [2 \—¥2 
eer (! tag) &, (8) 


where n is the number of turns on the detecting 
coil: 

Since the amplification of the amplifier, the 
impedance and mutual inductance of the detecting 
coils, and the impedance of the symmetrizing 
transformer were all known, it was easy to com- 
pute the voltage produced on the detecting coil as 
a result of the magnetoelectric effect due to an 
applied field of known intensity, and from this the 
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constant qj; characterizing the effect along the 

C3; axis. The electric field intensity varied within 
the limits 1700 and 90 v/em; a) did not vary with- 
in the experimental accuracy. The corresponding 
voltages on the detecting coil were about 6.6 and 
0.35 pv. 

The constant a) was measured to be 4.3 x 104 
at 20°C. Curves giving the temperature depend- 
ence of aj; and a@| were normalized to this value. 
These curves were measured in a separate appa- 
ratus which allowed the dependence of the coeffi- 
cient @ on the angle of rotation of the sample to 
be determined throughout the temperature interval 
from the antiferromagnetic transition point (310° K) 
to hydrogen temperature. This apparatus differed 
from that shown in Fig. 1 in that its basic detect- 
ing coil consisted of two identical parts separated 
by a distance of 10 mm. The sample was oriented 
perpendicular to the axis of these coils and placed 
in the electric field in such a way that it was pos- 
sible to rotate it about any direction lying in the 
basal plane of the crystal. The apparatus was 
placed in a vacuum chamber in a Dewar flask with 
liquid nitrogen or hydrogen. The temperature was 
measured with a copper-constantan thermocouple 


FIG. 3 


and regulated with a heater. The electrical cir- 
cuits were the same as those described above. 

Figure 2 shows the temperature dependence of 
the coefficients a|j and a,j. A preliminary meas- 
urement at room temperature established that the 
coefficient a, is the same, within the experimental 
accuracy, for all directions lying in the basal plane 
of the crystal; the corresponding rotation curves 
were circles. 

It should be noted that the curves given for the 
temperature dependence were obtained with the 
sample placed in a very nonuniform electric field. 
With the special apparatus we obtained rotation 
curves with the sample placed between electrodes 
whose dimensions were three times the diameter 
of the sample (and with the space between filled 
with dichlorethane ) and established that at room 
temperature the rotation curves are the same in 
the uniform and in the nonuniform field. Figure 3 
shows a typical rotation curve taken in the non- 
uniform field at the arbitrarily chosen tempera- 
ture 103°K; the axis of rotation is perpendicular 
to the plane of the figure. 

a{ has the temperature dependence character- 
istic of ferromagnetic susceptibilities near the 
Curie point. Near the transition the temperature 
dependence of a | is well fitted by a, «(TN 


os T)i2 with Ty the transition temperature. This 
is in agreement with the theory of second-order 
phase transitions (if we assume that the anisotropy 
constant is independent of temperature). The fit is 
shown graphically in Fig. 4, which shows the depend- 
ence of ae on Ty — 7. is clear that aj <(Ty 
— T)!/ up to values of Ty — T of about 80°. 

The temperature dependence of aj; is much 
more complex. aj has a broad maximum at about 
250° K and then decreases with decreasing temper- 
ature; at 80°K it changes sign and then tends to a 
constant value. Near the transition temperature 
qj varies in a very complicated way, and we could 
not find a simple formula to fit its temperature de- 
pendence. 

The causes of this temperature dependence of 
qj are still not clear. A possible hypothesis 
would be that the magnetic structure of chromium 
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FIG. 5 


oxide, determined by the measurements of Brock- 
house® and McGuire et al.,’»® somehow changes 
with temperature and as a result of this change the 
spins of the magnetic ions have a non-zero projec- 
tion on the basal plane. Then terms of the type 
a,ExHy, @,ExHz, etc. appear in the thermody - 
namic potential and Eq. (1), which describes the 
magnetoelectric effect when the spins are along 
the threefold axis, must be materially changed. 
For example, a component of the magnetic moment 
along one of the axes in the basal plane will arise 
from electric field components along the other two 
axes. Therefore, one should observe a magnetic 
moment in a direction perpendicular to the applied 
electric field, and the temperature dependence of 
the effect can be very complex. 

An attempt was made to measure this ‘‘perpen- 
dicular’’ effect. Figure 5 shows the rotation curve 
obtained; the axis of rotation is perpendicular to 
the plane of the figure. It is clear that when the 
electric field vector lies in the basal plane the 
magnetic moment along the C3; axis is zero. Cor- 
respondingly, when the field is along C3, there is 
no moment in the basal plane. It is easy to see 
that such a diagram is obtained by using Eq. (1) 
for the component of the magnetic moment perpen- 
dicular to the applied electric field; this compo- 
nent is 44(a1 — aj) sin 26, where @ is the angle 
between the electric field direction and the crystal 
axis. If the hypothesis about the change in magnetic 
structure were correct, then a non-zero magnetic 
moment in the basal plane should have been ob- 
served with the field applied along the crystal axis. 
Thus, the hypothesis that the magnetic structure 
of chromium oxide is incorrectly determined by 
the measurements of Brockhouse® and McGuire et 
al." is not supported by the experiment and must 
be rejected. 

Along with the peculiarities in the temperature 
dependence of aqjj, the anomalous temperature de- 
pendence of the antiferromagnetic resonance in 
chromium oxide, observed by Foner,? should be 
noted. The curve given in his paper for the tem- 
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FIG. 6 


perature dependence of the resonance field for 
fixed frequency has a broad maximum at about 
250°K. It is possible that the anomaly observed 
by Foner is related to the presence of a magneto- 
electric effect in chromium oxide. 

From the curves, it is also clear that the signs 
of a) and qa, are different in the temperature 
range from 80°K to the antiferromagnetic transi- 
tion. The signs of aj; and a, were fixed by meas- 
uring the phase difference between the voltage on 
the electrodes and the voltage at the output of the 
detecting amplifier. Moreover, it turned out that 
the sign of qa||, for example, can be negative as 
well as positive, i.e., the magnetic moment pro- 
duced can be parallel or antiparallel to the applied 
field, while the magnitude of aj; does not change, 
but, as mentioned above, the signs of aj| and a1, 
always remain opposite. The sign of aj observed 
in any particular case depends on the history of 
the sample. If the sample is heated to a tempera- 
ture above the transition point and then cooled 
slowly, the sign of aj can be positive or negative, 
and is independent of its value before the sample 
was heated. If the sample is cooled rapidly, so 
that the transition occurs as irreversibly as pos- 
sible, the sign of a|j is again arbitrary, but its 
magnitude is sharply decreased. The different 
signs of the magnetoelectric effect can be most 
naturally explained by the existence of two elec- 
trically equivalent possibilities for the spin orien- 
tations in the magnetic unit cell of chromium ox- 
ide, as shown in Fig. 6. 

From the thermodynamic theory of the magneto- 
electric effect it can be shown’ that each of the 
two possibilities shown leads to a definite sign for 
a, but it is impossible to say which sign corre- 
sponds to each structure. After a reversible anti- 
ferromagnetic transition one of the two types of 
magnetic orderings shown is realized in the single 
crystal. In an irreversible transition, the differ- 
ent types of order corresponding to opposite signs 
for the effect, are realized in different regions of 
the single crystal; this leads to a sharp decrease 
in the magnitude of the total magnetic moment and 
even to its disappearance. The failure of attempts 
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to observe the magnetoelectric effect in polycrys- 
talline sample where definite, but arbitrary, signs 
are realized in each single-crystal grain can also 
be understood on this basis. The presence of a 
large number of grains leads to complete cancel- 
lation of the effect in the sample. 

While the sign changes in the magnetoelectric 
effect after antiferromagnetic transitions were 
being studied, the following effect was discovered. 
If the transition described above is carried out 
with the sample in a magnetic field of about 500 oe 
parallel to the C3 axis, then the effect has the 
same sign every time. If the direction of the 
applied field is reversed without changing the ori- 
entation of the sample, then the sign of the effect 
also reverses, and this same sign is obtained every 
time the sample is cooled below the transition 
point. At the same time, it is easy to see that 
both structures shown in Fig. 6 remain energet- 
ically equivalent in an external magnetic field. 
The above effect of the magnetic field on the mag- 
netoelectric effect was verified in twenty trials 
with transitions in the sample. 

In conclusion, the author takes this opportunity 
to convey his profound gratitude to Academician 


P. L. Kapitza and I. E. Dzyaloshinskii for their 
constant interest in this work and valuable direc- 
tion, and also to A. S. Borovik-Romanov for ap- 
praising the results. 
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The energy spectrum and spatial asymmetry of positrons from the m*-u-e decay in nuclear 
emulsion placed in a magnetic field have been measured. The values obtained for the Michel 
parameter p = 0.66 + 0.07 and the asymmetry parameter 6 = 0.63 + 0.12 are in agreement 


with the theory of the two-component neutrino. 


1. EXPERIMENTAL METHOD AND DATA 


In this article, we present the results of the study 
of the energy spectrum of electrons produced in 
the 1*-u-e decay in nuclear emulsion and the de- 
pendence of the spatial asymmetry of the electrons 
on their energy. Part of the data has been published 
earlier.'” 

The basic measurements were carried out on 
uw mesons from m-y-e decays occurring in emul- 
sion. A small part of the measurements were 
made for p-e decays. The experiment was per- 
formed with stacks of 50 — 100 NIKFI-R emulsion 
pellicles 10 x 10 x 0.04 cm or 10 x 15 x 0.04 cm. 
The stacks were exposed to beams of m* or p~ 
mesons from the Joint Institute for Nuclear Re- 
search proton synchrotron in Dubna. For the 
study of the decay asymmetry, the emulsion stacks 
were placed between the poles of an electromagnet 
in a field of 15 koe parallel to the plane of the 
pellicles. In the measurements without a magnetic 
field, the stacks were placed in a double magnetic 
shield in which the field was <10~ 0e.3 The stacks 
were developed with semi-automatic equipment de- 
scribed by Samoilovich et al.’ 

The decay-electron spectrum was measured by 
the multiple scattering method. The selection 
criteria for the electron tracks required that the 
track length be at least 1 mm and that the point of 
the 4 — e decay occur at least 50 from the sur- 
face of the pellicle. Moreover, all the analyzed 
decays had to be at least 1 cm from the edge of the 
pellicle. 

During the first phase of the experiment, the 
measurements were made on a practically ‘‘noise- 
less’’ microscope stage which had glass guides,° 
a turntable for rapid orientation of the track, and a 
microscope stage-feed screw with an electronic 
device for the automatic displacement of the track 


by an arbitrary cell length. This ‘‘noiseless’’ 
stage was coupled to a Lumipan microscope. 
During the second phase of the experiment, the 
measurements were carried out on a Koristka 
MS-2 microscope. 

We determined the energy of the decay electrons 
with the aid of a semi-automatic device for scat- 
tering measurements, a description of which will 
be given below. The parameter by which we deter- 
mined the electron energy with this device was the 
mean value of the absolute magnitude of the second 
(D,) and third (D3) differences of the track coor- 
dinates perpendicular to the direction of displace- 
ment of the measuring stage of the microscope. 
The semi-automatic measuring device ‘‘excluded 
without replacement’’ second differences whose ab- 
solute value exceeded 4D, and the related third 
differences independently of their magnitude. 

The measurements were made twice by two ob- 
servers. The data of both measurements were 
averaged. We eliminated the noise by means of the 
formula Ditrye = D3 — A$, where A, is the mean 
value of the second differences of the noise meas- 
ured with great accuracy on electron tracks whose 
over-all length was ~4 cm. The values of the 
noise for the second differences were 0.19 and 
0.24. for the measurements on the Koristka and 
Lumipan microscopes, respectively. The cell 
length for the measurements was chosen so that 
the signal-to-noise ratio for the third differences 
was within the limits of 2.4 — 4.5, 

The transition from the second differences to 
the energy was effected by means of the formula 


E [Mev] = K/a [deg ], 


where qa is the scattering angle, which is equal to 
(D,/t) (180/77), and K is the scattering constant. 
This constant depends on the cell length t (in 
microns ) in the following way:° 
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Table I 


F 


Experiment No. 


| 
Sign of Sf fl ia site 
ff meson 
Magnetic field, oe 0) 0 | 41000} 17000 
Number of particles | 1102 |302] 302 | 1867 
in the spectrum 
K = K, (0.2721og 6,31 t + 0,090)". (1) 


We took Kp = 26.3 + 0.5 deg-Mev-(100,)7! (see 
discussion below as regards the choice of the value 
of this constant). For steep tracks with a dip angle 
greater than 6° with respect to the plane of the 


emulsion, we introduced a correction for the track 
dip. For a comparison of the measured spectra 
with the theoretical spectra, the electron energy € 
was expressed in fractions of the maximum energy 
which the electron could attain in the p* — e* 
decay: € = E/52.8 (E in Mev). 

For the study of the decay asymmetry, it was 
necessary to measure the electron angular distri- 
butions in addition to their energy. This task was 
simplified by the fact that we measured the energy 
only for decay electrons emitted ‘‘forward’’ or 
“‘backward.’’? In the first case, the .* -meson and 
electron tracks made angles of y = 0 + 45° and 
= (+ 45° or y = 180 £ 45° and B = 180 + 45°, re- 
spectively, relative to the magnetic field direction. 
In the second case, the directions of flight of the 
u.* meson and electron were opposite to each other, 
i.e., y = 0 + 45° and B = 180 + 45° or y = 180 + 45° 
and B = 0 + 45°. Such a choice of angles made it 
possible to use for the analysis of the dependence 
of the asymmetry on the energy the statistically 
most significant part of the angular distribution. 

A summary of the experiments and the statistics 
is given in Table I. Experiments 3 and 4 were set 


Table II 
Spectra 
Interval € ; | 344 | 5 
0—0-1 4 | 2 5(2) 

0.1—0.2 14 | 10 28(19) 
G.22-0-3 44 27 93(46) 
0:3=—0.4 76 45 142(72) 
0.4—0.5 124 69 201 (117) 
0.5—0.6 150 76 261(144) 
OL6—017 146 84 293(171) 
0,7—0.8 178 114 251 (156) 
0,8—0.9 132 iB 203(139) 
0-9=-1,.0 93 35 152(99) 
suo eT 60 37 95(64) 
ee 37 13 62(48 
4 213 20 9 35(24) 
4,3—1.4 10 6 19(15) 
jh 10 2 40(8) 

1.5 7 2 417(15) 

NuSbere 1102 604 1867(4139) 


particles 


up to observe the asymmetry for 7 decays in 
emulsion and the possible effect of the magnetic 
field on the magnitude of this asymmetry.’ Since 
the electron spectrum from py” decays in emulsion 
does not differ from the positron spectrum, these 
data were included in the total statistics. 

The obtained data are collected in Table II, 
where the spectra measured in experiments 1, 
2+ 3, and 4 are given for the energy intervals A€ 
= 0.1. The last spectrum was obtained for posi- 
trons from 1867 decays in a strong magnetic field 
of 17 000 oe. The same spectrum was used for the 
measurement of the asymmetry parameter 6. For 
this spectrum, the number of positrons emitted 
‘‘backward’’ are shown in the parentheses. 

Figure 1 shows a histogram for the spectrum of 
positrons emitted ‘‘backward’’ and ‘‘forward.’’ 


2. COMPARISON OF THE RESULTS WITH THE 
THEORY 


The theory of 6 decay with account of parity 
nonconservation gives the following expression for 
the spectrum and angular distribution of the elec- 
trons produced in the decay 1 ~e + y+ 7:8 


N (e, 9) dedQ = {3 (1 — e) + 2p (£2 —1) 


+ § cos [(1 =e) + 26 (¢ © — 1)]} 2 de dQ. (2) 


This expression was obtained by neglecting the 
radiation effects and the electron mass in compar- 
ison with its momentum. The constants é, p, and 
6 are related to the interaction constants in a 
definite way. In particular, it is known from two- 
component theory that p =6 =°/, and |é| = 
| cycA + Cacyl x (1C%,1 + |C\1)71, while in the 
theory of the universal Fermi interaction with 
coupling constants of equal absolute magnitude and 
opposite sign (CV = — CA) we have p =6 = */j and 
[é] =1. 

The aim of the measurements was to determine 
the parameters ¢, p, and 6. The value of the 


Oe 


150 


FIG. 1. Energy spec- 125 
trum of positrons emitted 
backward (solid line) 
and forward (dotted line) 
in 7—p-e decays. 
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FIG. 2. Dependence of the mean track length in emulsion 
on the positron energy in the p+—e* decay. The solid curve 
is the calculated distribution of mean lengths; the circles re- 
represent the experimental data 


parameter ~¢ for nuclear emulsion and its de- 
pendence on the magnetic field has been discussed 
previously.° It was shown that, for the NIKFI-R 
emulsion employed by us, the limiting value of the 
coefficient & obtained in a field of 17 000 oe is 
equal to | é| = 0.85 + 0.05. 

In the present work, we determined the param - 
eters p and 6. Fora statistical estimate of these 
parameters by the Me method, it is necessary to 
calculate the integrals 


@ (e) de = de \o(e) T (e’, &) de’, (3) 


which result from ‘‘convolution’’ of the initial 
theoretical function with the ‘‘instrument function’’ 
T (¢’, €) giving the probability of obtaining an 
energy € from a measurement of a true energy ¢’. 

A similar ‘‘spreading”’ of the initial spectra in 
our measurements resulted from two basic factors: 
radiative slowing down of electrons in emulsion 
and dispersion of the scattering measurements.’ 
The radiation length in emulsion is close to 29 mm, 
and although the lengths of a large part of the elec- 
tron tracks lay within the limits of 1 — 3 mm, the 
distortion of the spectral shape due to brems- 
strahlung proved to be important in the high-energy 
region, at the end of the electron spectrum. The 
loss of energy by the electrons due to bremsstrah- 
lung in emulsion is described by the Bethe-Heitler 
formula” giving the probability that an electron 
with an initial energy ¢€9 has, after traversing a 
layer t, an energy in the interval ¢«t, «t+ det: 

a bt— 

(ey, 21, f) der = SH(1-+ayer(t) Unkelenl (ay 
Here t is the track length in radiation units; a and 
b are numerical coefficients equal, respectively, 
to 4 and “4 for €) = 0.57 and % and 4 for Ey 
> 0.57. 

The ‘‘convolution’’ of this expression with the 
theoretical spectrum involves finding the function 

Eg=1 
@ (e)de = | @(e,)deqm (e,, 2¢ — 2, 2). (5) 


The substitution of 2¢ — €) for e¢ in the integra- 
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tion is connected with that fact that in the measure- 
ments by the multiple scattering method, we 
actually measure the mean energy € = (€t + €y)/2. 

In *‘convolution”’ of the theoretical spectrum with 
this expression for the energy of an electron tra- 
versing a layer of substance t, one should keep in 
mind the fact that the mean track length of the elec- 
trons, owing to whatis known as the ‘‘flat stack ef- 
fect’’ is different for different parts ofthe spectrum. 
This isillustratedin Fig. 2, where the mean length of 
the electron tracks is laid off along the ordinate 
axis and the measured value of the energy, along 
the abscissa axis. On the basis of these data, we 
divided the region of integration into five intervals 
(Ae = 0—0.2, 0.2—0.4, 0.4—0.6, 0.6—0.8, and 
0.8—1.0) taking the mean value of t for each 
interval from Fig. 2. 

The functions obtained for g* (€) are subject to 
a second ‘‘convolution’’ with distributions charac- 
terizing the scattering measurements. It is well 
known that the second differences in scattering 
measurements have a Gaussian distribution.® The 
necessity of measuring the entire spectrum with a 
constant signal-to-noise ratio leads to an increase 
in the dispersion of the scattering measurements 
as one goes from the beginning of the spectrum to 
the end. In this connection, we divided the spec- 
trum into five intervals coinciding with those men- 
tioned above, and we constructed the instrument 
function for each interval: 


re) = Done exp[—s4 (44) ]. © 


Here w(nj) is the relative number of tracks 
measured with a division into nj cells; A is the 
dispersion parameter, which is equal to the coeffi- 
cient of 1/Vn in the expression for the relative 
error of the measurements: AD, /D, =d/Vn. 


FIG. 3. The functions I’; for 
the beginning (1) and end (2) of 
the spectrum. 


0.5 02 1.0 12 14 6 18 20€ 


Figure 3 shows examples of the function I; for 
the intervals Ae = 0—0.2 and 0.8—1.0 with A 
=-0.95, 

The value of the parameter » depends on the 
signal-to-noise ratio, and, under our conditions of 
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measurement, its expected value® lies in the 
limits 0.8—1.0 for the second differences. 

Constructing for each interval j the functions 
Ij, we carry out the second ‘‘convolution’’ accord- 
ing to the formula 


p (&) = 


_ || 


g; (e) del (ce, 8), (7) 


by using for each interval of integration over the 
limits € = 0—1 the corresponding function ae 
The bulk of these calculations was performed on 
an electronic computer. 

As a result of the double ‘‘convolution’’ of the 
theoretical spectra and the instrument function, 
the obtained spectra y** (€), with which the exper- 
imental data should be compared for the estimate 
of the parameters p and 6, proved to depend not 
only on the estimated parameters, but also on the 
parameters determining the measurements, espe- 
cially on the quantity X. 


On the other hand, the form of the experimentally 


obtained spectrum depends on the choice of the 
scattering constant K. The parameters p and 6 
estimated from the minimum value of the x? sum 
will therefore depend on the values chosen for A 
and K. 

In accordance with the general ideas underlying 
the statistical methods of estimating parameters, 
the ‘‘best fit’’ to the experimental data is the 
spectrum which gives the minimum value of x? 
for the variation of the three parameters A, K, 
and p. This means that we seek values of these 
parameters which satisfy the equation 


x2/OK = 0X2/0% = OX2/dp = 0. 


We estimated the parameters p and 6 by the 
following procedure. Considering a small change 
of the parameters K and d and varying the 
parameter p in the interval 0.4—0.8 for each pair 
of values of K and X, we found the values of K and 
dX for the absolute minimum Eaton In the analysis, 


FIG. 4, Dependence of the value of x4, 
on the scattering constant K = K,(1 + 7). 
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we considered the values K = K)(1+ 7), where 7 

= — 0703, 0.00, 0.02, 0.04 and A = 0.7, 0.8, 0.9, 1.0, 
1,1, 1.2. The exact values of y2nin were found by 
quadratic extrapolation. Obtaining in this way the 
optimum values of K and A, we determined p. For 
the analysis of the parameters K, A, and p, we first 
used the spectrum for 3581 particles (Table IL), 
where we divided it into nine intervals: A€« 

= 0.4—0.5, 0.5—0.6, 0.6—0.7, 0.7—0.8, 0.8—0.9, 
0.92107 1-0-1 i112, Vee 

Figure 4 represents the dependence of the value 
of Yonah on the value of K. In accordance with 
this estimate, we take for the quantity Ky in 
formula (1) the value corresponding to the mini- 
mum of Ko, i.e., Ko = 26.3 + 0.4, where the error 
corresponds to the deviation of the function y? toa 
value exceeding that at the minimum by + ¥ 2p (p 
is the number of degrees of freedom), i.e., to the 
value 9. The obtained value of Ky is in agreement, 
within the limits of the measurement error, with 
the values of Ky obtained in calibration measure- 
ments reported in the literature.°® 

In a similar way, we obtained for the quantity 
dX the value } = 0.97 + 0.07. This value is 5—10% 
higher than that following from the relations 
usually employed.® The difference can be 
accounted for by the additional dispersion due to 
the radiation losses and the device for the scatter- 
ing measurements. 

It should be noted that the choice of the quantity 
A is not as important as the choice of K; fora 
given K, the quantity p is practically independent 
of A, while the dependence of p on K is very 
strong: dp/0K *& 0.18. 

Figure 5 shows the results of the statistical 
analysis of the values of the parameter p deter- 
mined from the x? test for the values of the 
parameters K and dX indicated above. The analy- 
sis was made for the total spectrum obtained with 
3580 particles. Since radiative corrections to the 
spectrum!!,!? and the corrections for the ‘‘flat 
stack effect’’ are appreciable at the beginning of 


FIG. 5. Dependence of the value of y” 
on the Michel parameter p for the positron 


spectrum. 
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FIG. 6. Positron spectrum (3580 particles). 


the spectrum, the analysis was begun with € = 0.4. 
The spectrum was split up into intervals of width 
A€é€ = 0.05 and extended to €« = 1.5, which corre- 
sponds to twenty-two degrees of freedom. The 
minimum value of x? in this figure corresponds to 
p = 0.64, which is also the estimate of this param- 
eter from our data. 

For the estimate of the error, we used the error 
formula 


2 = 62, + (dp/OK) 5% + (Op/OA)*o%, 


where the first term is the statistical error in the 
determination of p, and the second and third terms 
are the errors due to the uncertainty in the values 
of the constants K and A. Our analysis indicates 
that the last error can be neglected in comparison 
with the first two. The statistical error in the de- 
termination of p was equal to 0.03. The basic 
error results from the uncertainty in the scatter- 
ing constant. This was equal to 0.18 x 0.4 = 0.07. 
We finally obtain 


p = 0,64 + 0,10. 


This value of the parameter p is in agreement, 
within the limits of experimental error, with the 
values of p obtained by the emulsion technique’ 
and by other methods. The estimate given above 
of the parameter p was made without taking into 
account the radiative corrections. The introduc- 
tion of the radiative corrections to the spectrum!!>” 
in a manner similar to that used by Rosenson" and 
Dudziak et al.!° shifts the effective value of p from 
0.64 to 0.66, without affecting the error estimate. 

Figure 6 shows the positron spectrum. The 
solid curves represent the theoretical spectrum 
for p = 0.50, 0.65, and 0.80 broadened by brems- 
strahlung and the instrument error. 

For an estimate of the parameter 6, we used 
the spectrum of the ‘‘forward-backward’’ differ- 
ence shown in Fig. 1. As follows from formula (2), 
this difference is independent of the quantity p. 

In order to obtain the theoretical spectral dis- 
tribution of the difference, we should bear in mind 
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FIG. 7. Dependence of the quantity 10 
x? on the parameter 5 for the positron 
spectrum (from 1867 cases). 


| 04 een mts 
the fact that in our case we have an almost “‘flat’’ 
geometry. If in (2) we replace cos ¥ by cos y cos B 
and dQ by dy d§ and integrate over intervals of 
angles y and 8 which were used [see formula 

(2) ], we obtain 


n(e)de = a {a 


e) + 28{ ae 1) e2de-0,975. (8) 
The coefficient 0.975 in this formula takes into 
account the deviation of our geometry from a ‘‘flat’’ 
geometry. The difference expected from this 
formula is 411 particles (for |¢| = 0.85), while 
the number observed in the spectrum was 417. 
Carrying out the above-described ‘‘convolution’’ 
operation for the spectrum (8), we obtain a family 
of curves with the parameter 6. The ‘‘best value’’ 
of the parameter 6 was determined by the x? test, 
where the quantity x? was defined by the formula’ 


42 = >) (Ne — pe ND? / Ni pe (1— pa). 


In this formula, Nj and Npj are the total number 
of particles and the number of particles emitted 
backward, respectively, for the i-th interval and 
pj and (1 — pj) are the theoretical probabilities 
of the emission of electrons ‘‘backward’’ and 
‘‘forward,’’ respectively, calculated from the 
‘‘convolution’’ spectra for the value p = 0.66. 
Owing to the presence of the coefficients pj and 
(1 — pj), the quantity p indirectly affects the 
value of 6. 


FIG. 8. Dependence of 
the asymmetry on the posi- 
tron energy in the p+ —e+ 
decay. 


A plot of the dependence of x? on 6 is shown in 
Fig. 7. It follows from this plot that the ‘‘best’’ 
value of 6 is 6 = 0.63. In Fig. 8, the solid curves 
represent the energy dependence of the asymmetry 
corresponding to this value of 6 and the values 6 
= 0.8 and 0.5. To estimate the error in the value 
6 = 0.63, we start from the formula 


5° (8) = 6%, + (05/9K)? 0% + (06/dp)? 02 4- (08/8)? 02 
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The statistical error of this estimate is 0.08. The 
errors due to the uncertainty in the determination 
of the constants K and p are equal, respectively, 

to 0.07 and 0.08. The last term can be neglected. 

We finally obtain 


0:0 632-0.13: 


This value is in agreement with the determina- 
tions of 6 made by other methods."?!" The radia- 
tive corrections, which are important at the begin- 
ning of the spectrum, have practically no effect on 
this estimate. 


3. CONCLUSIONS 


The measurements made in this and in the pre- 
vious experiments give the following values for the 
parameters of uy — e decays in emulsion: | ¢ | 
=~ J.80 4.0.00, 9 = 0.66 = 0,07, 6 = 0.63 4 0.12. 
As was indicated earlier,’ the deviation of | ¢ | 
from the value |£|=1 predicted by the V-A 
variant of the theory is far beyond the limits of 
error, but can be attributed to the presence of an 
additional depolarization mechanism not eliminated 
by the magnetic field. The values of the Michel 
parameter p and of the asymmetry parameter 6 
proved to be less than the value 0.75 predicted by 
the two-component theory without the radiative 
corrections. It should be borne in mind, however, 
that the method of measuring the particle energy 
from its multiple scattering has, in general, a ten- 
dency to give a lowered value of the energy. This 
leads to a decrease in the values of p and 6 ob- 
tained experimentally. Moreover, a source of a 
systematic shift in the values can be the incom- 
plete correspondence between the ‘‘convolution’’ 
operations and the actual conditions of measure- 
ment. Therefore the results obtained by us should 
be considered to be in agreement with the two- 
component neutrino theory. 

The authors thank A. I. Alikhanov for his 
interest in this work. The authors also thank the 
scanning staff for scanning a large number of 
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The structure of a low-intensity shock wave in a monatomic gas is obtained at large distances 
from the wave front. The calculation is based on a kinetic equation with a simplified collision 


integral containing a constant collision time. 


It is shown that in this case various physical 


quantities approach their limiting values at infinity with a slower rate than in the hydrody- 
namic theory. Therefore, if the kinetic equation is replaced by a finite system of ordinary 
differential equations it is impossible in principle to obtain the correct asymptotic solutions 


of the kinetic equation. 


1. INTRODUCTION 


The problem of the structure of the shock waves 
in a liquid and in a gas has been the subject of a 
large number of papers. However, as far as the 
author knows, not one of these papers is devoted 
to the investigation of the structure of the shock 
wave at large distances from the wave front (dis- 
regarding those calculations of the asymptotic 
values in which the structure of the shock wave 
is not taken into account). The reason for this 

is to be found in the circumstance that in these 
papers the kinetic equation is replaced by a finite 
system of ordinary differential equations. In the 
paper by Becker,! this system is the Navier- 
Stokes equation with account of the heat conduc- 
tivity. Zoller,’ using the method of Burnett,? 
wrote down a system of seven differential equa- 
tions and investigated its properties. Grad,‘ by 
modifying the method of Burnett, derived a differ- 
ent system of differential equations and used it 
for the study of the shock waves. 

Many other papers differ from the work of 
Becker, Zoller, and Grad either in that certain 
simplifying assumptions are introduced or in that 
they concentrate on the quantitative aspects of the 
problem or on the numerical solution of the basic 
system of differential equations. 

The above-mentioned authors do not in any way 
attempt to simplify the collision integral in the 
kinetic equation. To the contrary, they try to 
write down the most accurate form possible. How- 
ever, when the transition from the kinetic equation 
to the system of differential equations is made, 
only the coefficients of the equation depend on the 
form of the collision integral, so that the over-all 


picture changes only quantitatively when the form 
of the collision integral is altered. 

The paper of Mott-Smith,° which stands by it- 
self, also contains no answer to the problem of the 
asymptotic form of the shock wave, since it is not 
clear what is the character of the approximations 
underlying this work. 

The aim of the present paper is the determina- 
tion of the correct form of the asymptotic shock 
wave on the basis of the simplest kinetic equation, 
in which the collision integral is written in the 
radically simplified form (2.1). It will be shown 
that the hydrodynamic quantities approach their 
limiting values at great distances from the front 
of the shock wave as C, exp{— Cy |x [43st (C, and 
Cy are certain constant coefficients). On the other 
hand, the solutions of the ordinary differential equa- 
tions obtained in references 1, 2, and 4 approach 
their limiting values exponentially. This fact dem- 
onstrates that the replacement of the kinetic equa- 
tion by a system of differential equations always 
leads to incorrect asymptotic values. 

It is easy to see what the reason for this situa- 
tion is. At large distances from the wave front, 
where all hydrodynamic quantities are close to 
their limiting values, one can linearize the differ- 
ential equations. In this case the way in which the 
solution approaches its limiting value is deter- 
mined by the smallest characteristic denominator. 
In going from one approximation to the next, the 
system of differential equations is changed, and 
in general the smallest characteristic denomi- 
nator is changed, too. If the characteristic de- 
nominators obtained in this way go to zero, no 
approximation gives the correct asymptotic val- 
ues. The asymptotic form derived in the present 
paper shows that this is indeed the case. 
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2. FORMULATION OF THE PROBLEM 


In the present paper we consider the structure 
of a low intensity shock wave on the basis of the 
kinetic equation with collision integral. The latter 
is written in the form 


J = (fp — f)/t, (2a) 


where f =f(x,v) is the distribution function (the 
x axis is directed along the direction of motion of 
the liquid perpendicular to the wave front), T is 
the relaxation time, which is assumed constant, 
and f)(x,v) is the Maxwell distribution function, 


at m ‘Ie ene (Oye Be Oy aes 
is nN) = lary | n (x) exp [- m Se | é 
(a2) 


corresponding at every point to the average density 
n(x), velocity u(x), and energy n(x) kT (x): 


n(x) = \ f (x, v) dv, i (Cayaegy == \ Ux f (x, Vv) dv, 


$n (MAT) =\F | (oe — u(y)? + & + &] F(x, v)av. 
(223) 

This form of the collision integral automatically 
ensures the fulfillment of the conservation laws for 
the number of particles, momentum, and energy in 
the use of the kinetic equation. On the other hand, 
if the deviation of the distribution function f(x,v) 
from the Maxwellian form is small, the error 
caused by the replacement of the exact collision 
integral by the expression (2.1) is insignificant. 

The relations (2.3) together with the kinetic 
equation 


v,f/ax = —(fo—F) (2.4) 


form a system of four equations with the four un- 
known functions f, n, u, and T. To this we must 
add the boundary conditions. For a shock wave, 
these conditions are that as x — + the functions 
n(x), u(x), and T(x) approach certain limits 
which we denote by n,, u,, and T,. The distribu- 
tion function f approaches the Maxwell function. 
The system (2.3), (2.4) can be solved by making 
use of the smallness of the relative discontinuities 


o> (1, aa n_)/n_, Th (ee — Uo) le 


2, =(T,—T_){T_. (2.5) 


Here it turns out that the results obtained for small 
distances from the wave front [x ~ u_te}; see 
formula (6.4)] are in agreement with the results 

of hydrodynamic theory with account of the coef- 
ficients of viscosity and heat conductivity. At dis- 
tances much larger than u_re |, the kinetic ap- 
proach [see formula (7.4)] leads to the conclu- 


sion that the hydrodynamic quantities approach 


741 


their limiting values at a slower rate than in the 
hydrodynamic theory. This fact is explained phys- 
ically by the presence of fast particles which pen- 
etrate to large distances from the wave front with 
almost no collisions. It is clear, therefore, that 
the structure of the shock wave far away from its 
front is determined by the dependence of the re- 
laxation time T on the velocity at large veloci- 


ties. It appears that the hydrodynamic theory 


predicts correctly only the structure of the steep- 


est part of a low intensity shock wave. 


3. DERIVATION OF THE BASIC SYSTEM OF 
INTEGRAL EQUATIONS 


The formal solution of the kinetic equation (2.4) 


has the form 


x 


oy Bones =: 
fv) = ae TE.) exp |= | ck a) 
Ly, 
where Sy, = © sgn vx: Sy, > } li -vx\> 0, and 
Sy, =—-%° if vy. <0 


Using (3.1), we can eliminate f from the equa- 
tions (2.3). Introducing the dimensionless vari- 


ables 
Dn = Dia. IE == IP Ie, 


iy ie = fel GB. 


(3.2) 


we obtain the basic system of nonlinear integral 


equations 
=V a) | sels 


RCE at) 
aa 


enacts ae — 


—Sy 


262 —u' (€))? 
Wa 


30% lel 3 (x!) u'? (x') 
n’ (&) ces 
cm Ve io g VW® © v exp [= 


be eae (E))2 
ray |e 


[oe] 


$stA\ ao (  @VTOt ow [ES 


2 


= AS )) Sy, aes 
= es a= 


The system (3.3) must be supplemented by the 
boundary conditions 


(3.3) 
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n' (—o) = 1, i (= 200)n—= Is T’ (— 00) = 1; 
n’ (+o) =1+8, wu’ (+ 00)= 1 + &, 
T’ (+ co) = | + &3. (3.4) 


The relaxation time tT does not enter in the re- 
lations (3.3) and (3.4). Therefore, it determines 
only the scale. 

It is easily shown that the discontinuities €,, 
€,, and €3 must satisfy the well-known relations 
of shock wave theory in order that the system (3.3) 
with the conditions (3.4) be soluble. We shall 
therefore regard all discontinuities as known in 
the following. 


4. THE CASE OF LOW-INTENSITY SHOCK 
WAVES (€; <« 1) 


The basic system (3.3) is conveniently rewritten 
in the form 


co 


9, ly (),al = | Ki(x—8 y®, a) ds 1 = 1,2,3, 
—co (4.1) 
where 
US {Yi Yo, Y3}, a= n', Yo = Le ey = Tie: 
P= 4%, P2=YY2, Ps = (3/24) yiys + yry?: 
Sy 
+2 a) =, Be (vu — ys)? ] dv 
Ki (x y; a) =V ye eal et ae |¢: 
= Sy 
= a et x (U — Yo)? 
Ke (x, Y, a) = nay, jexe | ane aaa |do, 
Se pnd 
Ke (e408) =z \n(V £0 
0 


ce a i x (v — ye)? 
+) EXP [ Sdaages ay | dv. 

Our aim is the solution of this system of inte- 
gral equations with the assumption that the discon- 
tinuities a1: For this purpose we carry out 
the following transformations. We set 


y; (x) = 1 + e 9 (x) + en; (x); 9 (x) = 


x > 0; .0 (x) = 0, %< 0 

It is easily seen that the functions yj (X) do not 
exceed unity in order of magnitude and go to zero 
aS X—~+i0, 

Let us expand both sides of (4.1) in powers of 
€j and discard all terms containing €j in third or 
higher order. The resulting relations are then 
Fourier-transformed. We shall use the notation 


Be) = Vp, (0) em dx, 


—oc 


Br (k) = \n (x) ef dx, 


+ ®) =H (8) —8F (8), 
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co 
lee} 


By) = Fv (8) tr () ede, = (ee) (0) ea (ae de. 
/ 
—0oo 0 
We solve the resultant system of equations with 
respect to yj(k) by expressing the latter in terms 


of the yjp(k). We find 
= is {ey 2D 7" eo) y Dye e] Bry (e)} 


2 e7 EP p* (k) Bity (R) 


Ey ty (R) 


ae ath a) 


aed Tea Dein (R) Bit (R), (4.2) 
Tend: 

where the functions Bjly(k) and D(k,q@) are con- 

structed in the following way. Let us introduce the 


notation 


K,, (X,Y; a) — aK (x, Yy, a), 


Ki, 0 to ) = 7g K, (0 y, @), 


55; a 


Guy (B, a) = \ Ky (%, 1, a) e™ dex, 


Gui (B, 8) = \ Kise (x, 1,0) ede, 
G,,(k, &) — G;, (0, 
D(a) Sidet oe eee (4.3) 
We denote the minors of this determinant by 
Aij(k, @). Furthermore, 
Bier (= Ae, (2, a) ae 


Here a is the critical value of the parameter @ 
corresponding to a ‘‘shock wave’’ of zero intensity. 
For such a wave, the velocity of the liquid u is 
equal to the velocity of sound c, and therefore 
ay = mc2/2kT_ = 5%. The same value of ay is ob- 
tained below from the condition of solubility of the 
problem under consideration. In view of the fact 
that we are considering small discontinuities, the 
difference a— a) is small, and we have therefore 
replaced a by ay in the quadratic terms in (4.4). 
The elements of the determinant (4.3) have a 
comparatively simple form. For example, the 
element D,,(k, a) is equal to 


—a(v—1)? 


Diz (R, 2) == pe 


(jee 08: (4.5) 


In the derivation of the relations (4.2) we have 
made use of the identity 


| Ki(x— 8 y, a) ab, 


—oo 


Q; Y, 4) = 


which has a simple physical meaning: a current 
with constant density n, velocity u, and tempera- 
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ture T is possible for arbitrary values of n, u, 
and T. 

Let us consider Eq. (4.2) in more detail. In 
order that the functions Hy(k) remain finite for 
k = 0, we must require 

by + spore Deve Bin (0) = 0. (4.6) 
ae 
It is easily seen that these conditions coincide up 
to terms of third order with the usual conditions 
for the discontinuities of the hydrodynamic quan- 
tities in a shock wave. 

It follows from (4.6) that D(0,q@) ~ e€. This im- 
plies that all terms in (4.2) have the same order of 
magnitude for small k. This is the explanation for 
the necessity of including the quadratic terms even 
in the case of a shock wave of low intensity. As 
was to be expected, the problem of the shock wave 
is nonlinear already in the first nonvanishing ap- 
proximation. 

We note finally that the relation D(0,a)~«€ 
implies D(0,a@)) =0. This equation leads to the 
value of aw) mentioned above. 


5. METHOD OF SUCCESSIVE APPROXIMATIONS 


The quadratic terms in Eq. (4.2) are not equally 
important as the linear terms for all values of k, 
but only for small k, when D(k,q@) is not very 
different from D(0,a), which has the same order 
of magnitude as the discontinuities ¢«. It is there- 
fore reasonable to represent all coefficients in 
(4.2) in the form of a sum of their approximate 
asymptotic expressions for small k and certain 
corrections of higher order of smallness. Thus 
we rewrite Eq. (4.2) in the form 
pa — Bjty (0)] - py (R) 

J, 


A ne bit ha 2 ey b 
+ rma 2 e, Bix (0) pj (R) 


1 fy 1 
ee: |  2[D (a) + ikD, (2)] 


1 bs = 
+ DD (a) + ikD; (a) > saat Binz (0) By (R) = F(R), (8-1) 
ipl 


where hd 
At S33) jl 
F(t) == Dee [Dea 


Rae Us 


D (a) + ikD, (a) 


Sz Ayes 

x [az — pj (k) —z Bit (*)|; 
D (k, a) =D (a) + ikD, (2), lkI<l. 

It can be shown that the function Fy(k) must be 
neglected, since it is of higher order of smallness 
than the terms on the left-hand side of (5.1). We 
recall that terms of this order have already been 
neglected earlier. 


(5.2) 
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In reality, however, we cannot discard the func- 
tion Fy(k), because it is not analytic in the point 
k = 0 on the real axis, in contrast to the coeffi- 
cients on the left-hand side of (5.1). The presence 
of a nonanalytic function in the equation leads to a 
nonanalytic solution. On the other hand, it is well 
known that the Fourier transform of a nonanalytic 
function goes to zero as x ++ at a considerably 
slower rate than the Fourier transform of a func- 
tion which is analytic on the whole real axis. 

Neglecting the small term on the right-hand 
side would thus lead to a serious distortion of the 
form of the shock wave at large distances from 
the wave front. The terms neglected earlier have 
an analytic part which is of the same order of 
smallness as the function Fy(k), while the re- 
maining nonanalytic part is of even higher order. 
By keeping the right-hand side of (5.1) we there- 
fore are kept from unwittingly going beyond the 
accuracy of the approximation. 

To solve Eq. (5.1) we first neglect the right- 
hand side and find the first approximation. We 
then substitute on the right-hand side of (5.1) the 
functions p j found in first approximation and ob- 
tain an equation for the second approximation. 
There is no sense in trying to improve the accu- 
racy any further in the framework of the Eq. 

(5.1), since this equation is itself not sufficiently 
exact for this purpose. We therefore confine our- 
selves to the above-mentioned two approximations. 


6. FIRST APPROXIMATION (AT SMALL DIS- 
TANCES FROM THE WAVE FRONT) 


As already mentioned, we must neglect the 
right-hand side of (5.1) for the calculation of the 
functions bj in the first approximation. Asa 
first consequence, we find that then all functions 
pj are identical. Indeed, the coefficients Amy 
(0, av) entering in the expression (4.4) for 
Bjly(0) are the cofactors of the elements of the 
determinat D(0,a)), which is equal to zero. 
They can therefore be written in the form of a 
product, 


A my (0, &) = Pm Sy, (6.1) 


where 

Pm = Ami (0, %)/Ar (0, ao), Sr = Arr O, ao) / Ay (0, ao). 
It follows from (6.1), (4.4), and (4.6) that the ratios 
£7) Ons Bity (0) / &y 


WA nan (0, a0) h Oh, Bi (OV Gs, 


are independent of the index y. The coefficients 
of Eq. (5.1), therefore, do not depend on the index 
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y. Hence all the functions Hy are identical in this 
approximation. 

With this in mind, we rewrite Eq. (5.1) with the 
help of (4.6) and obtain 
—1 +p? (ik —6)—p uw, (ik +5) +15", 

5 = D(a) /D1 (a) = a —% =a—=. 

The left-hand side of (6.2) is analytic and 

bounded in the upper half-plane, and the right-hand 


(6.2) 


side is analytic and bounded in the lower half-plane. 


According to the Liouville theorem, each side of 
(6.2) is therefore equal to a constant: 


—1 +p (ik — 6) —pPb=C, 

—p (ik +6) +e Pd =C. 

The first of these relations can be rewritten in 
the form 


(6.3) 


Be fe EO) =| ike’ [Sp (x’) 
Oo 


+ oe (x’) + bp? (x’)] dx’ = C. 

The integral in this relation goes to zero as 
k—+z0. We therefore obtain 
=—1— pe (-0—C,” wy, top, 4+ 6n2? = 0, 
In the same way we obtain from the second equa- 
tion in (6.3) 


= PE OER G: 


58 ss Os 


x6 


2 + Op, — dp? = 0, 


It follows from these relations that the function 
V(x) = 0(x) + [y(x) is continuous at x = 0. With 
the appropriate choice of the separation constant 
C we have then 

al 


Vy (x) = fag ee 


In terms of the dimensional variables this formula 
has the following form 


n(x)—n_  u(x)—u_ = T (x) —T_ 
pe = if ia [2 
DEA SA)\ 
a [1 =P € X ORT tu )| (6.4) 


This solution satisfies the conditions at infinity 
only if 6 > 0 or, which is the same thing, u_ >c_. 
Thus the relative velocity of the gas in front of the 
shock wave is larger than the velocity of sound. 

The relation (6.4) coincides with the well known 
formula® describing the structure of the shock wave 
in the ‘‘approximation of the kinetic coefficients,’’ 
i.e., under the assumption that the average velocity, 
density, and temperature change slowly in the dif- 
fuse front of the shock wave. 


LYUBARSKII 


7. STRUCTURE OF THE WAVE AT LARGE 
DISTANCES 


Let us now take account of the function Fy(k) 
standing on the right-hand side of Eq. (5.1). For 
this purpose we set 


t2; (2) = to (k) + 7 (A), 


where Hjg(K) are the approximate solutions of 
(5.1) obtained in Sec. 5, and p;j(k) are correc- 
tions due to the inclusion of right-hand side of 
(5.1). As has already been shown, the functions 
pj(k) are considerably smaller than the Hj.) 
for all real values of k. Therefore, the inclusion 
of the correction terms represents a surpassing 
of the accuracy at small distances. At large dis- 
tances, on the other hand, the functions pj(x’) 
play the major role, since the functions Hj, (%") 
go to zero very rapidly. 

With this in mind, we calculate the function 
pj(x’) only for large values of x’. To be definite, 
we consider the region in front of the shock wave 
(x’ <0)-5 Then 

r=) = ae |B Md, [xB 


The value of this integral for large x’ is deter- 
mined by the behavior of the function pj(k) near 
its lowest singular point in the upper half-plane. 
This point is the branch point k = 0. Indeed, the 
integral (4.5) representing the function D,,(k, a) 
coincides in the left half-plane with one analytic 
function and in the right half-plane with another. 
All other functions entering in the expression for 
Fy(k) have the same character. Thus the function 
F.(k) coincides in the right half-plane with one 
analytic function, Fy(k), and in the left half-plane 
with another, Fy(k). 


The function py(k) is analytic in the lower half- 
plane. With the help of (5.1), it can be continued 
through the positive half-axis into the right half- 
plane and through the negative half-axis into the 
left half-plane. Since the first continuation in- 
volves the function F}(k) and the second continu- 
ation the function Fy(k), the values of py(k) are 
different on the left and right sides of the imagi- 
nary axis. The difference between these values 
is equal to 


bp, () = Fy (k) — Fy (2. 
Thus, if we deform the contour of integration in 


(7.1) in such a way as to make it run along the 
imaginary axis, we obtain 
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/ 1 i — heel / / 
Ce ee \ Spy (Re dk, x <0, | x" |S 87. 
0 (a2) 
Computing this integral by the method of steep- 
est descent, we find 


, 25 lea? 5/, 3 Ponte 5 DR 4 
el Ose ae exp |—s(20x yi) (ex!) — FI. 
(7-3) 


In the dimensional variables this relation takes 
the form 


C3) UC) ORC) eS 
n_ we u_ = TS 
=? 29 EE OR ex les oa m a5 
Va ee Gt ty AL Der 


0) | x/ tc_|S>[2kT_/ m (u2 — c?)). (7.4) 


Roughly speaking, the difference between the values 
of n, u, and T and their limiting values goes to 
zero with increasing |x| as exp (—const | x|*/%), 
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while the hydrodynamic theory leads to a decrease 
of the type exp (—const |x|). 
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The structure of the region in which a plasma beam is reflected by a magnetic field has 
been investigated using the self-consistent microscopic equations of motion for the par- 
ticles; the structure of the transition layer between a fixed plasma and a magnetic field 
has also been investigated. In the first case corrections are introduced to take account 
of the polarization which is produced at high velocities of the incident beam. 


il. fn a number of problems concerned with the 
motion of plasma in magnetic fields, it is found 
that the plasma region and the region occupied by 
the magnetic field remain separated by boundary 
regions which exist for finite lengths of time. It 

is of practical interest to determine the thickness 
of these transition layers and the variation of par- 
ticle density and magnetic field inside the layers. 
It is well-known that the diamagnetism of a plasma 
with infinite conductivity, which shields it from an 
external field, is due to true surface currents. If 
the layer is thin and if the velocity of the beam in- 
cident on the magnetic wall is high, the electrons 
that comprise the shielding current can be rela- 
tivistic. 

The analysis of retardation of a plasma bunch 
of finite dimensions in a magnetic field has much 
in common with a problem treated by Veksler.! 
The fact that the kinetic energy of the bunch is 
converted at the turning point primarily into trans- 
verse motion of the electrons! 


(1) 


(m7 and m®* are the mass of the electron and ion 
respectively, v] is the electron velocity perpen- 
dicular to the motion of the bunch, vy is the bunch 
velocity before retardation) has been noted by 
Chapman and Ferraro (cf., for example, refer- 
ence 2). 

An extension of Eq. (1) into the relativistic re- 
gion by simply taking account of the increase in 
electron mass m’, as in reference 1, is inexact. 
Actually, at high velocities of the incident beam 
(vo) it is necessary to take account of the polariza- 
tion of the plasma in the direction of incidence; 
this process consumes part of the kinetic energy 
which, in turn, does not enter into the transverse 


wy =m (07)?/2 = m* (uv; )?/2 


energy of the electrons. Polarization also leads 

to another effect: the distribution of the longitudi- 
nal kinetic energy which is converted into trans- 
verse energy of ions and electrons is affected and 
this effect also acts to reduce the value of w ; as 
compared with that given in Eq. (1). For this rea- 
son, at relativistic velocities the transverse en- 
ergy of the electrons will be smaller than the value 
which follows from Veksler’s analysis, which as- 
sumes a relativistic electron mass.! 

2. We first consider the motion of two particles 
of different mass in the xy plane in a uniform 
magnetic field Hy along the z axis; we assume 
rigid coupling in the x direction and no coupling 
in the y direction. The self-field is neglected. 
This model actually corresponds to the motion of 
particles in a plasma which is incident from x 
=-—e and which is reflected from a magnetic wall 
in the region x => 0. The plasma is assumed to be 
dense enough so that the electric polarization 
forces in the x direction are large, but rarefied 
enough so that the field Hy is not distorted. The 
equations of motion for each of the particles 


dv, 4 du 
rep eee ge ae y e 
at e(Ey + 7s oyHo), as => ears Orldlp 


(2) 


(the conventional notation is used), with rigid coup- 
ling in the x direction v~ = vy and the initial con- 
dition vx = vx = vp at t = 0, show that the particle- 
velocity vectors rotate along appropriate ellipses 

at the same frequency: 

v= 0 SU U, COS wt, 


Sd V m* / m- Up Cos (wt + x/2), 
v= ea V m-/ m* vo cos (wt +/2), 


w =eHo/cV mtm- = Vo-w. (3) 
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Here, w* and w are the Larmor frequencies for 
the son and electrons respectively in the field Ho 
while vj is the initial velocity. Integration of Eq. 
(3) over a quarter cycle [ty = 1/2w] for Vyo = = Vyo 
= 0 yields the appropriate semi-axes of the ellip- 
ses described by the particles 
to 
0 —= x (fo) = \ vxdt = Vr-rt = V m-m* cup / eH, y* (to) 
0 


peg ode (th)eet (4) 


Thus, the depth of penetration of the particles into 
the region of magnetic field is equal to the mean 
geometric value of the Larmor radii r* and r7 
while the path traversed by the electron along the 
boundary y (t)) is m*/m™ times greater than the 
path traversed by the ion (cf. Fig. 1). It is appar- 
ent from Kq. (3) that at ty) = 7/2w the proton and 
the electron exchange kinetic energies: 


Pigeee 


w (to) = mro2/2. 


FIG. 1. Trajectories of particles m*+ and m7 in a magnetic 
field; the field is directed toward the reader and occupies the 
region x 2 0. 


This problem is equivalent to the problem of 
reflection of plasma from a magnetic wall Hy when 
the conditions noted above are satisfied (rarefied 
plasma and absence of polarization); these condi- 
tions are stipulated by 


mN wv< < H?/ 8x, 


oa 5 = V miv?/4aN eC? < ro, 
where 6 is the Debye polarization length for a 
particle of energy m*v3 while ry is determined 


by Eq. (4). These requirements imply 
m*N v2 < H?/ 81 < m-CN. (5) 


If the left-hand equality is not satisfied it is 
necessary to take account of the self magnetic 
field of the current in the y direction; if the right- 
hand relation is not satisfied polarization must be 
taken into account. In particular, it can be seen 
that if the inverse inequality holds, i.e., H}/87 
> m~c?Np, the coupling between the particles in 
the x direction is so small that each particle 
moves in a circle with the appropriate Larmor 
radius and, in general, there is no transfer of 


energy. 
We show below that if the field is free (that is 


to say, if in the absence of the plasma it extends 
over all space) the condition for stationary re- 
flection for a plasma of infinite extent leads to 
the condition m*vNy = H?/87, while the inequal- 
ity in (5), which allows us to neglect polarization, 
reduces to the requirements m*v3/m~c? « 1 or 
w](t))/m~c? « 1 i.e., the electron velocities VI 
must be nonrelativistic. 

8. A sufficiently small portion of the surface 
which divides the regions occupied by the mag- 
netic field and the plasma may be regarded as a 
plane surface; this is taken to be the plane x 
= const. The problem is formulated as follows. 

A plasma beam is incident from the region x = 

in the —x direction, with a given velocity. At 

x =-—o© there is a field Hj which is along z; the 
magnitude of this field is to be determined from 
the existence condition for the stationary solution. 

It is clear from the symmetry of the problem 
that all quantities can only vary in the x direction 
and that there are only two particle-velocity com- 
ponents, v# = v* and vt. It will be assumed that 
the velocities of the ion beam (+) and the electron 
beam (—) can be different at infinity. This means 
that in addition to considering reflected plasma 
beams we can, in rough approximation treat also 
a fixed plasma. In the first case, the velocities 
of the electrons and ions are equal at infinity and 
can be identified with a macroscopic beam veloc- 
ity which is large enough so that the thermal ve- 
locities can be neglected. (A similar formulation 
of the problem has been considered by Chapman 
and Ferraro.”) In the second case (fixed plasma) 
the velocities of the particles can be identified 
with the mean thermal velocities, whose disper- 
sion in direction and absolute magnitude is negli- 
gible (i.e., the fixed plasma is approximated by 
two interpenetrating beams. 

The complete system of equations of motion 
for the particles in the self-consistent fields is 


tot SF = e(E+— of), 
mv - = e(E | v7), 


m* do; [dx = —eH|c, m du, [dx = eH|c; 


: aS c dH Ci ae 
j,=eN*o) —eN Nee 3 Fe NS N_). 
N*u* = N,v}; Neog == vg (6) 


Here, No is the plasma density at infinity (for both 
beams, incident and reflected, so that the density in 
one beam is N; = Ny/2); vg and vo are the veloci- 
ties for the positive and negative particles at x 
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=+0, The positive direction for the velocity is 
taken to be from the plasma toward the boundary 
i.e., in the negative x direction; the remaining 
notation is conventional. 

The temperature and pressure in the x and y 
directions in the second problem (fixed plasma) 
are given by the formulas 


Pe kl NON ey) (7) 


We now convert to dimensionless variables in 
which v, N, H and x are measured in units of 
1, + 
Uae (Ng i AN rey 305. 
1 
x, = (m-c? | 4ne®N,)”. (8) 


Then, eliminating E, N*, N, vy and vy in (6), 
we obtain the system* 


@  _ di a un 
V goa +8 gin) \Hae 


dut = Chor 
ot = + aU AG == ( t a) fal 


= wie i aS 
ie sar ndal \ Hdx 


co [ee} 


where 


6 =m /m*, if (0,) yi (0.)° == foul ,, 


y= mt (oy)? /mec®. (10) 
The particle velocities in the y direction are: 
. 1 x 7 e x 
= ya vie = —Va \ Hs. (11) 


In the incident-beam problem, we must put B=a 
in (9); in the case of a fixed plasma with equal 
electron and ion temperatures at infinity, we put 
B=1. It is clear from Kq. (11) that the velocity 
ratio vy/vy = -m*/m” is the independent of y 
and corresponds to the condition that the total y 
momentum must vanish provided N7(x) = N*(x). 
However, in the presence of polarization the total 
momentum does not vanish and there is motion of 
matter in the y direction. 

4. In the absence of polarization (y « 1) the 
equations can be solved easily. From the third 
equation in (11) we find that v* = Va/Bv, 

N = N* = N’ = 1/v* and the system reduces to 
two equations for v* and H: 


Hf nds, oe alae, 00 
6S foe) 


*If we use the vector and scalar field potentials and elim- 
inate V*+ and V7~ rather than E, the system is somewhat 
more compact; however, the form used in the text is more con- 
venient for the introduction of relativistic corrections. 
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where H is measured in units of Hyv1+f while 
x is measured in units of x,/V1+a. 

The first integral of these equations gives a 
relation between v* and H: 


ut = | — A272 (13) 
or, in terms of the usual dimension variables: 
ut = of — H?/8umto,N, (1 +8). (13") 


For the incident-beam problem? we have B=aQ@ 
«1, vp =Vo = v’ and Eq. (13’) yields the expres- 
sion 

CS —= H?/8nm* uN. 


The thickness of the transition layer is approxi- 
mately x,;/V1+q@. For a fixed plasma Eq. (13’) 
together with the relation v- = VB/a v* deter- 
mines the relations between the electron-ion pres- 
sure and the field. Using (7) for the pressure and 
the equation of continuity, we have from Eq. (13’) 


pz = py SH ann Sipe pe ee. 
(13”) 
the first two of these equations coincide with the 
results of the hydrodynamic analysis. 
The value of the magnetic field at the turning 


point (v=0) at x =0 is given by 


H? [8 = m+ (u9)° No (1 +8). (14) 


If Eq. (14) is used to eliminate Ng in Eq. (8) for 
X,, which characterizes the thickness of the transi- 
tion layer, we have 

x, = [2roro Vo0/B (1 +81", 
where rp and rj are the Larmor radii of rotation 
for electrons and ions with velocities vj and vg 
in the field Hp. In the case of an incident beam 
(8 =a@«<1) this expression coincides with (4) for 
ry to within a factor V2. The difference is ex- 
plained by the fact that in the present case the par- 
ticles move in an inhomogeneous self-consistent 
field. 

Substituting Eq. (12) in Eq. (13), we obtain an 
equation for the magnetic field in the layer:* 


*We arrive at the same equation in the case of a plasma of 
equal masses (m7 = m*). We put in Eq. (9) « = 8 = 1. Further- 
more, in order for this plasma density to coincide with the 
density of a real electron-ion plasma, we must write in the 
equation of continuity N,/2 in place of Ny. Then it is appar- 
ent that v~ = vt for any value of y and the equations in (9) 
reduce to two identical systems, each of which reduces to Eq. 
(15). The difference lies only in the fact that we introduce in 
Eq. (8) for x, m* in place of m7, that is to say, the magni- 
tude of the field for which stationary reflection is possible 
remains the same [Eq. (14)] but the width of the transition 
layer is increased by a factor of Vm*/m-. This is explained by 
the absence of the constraining effect of the electrons. 


Px/ px =Tx/Tr=8; 
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ae H, (15) 


: Ted 
dx \ ) om 


2 iiisce 


with the boundary conditions H=0 at x= and 
H=vV2 at x=0.* Introducing the variable Z 
= dx/dH we can write Eq. (15) in the form 


d (4 us ae 


oY: dx 
dH \ 2 ZH aR 


Zi : 7 Cie (16) 


with the boundary condition Z=-—« at H=0. In- 
tegrating Eq. (16) and choosing from among the two 
solutions the one which satisfies the boundary con- 
dition, we have 


Z.= — (1 — H*/2)/H V1—Ay/4, (17) 

i= ede In See eit v4 —_ ae) Y Ved = Lid ai | 2 
et Vt ey 2) 

(18) 


The velocities v~ = ¥ B/a v*, v* = 1—H?*/2 in the 
x direction are determined from the equations 


ppl Se V2 BVT Eo) 
(V2+1) (V2—Vitor) 


(19) 
In Fig. 2 we show the approximate behavior of 
H, v and vH = H(1—H?/2) for the case of a re- 
flected beam (8 = a <1) asa function of the 
layer depth x. The velocities and energies in the 
y direction can be found from Eq. (11). 


FIG. 2. Behavior of the quantities 
v, H and vH in the transition layer. 
vH 
z 0 


In particular, at the turning point x=0, H= ee 
22 
4 Hdx =1, the velocities and energies in the 
ioe) 
ordinary variables (when @ «< 1) are given re- 
spectively by 


vy = V (1-8) me /m* vo, 


wh = m (vs)? (1 +8), 


When B=a <1 (incident beam) the expressions 
in (20) show that the electrons and ions exchange 
kinetic energies at the turning point. 

At the turning point the velocities v* and v” 
vanish so that the particle density N and the cur- 
rent density along the y axis become infinite. 


vy = —VU-4B) m* [mr vo, 
wz = m*(vg)2(1+B). (20) 


*If we neglect the term H?/2 compared with unity in Eq. 
(15) then this equation coincides with the equation that de- 
scribes the penetration of a magnetic field into a superconduc- 
tor. This equation is simpler for the superconductor because 
the density of the superconducting electrons is assumed to be 
constant over the entire depth of the layer. 


This effect arises because we have neglected the 
directional dispersion in the velocity. The mean 
values of those quantities remain finite in the 
layer. In order to compute the mean values we 
must know the number of particles in the layer. 
This quantity can be determined as follows:* 
S m rs ee 
j= \No es | \ Oia = \ a ZdH | ; 0) La 


0 0 V5 Hap 


r9)] 


= SVio1 2S, NO), 
It is then easy to show that the mean velocities will 
be n/V2 ~ 1.2 times smaller than the maximum 
values given by Eq. (20). 

The total current in the y direction can be de- 
termined either from the equation for j in (6) or 
from the expression Ix I = — enNyvyx. We find? 


(21) 


I = cog V(b By Nom fon) (22) 


5. We now consider the case in which polariza- 
tion must be taken into account. In this case, only 
the incident-beam problem has any meaning, since 
the temperature of a fixed plasma at y = 1 would 
be T* ~ 10° deg. On the other hand, beams with 
velocities vg = vm'c#/m* ~ 7 x 10° em/sec, cor- 
responding to y= 1, are completely feasible. 
Hence we can write in Eq. (11) a=8 «1, thereby 
obtaining the system of equations 


x x 
. 


= Nel ee dut 7 i m al 
U ane == \ Hdx, U ae — = H \ Hdx, — 
CMa 


We shall only find the correction to the veloci- 
ties obtained in the preceding section, assuming 
that y < 1. In the first approximation (y= 0) we 
have the case already treated, where v=v’ =v, 
N= N*=N_, and the magnetic field is given by 
Eq. (18). In the second approximation, the field 
remains the same but the mean values of the ve- 
locities v. and v* are determined from the third 
equation in (23). 

Using the relations obtained in Sec. 4 we find: 


u- = of (1 — ky), (24) 


k, is a numerical factor of order unity. 


*If n is determined by the expression, 


co co 
n=\ NHax [fe 


0 0 
then we find n = 7/2 ~ 1.6, which coincides with Eq. (21) in 
order of magnitude. 

tThe mean current density j =I/x, = cH/4my2 x, coin- 
cides with the expression for the density of surface current in 
a superconductor in a magnetic field H. 


750 


Multiplying the third equation in (23) by vy and 
integrating over the entire layer, we obtain expres- 
sions for the mean velocity and energy of electrons, 
taking account of polarization in the x direction: 


(Uy) + a] vy (1 — Rey), 
+9 
So, 


(Wy) = Wy (1 — key) = GZ-—y— (I — Rey), (25) 


where k, and ks are numerical factors approxi- 
mately equal to unity. 

Thus, the relation wy = m*(vj)?/2, which ap- 
plies for low beam velocities, is not satisfied here. 
The kinetic energy of the electrons along the y 
axis is smaller than this value for y = 0. In the 
second approximation the total energy of the elec- 
trons and ions along the y axis is equal to the sum 
of the energies of the electrons and ions in the 
beam. This is apparent from the relation Va Vy 
- vy/va, which is satisfied for any y, and from 
the fact that the field H does not change in the 
second approximation, so that 


0 
Vav,= | Hax =— |. 

Hence, the effect of polarization is not primarily 
to change the total kinetic energy of the particles, 
but rather to affect the redistribution of energy 
between electrons and ions in the layer in sucha 
way that the transverse energy of the electrons 

is reduced while that of the ions is increased as 


V. P. SHABANSKII 


compared with the values in the absence of polari- 
zation. The effect of polarization on the total en- 
ergy along the y axis first appears in the next ap- 
proximation in y. In this case the thickness of the 
layer increases and the magnetic field is changed 
so that in absolute magnitude 


V avy =o, (Va = 


0 
\ Hdx 


[o-e) 


ai 


The remainder of the kinetic energy of the particle 
goes into polarization energy. 

Both effects appear before the relativistic in- 
crease in mass; hence in the analysis of retarda- 
tion of a plasma bunch in an axially symmetric 
magnetic field! with y 2 1 these effects should 
be considered on equal terms with the latter. The 
account of these effects should lead to a reduction 
in the acceleration of electrons in the collision of 
a fast plasma beam with a magnetic field. 

In conclusion I wish to thank S. I. Syrovat-skii 
for valuable remarks. 


1V. I. Veksler, Doklady Akad. Nauk SSSR 118, 


263 (1958), Soviet Phys. Doklady 3, 84 (1958). 
2V.C. A. Ferraro, J. Geophys. Research 57, 
15 (1952). 
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The quantum dispersion equation is found for the longitudinal oscillations of an electron gas 
in a magnetic field, for the case of an arbitrary energy distribution of the particles. A 
criterion (with respect to the magnetic field) for the applicability of the hydrodynamical 
approximation is established. It is shown that as we go from very high magnetic field 
strengths to low fields the frequency of the longitudinal oscillations changes discontinuously. 
The longitudinal permittivity of a plasma is calculated. 


Tue classical kinetic theory of the oscillations of 
au electron plasma in a homogeneous magnetic 
field has been studied by many physicists.! In all 
of the papers devoted to this problem it has been 
assumed that there is a Maxwell distribution of 

the electron velocities, and no account has been 
taken of the quantization of the orbital motion of 
the electrons in the magnetic field. The quantum 
theory, also with a Maxwell distribution function, 
has been considered by Bonch-Bruevich and 
Mironov.” They found small quantum corrections 
to the well known classical results. Effects of a 
fundamentally quantum nature were not considered. 
Yakovlev and Kalyush’® have used the quantum 
kinetic equation as the basis for a treatment of the 
oscillations of an electron-ion plasma in a magnetic 
field with arbitrary distribution functions, but the 
quantization of the orbital motion in the ground 
state was not taken into account, and therefore 
their dispersion equation is not valid for the study 
of the effect of the quantization of the orbital motion 
of the electrons on the spectrum of the oscillations. 
The study of these effects is the main purpose of 
the present paper. 

The classical description of a plasma in a mag- 
netic field is admissible only under the weak-field 
condition, which corresponds to large values of the 
quantum number n that quantizes the motion of an 
electron in the magnetic field; more exactly, the 
classical description is valid as long as the 
quantum energy satisfies hwe « E) (Ey is the 
energy of the random motion of the particles). In 
the case fiwe = Ey) small values of the quantum 
number n play an important part, and therefore 
one must use a quantum description of the motion 
of the particles, but one can still treat the electro- 


magnetic tield in the plasma by classical theory. 

In the first section of the paper we give the 
method for finding the quantum dispersion equation 
for electrons in a magnetic field. In the second 
section we give an essentially quantum -theoretical 
analysis of this equation. At the end of the paper 
(the third section) we calculate the longitudinal 
dielectric constant with an arbitrary energy distri- 
bution of the particles. 

1. As is well known, the longitudinal and trans- 
verse oscillations of a plasma in a magnetic field 
cannot be separated, but neglect of the retardation 
in the propagation of the electromagnetic field 
allows us to make the separation. Small longitu- 
dinal oscillations of an electron plasma in a mag- 
netic field can be described by means of linearized 
equations with a self-consistent field, which have 
been extended in a paper by the writer’ to the case 
of nonstationary states. If in Eq. (3) of that paper 
we neglect force correlations at small distances 
and nonlinear terms, the equation is equivalent to 
the usual equation of motion for the density 
operator 

ihp aa (Ho, p] ae V, Pol, (1) 
where f is a small correction to the unperturbed 
value fo, and V is the self-consistent potential, 
which is a functional of f. 

In the case of a homogeneous magnetic field 
directed along the z axis, the Hamiltonian 
operator of an electron is 

a i HE e 
Ho a om (p Se 

Next, following the work of Ehrenreich and 

Cohen,° we use Eq. (1) to find the equation of 


A), A ={—Hy, 0, 0}. (2) 
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motion of the matrix elements of the operator /, 
which describes the transitions between the sta- 
tionary states of the system with V = 0. The wave 
function | kx, kz, n> in the Landau representation 
is an eigenfunction of the operator Hy: 


HO Wks, Rep aha eet (3) 


where 


En. n= hhwe(n a. a t 
ee hen 1) 
= (2n Va) exp (ikex + ikzz) By (y + a7kx)/al. (4) 


én (y) is a normalized oscillator wave function, 
and a? =fi/mwe. 

By means of Eq. (2) we get the equation of mo- 
tion for the matrix elements of the operator fo: 


Ghd | Ot +-Ep,+4,,n — Er, a) 


S25 lay 10 


Rx > Wx, Rz+ qzs n’ >= {fo (Ex,+4,, n’) 


FolEng wh <x, Ret |V ke + Gus Ret qe, n'>. - (5) 


In obtaining Eq. (4) we have taken into account the 
well known property of the unperturbed operator 
Bo: 


Ovideon bent 4) Eaedsbeveiay te: (6) 


where f)(E) is the energy distribution function of 
the particles. Fe 

Let us expand V(r) in Fourier series and 
transform the matrix element of V (r) that appears 
in Eq. (5) to the form 


(leer heey | SIV (1) eRe + diy Re + ds 0D 
: 


= yV (9x Jz. Ty) <Rx, eek + x, 1 Ds 
vy 


where 


dhe, ne PH" | he + gy, n> = 


(7) 


«| dy Pally + atx) [x] oY De (ly +a? (be + qe) [2 


To obtain the dispersion equation it is necessary 
to make in Eq. (7) an approximation which is 
equivalent to the approximation of ‘‘random 
phases,’’ namely, 


DY er ery) Kx eM [ee +.9,, 1'> 
1G 
a Game G2) heat fey Uy th. (8) 
This approximation admits of the following in- 
terpretation. In <kx, nle!Y%yY| ky + qx, n’> one 
takes the average value of the overlap integral of 


bY EEGAIN OVW: 


the wave functions @yn(y) and ®y(y + aqx ) out 
from under the integral sign, and integration of 
the rest of the integrand gives the 6 function of 
Yy- 

An analogous approximation is made in finding 
the dispersion equation for the oscillations of a 
plasma in a periodic field of ions (cf. e.g., the 
papers by Kanazawa’ and by Ehrenreich and 
Cohen’). hi 

Let us express V(q ) in terms of the matrix 
element of the operator f, using Poisson’s 
equation: 

AV = —4neN (r), = N (rt) = Sp{6 (r — 1’) P(r}. (9) 
Calculating the trace by means of the eigenfunc- 
tions (4) and using Eq. (8), we find 


0 (q,, 0,9) =Gq, 9,4) > 


, 
ne n”’ 


CM a qy» n” | "ss tt 
US Ue: 
mw 


X hes My f" | P|X, +4, % 14 1, 


G (q,, 9,9.) = 4ne? (2 -42)>. (10) 


Using Eqs. (10) and (8), we rewrite Eq. (5) in 
the form 


nO 
(ins + Ex, +qz, ion = Pres) 
im <Re, k,,n| |, regs k, a ee n’> 
=> {fo (En, +92, 0’) a fo (Er,, n)} «Rk, n|k, ~- qe ne 


2 RE CLARE ess 


Ky Xz Nn", 


CH. %, | o|%, 


+ Oy %e +4 0". (11) 
From Eq. (10) there follows as the dispersion 
equation for the longitudinal oscillations of an 
electron plasma 
t= lim >) Gilg BOG) Cee eke Bee Gene 

sig n,n’, Ry, Rk, 

x [fo (Ex, +9,,n’) 

aie (Ex,, n) LE x, 492.0! — En,, n— ho + ihy|-. (12) 


According to reference 7, for n’ =n the two- 
center integral that appears in Eq. (12) is given by 


ee (aq,) => GS) hee oe n’> 
= (nl / n'l)* exp {— (aq, /2)%} 
Si eM eid Wee (a2q2/2), (13) 


where Le is the associated Laguerre polynomial 
pb x) = (n!)~lexx—« a —X na 
(x) = (nl) "te*x— ats 


Since Fyn’ (x) does not depend on kx, the sum- 
mation over ky in Eq. (12) gives the total number 
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of allowed values of ky, which is (eH/ch ) ) Ly Ly 
(where Ly and Ly are the dimensions of the sys- 
tem along the x and y axes). Replacing the sum- 
mation over kz in Eq. (12) by an integration, we re- 
write this equation in the form 


1 = lim 3G (4, 0, 9) secs [Fan (0g, P \ ak, fo (Betis a) 


y>0 2m 
Ths Th 


a Jo (En,, n)] (En res, Tha — Ey. n—ho a ihy]-* (14) 
(the volume V = LxLyLz of the system is taken 
to be unity). 

2. Before going on to the study of the dispersion 
equation (14), let us rewrite it in terms of dimen- 
sionless quantities, taking as the unit of length a 


= (ch/eH) 1/2 and as that of energy the quantum 


Awe. Then instead of Eq. (14) we get 
. m 

1 = lim G (4,, 0, 9.) sa 2 FanG, q)P \ ab lfo (E t+az, n’) 
— fo(Ez,n)I[n’ —n-4 = (@ + 29,0) —Q + if]-. (15) 


Let us make some remarks about this equation. 
Since in obtaining Eq. (15) we imposed no restric- 
tions on the form of f)(E), the equation holds for 
arbitrary f)(E). Furthermore, Eq. (15) gives two 
branches of the spectrum of excitations. The poles 
from the denominator in Eq. (15) give the branch 
of one-particle excitations, and the root of the inte- 
gral equation (15) with G(q) = 0 gives the branch 
of collective oscillations. 

We shall consider below the case of a com- 
pletely degenerate Fermi distribution. The chem- 
ical potential p is determined from the equation 
N = — (dy /Q.) T, where N is the number of parti- 
cles in the system and y is the thermodynamical 
potential. For a completely degenerate Fermi gas 
this last relation takes the form 


> 


No = 


ae LD (no — n)"" (16) 


where yp is connected with ng by the relation ny 
=p/fiwe — %. The limits of the integration over 
¢ in Eq. (15) are determined as usual from the 
condition 


= WR2/Qm + hwe(n + /2). 
The result of the integration over ¢ is the 


equation (with damping neglected ) 


No { 
1 = G(4,, 0. 9) seam Dy LFon (9, 


f Q —(n’—n)— V2 (no— 10’)? +4, | 2 
— (n’—n)+Y2 (1m —1')" + 9,/2 


Q— (n’ —n) — 


(17) 


V2 (19 — n)'? — g?2/2 
+ In | 


Q— (n’ ~n) + V2 (mm — 2)? — 92/2). 
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First of all, Eq. (17) must give the well known 
classical results, in particular the results of the 


hydrodynamical approximation, namely the equa- 
tion 


(18) 


8 is the angle between the vectors q and H, and 
we = 4re*Ny /m is the square of the Langmuir 
frequency. 

Since Eq. (18) does not involve any characteris- 
tics of the energy distribution of the particles in 
the ground state, and also does not involve the 
magnitude of the vector q, to derive Eq. (18) from 
Eq. (17) we must take the limit as q— 0. To do 
this we separate out from the double sum over n 
and n’ the terms with n =n’. For qz « 2 the sum 
of these terms gives the expression 


Q§Q-? exp {— 1/2q? sin? 0} cos? O (Q5 = w3/w?). (19) 


For qz «& we can transform the sum with nr’ 
~n to the form 


HOG Ahr eee 
< —- n) uP (np —n vile ; 
me eae) Ge ee 
nyn’>n 


Using Eqs. (19) and (20), we can write Eq. (17) in 
the form 
2 No—l1 Myo—n 


7 Q5 
ae eXp 


C,, n (Vy> G2) Z 
oS Pee 


2 V 2m 


nha 


Gi n (qs q.) = G (Ce 0, q.) 


nine (q,) 


< [te =n)” Des (21) 


(no 7 


For qx— 0 and q,— 0 we get from kq. (21) the 
equation (18). 

In order to get the second term in the right 
member of Eq. (18) we must have np =1. For no 
<1 this term is zero, i.e., the frequency of the 
wave with q 1 H is zero. Since Eq. (18) is valid 
only for np < 1 and qx — 0, the criterion for the 
applicability of the hydrodynamic approximation 
reduces to the inequalities 


wl ; 


V2 


In the case of very strong magnetic field ny) « 1, 
i.e., in the case in which quantum theory is essen- 
tial, Eq. (17) has for any value of q the solution 


Hes | OE<!. (22) 


w? = w? exp{—y ‘5 i g- sin ot cos? } +- COS: tO, (23) 


Let us make a closer analysis of the dispersion 
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equation (17) in the case of # close to 7/2, or 
small values of qz. It follows from Eq. (21) that 
as the magnetic field strength decreases (i.e., as 
Ny increases ) new terms are added to the sums 
over n and J, and this leads to discontinuous 
changes of the frequency w. For example, for no 
<1 the frequency w is determined from the 
equation 


@? = w2 exp {— (ch/2eH) q? sin? 9} cos? ¥, (24) 


and for ny = 1 it is determined from the equation 


sin? ») exp \— a q? sin? | . 


(25) 


62 @? 
l= ( 2 cos?) + —_* — 
1} Oo On 


The appearance of the second term in the 
brackets is due to transitions between n = 0 and 
n =1. There is an analogy between the behavior 
of an electron plasma in a magnetic field and that 
of a plasma in the periodic field of a lattice, in 
which latter case the role of the quantum number 
n is played by the band number. Transitions be- 
tween states with different values of n in the mag- 
netic-field case correspond to interband transitions 
in the case of the periodic field. In this analogy 
the difference is that in the case of filled bands 
the neglect of interband transitions leads to the 
absence of plasma waves, whereas the neglect of 
transitions between levels with different values of 
n leads only to the absence of plasma waves with 
§ =1/2. This can be seen from Eq. (21). The 
first term in the right member of Eq. (21) does not 
include transitions between states of different n, 
Since it is obtained on the condition n’ =n; the 
transitions between states n’ and n with n’ =n 
are taken into account in the second term. 

3. Let us consider the expression for the 
longitudinal dielectric constant. We introduce 
P(q, t), the Fourier component of the polarization 
operator, which is connected with the correspond- 
ing component of the electric field, E(q, t), and 
the dielectric constant by the well known relation 


Pia) =_le@g)—NE@). 6) 
Then on taking into account the connection of 
E(q, t) with the potential, that of the polarization 
with the charge density, and also the relation (26), 
we get for € (q, w) the expression in terms of 

dimensionless quantities: 


e(o,q) = 1 — lim G (9, 0, 4.) a5 Dy Pan (9,) 


x \ db Ufo (Beta, nt) 


— fo (Ex, n)] (n' —n + = (q2 +.29,6) — 


Pie SS -2eeneen NOW, 


Without taking a concrete form for the function fp, 
for small q, we can write expressions for the 
real and imaginary parts ¢«’ and «€” of the complex 
quantity ¢. We get for ¢’ and €” the expressions 


e’ (w, q) = 1 — au cos? 0 exp |— = gk y \ fo (Ex,n) do 


n 


2e2ma ~~ Cnt (I Ix) 
eh? > Q2—(n’—n)?’ 


nj; n’>n 


Cratal =. Faw (q,) (n’ oe n) q* \ dt [fo (Ez ,n’) a fo (Ez, n)]; 
(28) 


e” (w, q) =e exp {— 5 a2} Dl dbf (Ex.n) 
x [6 (+ g? cos? ® + gf cos 6 — Q) 
paar cos? @ — gfcos 0 + Q)| 


2e?ma 
#q? 


Dae bo Een) 


hn’, ni nven 


— fo (Ex.n)] Fan’ (g,) 8 [n’ — n —Q). (29) 
The first term in €’ is due to transitions without 
change of the quantum number n, and the second to 
transitions between states with different values of 
n. In the language of the band model, the first 
term describes ‘‘intraband’’ transitions and the 
second, ‘‘interband’’ transitions. In «” the first 
term contains the ‘‘intraband’’ transitions and 
describes the well known mechanism of damping 

of the oscillations that was established by Landau.® 
The second term is due to the ‘‘interband’’ transi- 
tions and for q = 0 describes ‘‘interband’’ optical 
absorption. This is natural, since for q =0 the 
transverse dielectric constant, which describes 
the interaction of light with matter, coincides with 
the longitudinal dielectric constant, which is due to 
collective oscillations of the electrons. This 
result was first established by Wolff,’ and has 

also been found by Froéhlich and Pelzer. !° 


'A. I. Akhiezer and L. E. Pargamanik, 
Yu. 3am. XPY (Science Notes, Khar’kov. State Univ. ) 
27, 75 (1948). E. P. Gross, Phys. Rev. 82, 232 
(1951). G. V. Gordeev, JETP 23, 660 (1952). 

M. E. Gertsenshtein, JETP 27, 180 (1954). 
Al’pert, Ginzburg, and Feinberg, Pacnpocrpanenne 
paquosoun (The Propagation of Radio Waves), 
Gostekhizdat, 1953. A. G. Sitenko and K. N. 
Stepanov, JETP 81, 642 (1956), Soviet Phys. JETP 
4, 512 (1957). 

eVieele Bonch-Bruevich, us3uxa rsepgoro tesa 2 
489 (1960), Soviet Phys.-Solid State. 
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308 (1960), Soviet Phys. JETP 12, 219 (1961). 

*P. S. Zyryanov, JETP 35, 448 (1958), Soviet 
Phys. JETP 8, 309 (1959). 

OTL, Ehrenreich and M. H. Cohen, Phys. Rey. 
115, 786 (1959) 


OTT. Kanazawa, Prog. Theoret. Phys. 13; 227 
(1955). 


‘Erdelyi, Magnus, Oberhettinger, and Tricomi, 


Higher Transcendental Functions, New York, 1953, 
Vol. 2. 

®°L. D. Landau, JETP 16, 574 (1946). 

°P. A. Wolff, Phys. Rev. 92, 18 (1953). 

 H. Frohlich and H. Pelzer, Proc. Phys. Soc. 
A68, 525 (1955) 
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A new definition of the commutation function is proposed. Nonlinear meson fields are con- 
sidered and, in particular, an expression for the commutation function is presented. 


‘THe usual definition of the commutation function 
of the boson field 


Di seat E(x) e (1) 


[where &(s) is the sum of solutions over the wave 
vector k] cannot be used in the nonlinear theory, 
in view of the violation of the superposition princi- 
ple. The right half of (1) now depends on the wave 
vector. We therefore propose to start at the very 
outset from the more general definition 


OS 2 
Si = Xp 


D(s) = SY HF oO), Vre (x — x’). 9 (ky @) p(k’, 0’), 


k,w k’o" 


(2) 


where p(k, w) is a certain weighting function. 

The summation 2’ is over the physically ad- 
missible independent wave solutions of the field 
equation. In the particular case of the linear 
theory, where p(k, w) = 2|w|6 (kj); we obtain 
the well-known result (1). In the case 


Dex) = "a.en (x)s (ax, ay] = F(R) Spx’ (3) 


we obtain from (2) 


D(s) => nk, ©) g, (x — x’), 


R,@ 


(Rk, ») = F(R) @, (0) p(k, w), (4) 
where ¢},(x) is the wave solution. 

In the linear theory the function D(s) is, for 
any value of p(k, w), a four-dimensional radially- 
symmetrical solution of the field equation, made 
up of the wave solutions. In the case of nonlinear 
theory this is possible only for a very special 
choice of p(k, w). In particular, the simplest 
choice of the function 2|w|6 (kp) for p(k, w), as 
will be shown later, is found to be unsatisfactory. 

If we consider a neutral meson field, obeying 
the equation 


(P/ 0x2 +he*)p = 0, (5) 


for which it is natural to take the commutator be- 


tween the functions gy, (x) and g_,(x) [in non- 
quantum theory 9; (xX) = 9_,(x)], then its energy 
can be represented in the form 


A ate eh al | 
R= BV \iLox, ” Ox, ale. PaLOme 7 Oral. 


{ 9 ' % ‘ 
ai ig Re [P,, G_ale if > (pr, o_alat a? x. 


(6) 


Calculating further the time average of the energy 
(with ky = 0) we obtain! (C = 24): 


ube te, r 4 
ALi, > on 1 80, (Gr, a_n}, ) on (ap, CTA ec 


"/e 


k 2 
x= TEI | * + $ (ar, aol, (7) 


We introduce the canonical coordinates 
gq, = Qnexp (— 1Q,f), Pp = — 0H; /04,, 


p= — oe, G9 (8) 
Under the assumption 

[dm 7,1 =F 
we obtain 


C : k ' 
Pr(t) => 2rQ, Q, = its ss a [ar, a_a},| 


From this we get 
[Q,.,> 9, aa [Q,9;, Gilg — 0, 


[2,.9h 18 aa. (2,9,.9,)- is 27; (10) 


Under condition (*), which is equivalent to the 
approximation [a,, a,], * dar, i.e., to neglect 
of the quantum character of this expression in the 
formulas for a, and Q,, we obtain 


F(R) =2/CQ, an = ExV2/C|Qx|, an=EnV27C|Q-al, 


[Spoon Leesele (11) 


Let us attempt now to calculate the sought com- 
mutation function D(s) by means of formula (2), 
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using (3) and (11), and assuming p(k, w) to have 
a form analogous to that of the linear case 


p (ke x) =8 (2, + ee +253) 


+8(%—Y'e + Fi) 


= hay (12) 


We then obtain 


DiS) >) AnD), Gas), 


n=0 


a, = (2n + 1) Aag const, 
(13) 


where Dj(s) is the commutation function of the 
linear theory. 

The result obtained, in view of the known diver- 
gence of the linear function D7(s), is unsatisfac- 
tory (from the point of view of constructing a 
complete field theory ). This does not apply, how- 
ever, to the expressions (2) or (11). Within the 
limits of assumption (*) Eq. (11) is valid, and we 
shall make use of it, as well as of (2). What is 
unsatisfactory is the choice of the form (12) for 
p(k). ’ 

Inasmuch as we expect no divergences in the 
linear theory, we must review the definition of the 
nonlinear commutation function. In this connec- 
tion we assume that the commutation function is a 
four-dimensional radially-symmetrical solution of 
the field equation not only in the linear but also in 
the nonlinear theory. If we start from suchanas- 
sumption we obtain for the weighting function 
p(k, w), subject to assumption (3), as the main re- 
sult of the present investigation, a Fredholm inte- 
gral equation of the first kind. 


D(s) = (2%) aoa [Y,(0), Pa(x—x’)]_p (k, w)d*kdw. (14) 


Here D(s) is a radially-symmetrical solution of 
the nonlinear equation of the field. 

The summation 2’, as already indicated, is 
carried out over the physically admissible inde- 
pendent wave solutions %(x). Thus, Eq. (14) 
establishes with the aid of the function p(k, w) 
the connection between the wave solutions and 
radially-symmetrical solutions of the nonlinear 
field equation. 

The condition imposed on (14) is 


\e (k, w) Pkdw = 1. (15) 
In this connection, let us analyze in greater detail 
the radially-symmetrical solution of the initial 
nonlinear generalized Klein-Gordon equation (5). 
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Equation (5) has in the real domain two inde- 
pendent wave solutions 


) \ hs 2 2 4 2 2 } 
Q =, cn (Ry X, + C1; Ry), (1) = Ray + Ago, 1 oy 


~ = Q,sn (ae =| Cos i} ke|) 


_ @ SA (od, + V 200; ky 
V2 an (kx, V 202; hy > |eo| = I, 


where oe Spy 2k\ 2). 

As wave solutions, both solutions are physically 
admissible. However, Eq. (5) has two independent 
radially-symmetrical solutions, corresponding to the 
two independent wave solutions mentioned, namely 
cn(u) and sn(u). The radially symmetric solu- 
tion corresponding to sn(u) is in this case com- 
plex (when d > 0 and s*> 0). In this connection 
we neglect both the radially-symmetrical solution 
corresponding to the wave solution sn(u) and the 
wave solution sn(u) itself. The real radially- 
symmetrical solution of Eq. (5) is given by the 
following formulas (see reference 1) 
® (s, ky) 


(As?>0) 


| cqaiag) G)enl pee). o<e a 
= 2k oe pe 

| Gagan) ae Ped < ki <1,(16b) 

[ 0 0<k<* (16C) 


where k, and ky are the moduli of the correspond- 
ing elliptic functions. 
When k, = 0 and k} = 1 we have 


01 =0 =)/ (2): 
0 


235 1 
Vi ae TFT 


@ (sk, = 1) = (17) 


This last particular solution was used by Bor- 
gart as a commutation function.? 

In the region 0 < k} = kj? = 1 we have kj 
= yl- ke <= dn(u) = 1, and therefore the function 
tends to zero only as s— ~. On the other hand, 
in the region 4 < ki < 1 the function cn(u) exe- 
cutes infinite oscillations as s —~ 0, and we can 
put 


te ol (18) 
This behavior of the proposed commutation 
function, which falls off like 1/s as s > ~ and 
which vanishes on the average as s— 0, corre- 
sponds very closely to the conditions imposed by 
Heisenberg’ on the commutation function of the 


1) (0, ky) ae 0, 
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nonlinear spinor field. Therefore our commuta- 
tion function can be employed in analogous prob- 
lems. 

Thus, for D(s) we can take a radially-sym- 
metrical solution of the form (16b). With this the 
integral equation (14) can be simplified by ap- 
proximately replacing the elliptic functions with 
trigonometric ones. We then obtain for the weight- 
ing function the expression 

pe const In (So/s 
p(k, 0) = cama ae 8 ees 
where [a,, a_,]_ can be determined from (3) and 
(11). 

The results obtained can subsequently be used 
for specific calculations, by obvious generaliza- 
tion to the case of other boson and spinor non- 
linear fields and by establishing a connection with 


) cos (Fy) 22 8) 


Ivanenko and. Dew hee UR D 


the Greenians and other singular functions. 

Note added in proof (March 12, 1961). A simi- 
lar suggestion is made by H. Mitter in the case of 
a spinor nonlinear field. We are grateful to him 
and to H. P. Durr for supplying us with a preprint. 


1p, F. Kurgelaidze, JETP 38, 842 (1959), Soviet 
Phys. JETP 9, 594 (1959). 

2A. Borgart, Trudy, First All-Union Inter- 
University Theoretical Conference, Uzhgorod, 1958. 

3 Heisenberg, Durr, Mitter, Schlieder, and 
Yamazaki, Z. Naturforsch. 14a, 441 (1959). 
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The problem of the use of an arbitrary gauge of the electromagnetic potential of quantum 
electrodynamics within the framework of the dispersion method is considered. Several for- 
mulae are obtained which are generalizations of known expressions. 


Ir is well known that owing to gauge invariance of 
quantum electrodynamics all physically meaningful 
quantities are independent of the gauge of the elec- 
tromagnetic potentials. However there exist quan- 
tities in the theory which are not independent of 
the gauge, like, for example, the propagator, the 
vertex function, and diverse matrix elements. It 
is therefore desirable to discuss them in a general 
gauge. In particular, this facilitates the evaluation 
of these quantities. 

In the dispersion method such an approach is 
difficult since there exists no unique method which 
would allow to determine the dependence on the 
gauge for a number of quantities. In particular, 
when writing matrix elements in covariant notation 
the summation over intermediate states, e.g. in 
reduction formulae, are usually carried out in the 
diagonal gauge (dj = 1). 


In the present paper* we shall study the system- 


atic treatment of an arbitrary gauge in the disper- 
sion method. 

1. It is well known that the quantized vector 
potential of the free electromagnetic fieldt whose 
Lagrangian is given by 

4 A, (x) OA, (x) 


= AS 
Ete) A aye Ox” ( ) 
can be written in the form 
Ay, (x) = (2m) | dt V 2,0 (ho) & (K*) oft Kelt*cx (ky) 
+ e—tkxc~ (k)}, (1.2) 


while the commutation relations for the operators 
cj (k) follow from the form of the Lagrangian 


*The basic results of this work have already been utilized 


in a previous paper’ by the present authors. 


+Due to the gauge invariance of the S-matrix (see reference 


2, p. 247) the results obtained below are valid also for inter- 
acting fields. 


(the structure of the operator is that of the energy- 
momentum 4-vector Py) from the requirement 

of a positive energy and from translational invari- 
ance: 


A, (x) /0x" = i {P,, A, (1. (1.3) 


The operator Ay (x) is determined up to a 
gauge transformation 


Ay, (x) > Ay (x) = Ay (x) + Of (x) / 0x", (1.4) 


where f(x) is, generally speaking, an arbitrary 
operator function. Expressing Ay (x) in terms of 
Aj, (xX) by means of the implicit equation (1.4) and 
inserting in (1.1) we obtain 


EAU) L(A CaN, (1.5) 


where L’ indicates the change in the form of the 
Lagrangian induced by the gauge transformation 
(1.4). As a result of the change of L(x) the equa- 
tion for Ay (x) changes into 
AL = oh 1 oe (1.6) 

We note that in a gauge transformation both the 
change of Ay (x) to Ay (x) and the change indi- 
cated by (1.5) has to be considered in order to 
maintain the original quantization scheme, i.e., 
the meaning and the commutation relations of the 
operators ex (k). In particular, then also the form 
of the energy-momentum vector Py remains un- 
changed. 

We now are going to find a class of functions 
f (x) which obey the following conditions: (i) the 
operators A‘,(x) are Hermitian; (ii) the opera- 


tors Au (x) are translationally invariant: 
AA, (x) /dxY = 6 (P,, Au (x); (1.7) 


(iii) the gauge transformation (1.4) has to lead to 
the known expression for the photon propagator 
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kk, 
ep) (1.8) 


we ee (6 1 — 

Beeere: a ame 
where the range of the quantities dz has to include 
at least the values dj = 0 and dj=1. These cor- 
respond to the important cases of the transversal 
and diagonal gauge respectively. 

These requirements substantially restrict the 
form of f(x). As can be easily seen, (1.7) leads 
to a linear dependence of f(x) on the field opera- 
tors. Condition (i) restricts f(x) to the class of 
functions of the form 


af (x) /Ax* = (2n)—/ \ d'k V 2ko 0 (ko) 8 (k2) 
> hy (e*R) fy (k) betes (k)], 


Duy (R) == 


(ale er (1.9) 
where f,(k’) and if_ (k?) are arbitrary real func- 
tions. Condition (iii) allows to connect (2) 
with the longitudinal part of Dy»(k). We obtain 
immediately (see reference 2, p. 259) 


i, (R’) = Vd; 1 /R?, (1.10) 


and the requirement dj = 0 eliminates the second 
possibility. 

From (1.9) and (1.10) one sees that 
8Of(x)/ dxH = 0, and thus (1.6) differs consider- 
ably from the equation for Ay (x). We do not con- 
sider here the specialized gauge transformation 
with Of(x) =0. 

The relations (1.2), (1.4), (1.9), and (1.10) allow 
to write Au (x) in the form 


=(Vd;—1)/k?, if (BR) 


Al, (x) = (2m) § dt V 2ko O(ho) 6 (2) en(k) fe%** ct (k) 
em cy (K)), (Te ty 
where 
(ht) =e +k, k* (eR (Vd;—1). (1-11') 


The pole k’ = 0 in the integrals of the form 
{ dteep (k) 8 (R2)/R? 


is understood to be taken as a principal value. In 
actual calculations it is convenient to utilize 


Px16 (x) = — 6’ (x). 
We note that due to 
OA, (x)/Ox* = Vd, 0Az (x)/Oxe (1.12) 
the admissible states remain unchanged, and the 
relation 
Deere (1) Dorn = 4 Dag An (0), Dagon (1218) 


insures the correspondence with Maxwell’s equa- 
tions. Indeed, one sees from (1.13) that the ap- 
pearance of dj) in the propagator Dup(k) is asso- 
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ciated with a change in the unphysical part of 
Ay (x): 

We can thus say that a gauge transformation 
which obeys the above specified conditions turns 
out to change the polarization vectors ej, into 
oh in the expansion (1.2) of ihe operators Ay (x) 
in terms of the operators cx (k). In the following 
we shall omit the prime in Aj, (X). 

It is easy to see that the dependence of matrix 
elements on dz when separating them out from the 
dependence on photons is exactly the same. For 
example, the matrix element < a|F|8; kA > of 
an arbitrary operator F (the indices k and A de- 
note a photon of momentum k and polarization A) 
in the diagonal gauge due to considerations of co- 
variance can be written in the form < a|F |B; kA > 
= =) F After a pues transformation this changes 
to <= gl F| 6; kA >= Sh (k) Fy (dz). In case of 
gauge invariance of F,, the whole dependence of 
the matrix element < a|F|8; kA> on dj is con- 
tained in Sh (k ). 

2. When investigating matrix elements it is 
frequently necessary to bring them into a covari- 
ant form. The use of an arbitrary gauge intro- 
duces certain changes into the expressions which 


give the operators cx (kK) in terms of Ay (X). One 
can easily show that 
: byt 
eh (kK) ct (&) = 7 Sr yam) det gals (2). (2.1) 


In onder to ue) off eX (kK) we introduce the vec- 
bone Sh (k) which are taken to be orthogonal to 
eu (kK): 


en (k) = eh +h, (eR) R2(1/Vdi — 1). (2.2) 
Indeed, 
én (Rl ev(h) = us; en. (Ren (B) =e Oagas (2.3) 
From (2.1) and (2.3) we obtain 
Sey S55 i FiRX 0 
of (kK) = aE () \ dxeriee 2 (2.4) 


This way one has to exchange the polarization 
vectors rh for Sh (k) in the usual reduction for- 
mulae when one goes to arbitrary gauge. 

However, it is more convenient to use (2.4) in 
a somewhat changed form, namely, in terms of 
ey, instead of en (see the concluding remarks of 
section 1.). Using the relation 


en (8) = eR (FR) + hy (eR) R/V ds — 
we obtain from (2.4) 


C ie) SSE : 1 on Fikx 8 
i (k) =F On)" Vane (R) \ dxe* th Sau Ao (9) 


V a), 


(2.5) 


~—i__*a__(e**) 
(21)? V2ko # 


(Fg — YH) § em Ban 
(2.6) 


ELECTROMAGNETIC POTENTIALS IN THE DISPERSION METHOD 


When utilizing (2.4) and (2.6) to bring matrix ele- 
ments into covariant form there appear different 
Green’s functions which can be expressed in terms 
of G, Duv and Ty: These, and also the second 
term of (2.6) can be brought to a simpler form by 
means of the relations® 


ky Duy (8) = — kud/(R® + it) 

kal y(p, p —k) = G4 (p) —G4(p—k). (2.7) 

3. In the dispersion method, frequent use is 
made of expansions into intermediate states, in 
which the eigenfunctions of the free field energy- 
momentum operator are taken as the complete set 
of states. In quantum electrodynamics such a set 
of intermediate states is taken which besides the 
transverse photons contains also the longitudinal 
and scalar photons. Therefore in the sum over 
intermediate states 


<a|AB|B> = B<a] A |n> <n|BiB> 


the summation over the polarization A goes from 
0 to 3. Writing the matrix elements of A and B 
which contain the polarization index in arbitrary 
gauge in the form 


(AA, eR (Bu, 
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we find that instead of eer = Suv there appears, 
according to (1.11’), 


@3 (Rk) & (k) = (Buy, — Rukv/k?) + dikyhy/h?. 


In conclusion the authors express their deep 
gratitude to V. Ya. Fainberg and E. S. Fradkin for 
stimulating discussions and continuing interest 
in the work. 
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Two problems are considered within the framework of the parametric method: 1) Resonance 
charge exchange of protons in atomic hydrogen. Its probability at all velocities can be ex- 
pressed through a single integral involving Hankel functions. A numerical calculation is 
carried out for a single value of the velocity v of the relative motion of the nuclei. 2) Single 
resonance charge exchange of Na* ions in sodium. Up to the present, charge exchange in- 
volving complex atoms has been considered in the hydrogen-like approximation. In this ar- 
ticle, the calculation is based on analytical wave functions and the analytical expression for 
the field of the atomic core. These expressions approximate the corresponding quantities 
computed by the Hartree-Fock method. Results are obtained for all values of v (within the 
limits of applicability of the parametric method ). 


1. INTRODUCTION 


CConmsens between atomic systems for which 
the energy of the relative motion is of the order 
1 ev and higher are most conveniently studied by 
means of the parametric method.!~° 

We shall consider the charge exchange 


(A 22) BoA + (B +e), (1) 


where A and B are certain atomic systems. Its 
probability is given with sufficient accuracy by the 
formula* 09 

Orang =|An,agl = B exp — ee + tEnpt — tEngt 


+i Mbag [Va [Pap > at 
—i \ pn, IVe [pag > atl dt Sur (r —s) Vs ir —sh) 
= (Wa, Va \Ve, >) 2 bn, (r) dr, (2) 


in which yna(or ynp) and Ena (or Enp) are the 
eigenfunction and energy, respectively, of an elec- 
tron bound to nucleus A (or B) in the state 
nA (or nB); Va and VB are the interaction ener- 
gies between the electron and nuclei A and B; s 
is the trajectory of the relative motion of the 
‘‘nuclei.’? Formula (2) is valid for Wnang < 1. 
Its derivation can be found, for example, in the 
paper of Bates.° 

For (symmetric ) resonance, when Ena = Enp; 


(Wn 4 [Vel Yn,> = (np [Va Ing > 
(and v’/Za and v/ZBR « 1, where ZA and ZB 


*Atomic units are used throughout. 


are the effective charges of nuclei A and B), 
formula (2) gives a value of Wnanpg much greater 
than unity. In this case, we should use, instead of 
(2), 

Wagng = Sin?|Anangl (3) 


In fact, (3) coincides with the formula for the 
probability of resonance charge exchange obtained 
by Firsov® and Demkoy’ if in the latter the molec- 
ular terms are calculated in the first-order ap- 
proximation of perturbation theory. For | Ananp|?’ 
< 1, formula (3) goes over into (2). 


2. RESONANCE CHARGE EXCHANGE OF PRO- 
TONS IN ATOMIC HYDROGEN 


By (2) and (3), the probability of the process is 
given by the formula 


w = sin®|Ji — Je], (4) 


where 


+ ivr) dr, 
Jo = = \ exp (— = t) [st 4e(s-? 21) e235] at ( exp(—r 
—|r—s]|-+-ivr)dr. 


As usual, we neglect the curvature of the trajectory 
of the relative motion of the nuclei, i.e., we set 


s=p-+vi, pv =0 (5) 
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(p is the collision parameter ). In the case of 
resonance, this introduces no error. 


The integral J, has been calculated by Brink- 
man and Kramers. ! 


2p? 


Ties uv (1 + 07/4) 


Ky (oV 1 + v7/4). 

We shall now consider the 
determination of J, (see Appendix). The occur- 
rence of this term results from the physical con- 
dition that the chosen perturbation be a minimum 
(in a certain sense), or more precisely, from the 
fact that the mean value of the perturbation in the 
state described by the electronic wave function is 
equal to zero. We find that 


J == \ | Ke (ol8 — Ky (VA +58) 


— ee le VIF) tay ar [Ko(PR,) 


Vite 
‘ky ony dE, 


Kyi (pR, 
— Ko(pR_)] al ae z - 


Rs =V1+(E 40/2). (7) 


Bassel and Gerjuoy® derived an expression for 
the probability of the process [where the term (7) 
was written as a single integral of more complex 
form]. Along with this, they obtained, by Born’s 
method, an analytical expression for the probabil- 
ity of the process as a function of the scattering 
angle. Hence the calculations by Born’s method 
in explicit form can be advanced somewhat further. 
This method, however, is applicable only at large 
velocities, while the parametric method permits 
the construction of an approximation that is suit- 
able for small v. 

The numerical calculations were performed for 
an energy 100 kev (v= 2). Here |Jy- 3,|?’«1 
for all p, and the total cross section was calculated 
from the formula 


= {J — Jo]? 2mp dp. (8) 
0 

Our curve for the probability | J, — J,|* and 
the curve given by Bassel and Gerjuoy® turned out 
to be identical. 

For the total cross section, we found the value 
o = 0.34. The following values were found by 
Bassel and Gerjuoy,°® Jackson and Schiff’ (in 
whose paper the term < g¢na| VB lena > was re- 
placed by s-!), and Brinkman and Kramers! (the 
perturbation contains only the term VB): 0BG 
= 0.32, ojg = 0.26, and opBK = 1.26. Hence, for 
medium v(v? ~ 1), the results of Jackson and 
Schiff’ are more accurate than those of Brinkman 
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and Kramers,’ while for large v (v? > 1), the 


value opxK, and not oJs, coincides with the accu- 
rate value.® 


3. RESONANCE CHARGE EXCHANGE OF SINGLY 
CHARGED POSITIVE SODIUM IONS IN SODIUM 


We shall calculate this process in order to see 
how accurately the universal formulas obtained in 
a number of papers* on the basis of the approxi- 
mation involving hydrogen-like functions describes 
a Single charge exchange. 

We-assume that the charge exchange involves 
only the outer 3s electron and we employ the ana- 
lytical wave functions? and the analytical expres- 
sion for the field of the atomic core obtained by 
I. V. Abarenkov (private communication ); 


p30 (7) = 0.1704 (1 —5.268r 4. 4.01372) em r 
( this function was normalized to 47); 
Ve (r)=r“*{i + 15.85e-8-6r _ § 85 2-10-17 


(9) 


192 Renae 
(10) 
Proceeding along the lines indicated in the 
Appendix, we obtain an expression for the probabil- 
ity amplitude of the process A in terms of a large 
number of integrals of the formt 


peal ane exp (— ar —8|r—s| 
4 ivr) ™—% |r — s [dr 
= (— 1I)™t" (0"1"/da" 0B") J oy (2,8); (11) 
Jun B= araempy | Kol V8 +4) 
=n, (0V#33)] as) 


The extremely cumbersome calculations were 
carried out by the method suggested by Demkov,‘ 
e., the cross section was determined from the 

formula 


lee) 


o= 10 24 A; Qn do, (13) 
Po 
where py is the largest root of the equation 
|AP = 4/2 (14) 
(in the case of those v for which |A |? < %, we 


take py) =0). The results are shown in the table, 
in which o; are the results of ung present work, 
0, are those obtained previously,® and ge are the 


*In the papers of Firsov’ and Demkov,* the corresponding 
calculations were limited to small v; the present author ob- 
tained results*which were valid for both small and large v. 

tWe do not include the term <Wn, |Vp| /n,> here. 
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6 <u? < 400 (16) 
42 | io j the charge-exchange cross section drops much 
5 § [0.00026 | 0.0087] 6 | get more slowly than v'°, and only for v* of the or- 
i | : | der 1000 does it begin to fall off like Wo Peis 
S1 | 385 | 270) | 0,00167 | 3.8108 0% necessary to make a rough estimate of the cross 
391 388 | 272 10,0000 \ia-408 o-@ Sebi ah 
o, | 329 | 164 = = section in the range (16), its value for v“ = 6 
a ( third column of the table ) should be matched to 
. 10 the value for v” of the order 1000. 
experimental data.” The table also gives expres- THescncldcion THO Mtetnnka Game Draee ce, 
peo rae. Tip Ghe years for valuable advice and A. Ya. Chernyak for per- 


For the lowest value of the velocity (v? 


i ing the tedious calculations. 
= 0.00026 ), the cross section was also calculated Sea 


by Firsov’s method.* The value obtained here is APPENDIX 

somewhat greater (by less than 10%) than that 

shown in the table. Using the Fourier transformation 
It is seen from the table that for small v (in “yy 4 0 exp (ike) dk 

the case of resonance charge exchange ), the hy- Oe: a3) ePre ’ 


drogen-like approximation is accurate. In view of 


the fact that, for small v, the cross section has we rewrite the expression for J, in the form 


co 


the form’ ec Pe yeaa: Cao? gs Se a) 5 17s EN 
Js + Tu Hy a ( t Ve oz ex p( Y V x ae P )| 
6(v) = (a— bInv’)?, 15 ee: 
bie , “ x dx \\\ exp (ix& + ipn) d& dn do 
its value at two points completely determines the ae \ JJ (1+ (E+ 0/2)? + yo? + C7 )2[1 + (E — 0/2)?-+ 0? +07)? © 


—oo 


shape of the curve. 


; f Integrating over x, we obtain (see ref. 11, p. 
For large v, the calculations with hydrogen- 


like functions lead to results that are correct only aad) x ms 

as regards the order of magnitude. This is ex- seth : Hwe one ins 
plained by the fact that there is such a sizable de- & a Ve es SSexp eee eA a”) 
crease in the effective distance of charge exchange tye +e? Wl +4(e— = v)? + m2 + C2]-2, 

that the detailed behavior of the wave function and 

the perturbation energy close to the origin prove where 

to be important. The size of the cross section is g(®) = Ky (p|&) —Ko (ep V4 +) 

then determined by two competitive factors: 1) At ni ii2e Vine 

small distances between the electron and the inci- V44 @ See ia 


dent nucleus, the effective charge is much larger 
than in the hydrogen-like approximation. 2) The 
probability of the electron being close to the nu- 


We break up the integrand into simpler frac- 
tions and carry out a change of variables. We then 


cleus is much less than in the hydrogen-like ap- eile ee ee 
proximation. Jo = | gat § Jo (pr) {acer (U1 

It should be noted that, at very large v, inelastic m0 0 ey 
transitions of 2p and 2s, and then 1s electrons +(E +40? +772 +0 +(E— +40)? + 71-7] 
begin to play the main role as the energy increases. * os ; e i | 
If we estimate the charge-exchange cross section + BoE [2 +(6 a 5) t: P| = [1 ap (E = +) 
for v? > 400 (energy much greater than 200 Mev), ‘ 
when captures of 1s electrons are most important, ss af } rdr, 
then it turns out that it is of the same order of from which (see reference 11, p. 260) we arrive 
magnitude as in the case of the capture of an elec- at the final formula (7). 


tron bound to a ‘‘bare’’ sodium nucleus by another 
such nucleus (i.e., the result obtained by Brinkman 1H. C. Brinkman and H. A. Kramers, Proc. 


and Kramers! is 2 x 10’ times that shown in the Acad. Sci. Amsterdam 33, 973 (1930). 
fourth column of the table (v — ~). a Frame, Proc. Cambridge Phil. Soc. 27, 
Thus, for v’ in the range S11 (193d): 
30. B. Firsov, JETP 21, 1001 (1951). 
*Since the second factor indicated above is not involved in SYueN, Demkov, Yueupie 3anucku JITY (Scientific 


these transitions. Papers, Leningrad State Univ.) 8, 74 (1952). 
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Dak: Bates, Proc. Roy. Soc (London ) A247 10.4. M. Bukhteev and Yu. F. Bydin, Izv. Akad. 
294 (1958). Nauk SSSR, Ser. Fiz. 24, 964 (1960), Columbia 
®R. H. Bassel and E. Gerjuoy, Phys. Rev. 117, Tech. Transl., in press. 
749 (1960). 47 M. Ryzhik and I: S. Gradshtein, Ta6anupi 
Bais Wp Jackson and H. Schiff, Phys. Rev. 89, MHTerpaloB, CYMM, pAJOB uM Mpou“sBegeHui ( Tables of 
359 (1953). Integrals, Sums, Series, and Products), Gostekhiz- 
a yusEs Murakhver, Becruuk JITY Leningrad dat, Moscow, 1951. 
State Univ. Reports, No. 4 (1961). 
ov) Ya. Vel’dre, Izv. Akad. Nauk LatvSSR, No. Translated by E. Marquit 
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A set of integral equations is obtained for the partial photoproduction amplitudes. It differs 
from that previously found in that besides the partial amplitudes for scattering of pions on 
nucleons it also contains the partial amplitudes for nucleon pair annihilation into two pions 
and the photoproduction of pions on pions. These amplitudes are related to the partial am- 


plitudes for scattering of pions by pions. 


lie Dispersion relations in energy and momentum 
transfer simultaneously (double dispersion rela- 
tions) were proposed by Mandelstam! for transi- 
tion amplitudes. Thereafter Chew and Mandel- 
stam? developed a method, applicable at low en- 
ergies, for reducing the double dispersion rela- 
tions to single dispersion relations for partial 
amplitudes. Further development of the Mandel- 
stam representation was accomplished by Cini 
and Fubini? and Ter-Martirosyan.‘ , 

Because certain complications arose (see Ap- 
pendix 1) when the Chew-Mandelstam method was 
applied to an analysis of meson* photoproduction 
on nucleons, it became of interest to discuss this 
process in the framework of the Cini—Fubini—Ter- 
Martirosyan method, after generalizing it to take 
into account the spin of the interacting particles. 

In Sec. 2 we discuss the kinematics of a proc- 
ess involving two nucleons, a meson and a photon. 
In Sec. 3 we write in invariant form the amplitude 
for meson photoproduction. In Sec. 4 we derive 
one-dimensional dispersion relations for the me- 
son photoproduction amplitude from the two-dimen- 
sional relations. The resultant one-dimensional 
dispersion relations differ from those obtained 
previously® by an extra term. Because of this 
term certain expressions must be added to pre- 
viously obtained dispersion relations for the am- 
plitudes, as well as for the partial amplitudes:T 
these expressions are found in Sec. 5. 

From the dispersion relations for the partial 
amplitudes one obtains easily integral equations 
for partial photoproduction amplitudes. The lat- 
ter differ from those found previously° in that 


*In what follows we understand by the term meson the pion. 
tThe expansion in angular variables of the amplitude for 
nucleon pair annihilation into a meson and photon needed here 

is given in Appendix 2. 


they contain in addition to the meson-nucleon 
partial scattering amplitude also the partial am- 
plitude for nucleon pair annihilation into two me- 
sons and the photoproduction of mesons on mesons. 

The partial amplitude for nucleon pair annihila- 
tion into two mesons may be determined by making 
use of the integral equations formulated by Frazer 
and Fulco;® the partial amplitudes for meson pho- 
toproduction on mesons can be obtained from the 
integral equations derived by Gourdin and Martin." 
Thus, in principle, a complete solution of the prob- 
lem in question is possible. 

The resultant expressions are rather compli- 
cated. In order to better explain their structure 
we give in Sec. 6 the main expressions for the 
simplest case when the charge of the particles 
and the spin of the nucleon are assumed to be zero. 

2. Let k, q, py and p, be the momentum four- 
vectors of the photon, meson and nucleons respec- 
tively. We consider the processes 


I 
y +Ni > Ne +n, 
w+ Ni +~N2 +, a 
Ni +Ne > +. Ill 
Let us introduce the invariants 
S(px +k), se=(pr-+q)?, t= (p+ ps)?. (2.1) 


In the barycentric frame of process I, these ex- 
pressions can be rewritten as:* 


S = (pio + Ro)? = W? = (Ex +k’)? = (Ey + Ey)?, 
sc = M* +p? — 2E,E, — 2\p||q\ x, 


t = 2M* — 2E,Em + 2\|pi|lpal x, (2.2) 


*We assume in what follows that ab = a,b)—a-b, p? = M’, 
q =p. 
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where x=cos 6, @ being the angle between the 
photon and meson momenta, E, = vk? + M2, 

Ey, = vq?+p2, Ey = Vg? + M2, where M and LU 
are the mass of the nucleon and the meson, and k 


and q are the momentum of the photon and the 
final meson. 


In the barycentric frame of process III we find 
pA (pM?) = (Vq? =u? 41 q’))2, 
Se = M* + p? — 2EpEq + 2\p\||q’ ly; 
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where y =cos y, @ being the angle between the 
directions of motion of the initial and final par- 
ticles, Ep = Vp? + M2, Eq’ = vq’? +u?, where 

Pp and q’ are the momentum of the nucleon-anti- 
nucleon pair and the final meson. 

3. The transition matrix element for the photo- 

production of mesons on nucleons can be written 
in the case of pseudoscalar coupling as follows:* 


<a|R\y> = 3 (2x)* (Rogoprop20)—" 8 (ps + ¢ — pr— k) 


S= M? + w?—2E,E, —2|pliq’|y, (2.3) * 27 u(ps) Pi (k, pr, pe, 1)u(pr)erke: (3.1) 
i Se ee ee 
pwo_f% (pips — Pips), i=1;  — S45 lr" (p? + p®)— 18 (p2 + p%)), i =2: 
| — 245 [r*(p8 — p®) — t(pt — p2)], i= 3; —Y5(r*7® — yx), i = 4; (3.2) 

H . . . . :, A a 4 

ere p is a variable describing the charge of the Tis, ) = 04 + i ( ds’ Im T! (s’, i) | AS | 
produced meson (p = 1, 2,3). ae me ie 

The coefficients Te are functions of the energy ae , 

s, the momentum transfer t, and the isotopic ea \ Ti 7 (tse s-) s: (4.2) 


spins of the meson and nucleon.* The latter de- 
pendence may be made explicit by writing 


ie ies? rst (3.3) 


The coefficients ste possess the following symme- 
try properties under the exchange s — Sq, t —t: 


Tilers) = nil? (Se,5), 

det Sato 7 

AS eee | 

| 

4. The double dispersion relations for the am- 
plitude Tl (Ss, Sg, t) are of the form: 


(3.4) 


(3.5) 


(oe) 


j wei dhl ime pA (2) 
77 (8, Se, t) = O7 +23 adel ha (s’ — s(t’ —2) 
(oo) (oe) j “a 
a A , A! (Sa iu?) 
vas \ ds, \ a 
TY ie taye au) So — SE — 2) 
as Als (s5.8,) 
Jagte \ ds’ ay oa 2085, (4.1) 
(Men (att yye (8 —8)(Se — Se) 
Here 


Of = ril(u® — ) + RIM? — 8) + ni Ri(M? — s,), 


R), y are quantities characterizing the one-nucleon 
and one-meson contributions. 

We restrict ourselves to the low energy region 
where it is legitimate to ignore inelastic processes. 
Then the double dispersion relations may be re- 
duced**! to approximate single dispersion relations 


(at fixed t): 


*Expressions for the transition amplitude in the bary centric 
frame are given in reference 5. 


4p? 
where oJ = ol + Cc} (1+ ni), with the Cc} being 
slowly varying functions of s, se, t, which may 
in first approximation be taken as constant, and 
the HI are amplitudes for the process III.* The 
relation (4.2) is applicable as long as s—M?< 4Muy, 
So—M? < 4Mu, t < 9. 

5. The above dispersion relations for the ampli- 
tude for the photoproduction of mesons on nucleons, 
Eq. (4.2), differ from those obtained previously® by 
the presence of two additional terms (an integral 
term and a one-meson term). When these terms 
are taken into account the dispersion relations for 
the amplitude in the barycentric frame may be 
written as 


(5.1) 


Into the brackets one should substitute the expres- 
sions given by Eqs. (6.8) — (6.9) of Logunov, Tav- 
khelidze and Solov’ev or Eqs. (9.1) — (9.4) of Chew, 
Goldberger, Low and Nambu,° whereas 


(oe) 


dt’ 


s { ; 
U,=C(l+n) +=P \ —— (a12 Im Be 
4p? 
+ ai3 Im Bs + ais Im Ba), (5.2) 
Up Gilet Lp(a (asi Im B 
Gy == 7 ( A aimee \ fey 31 1 
4p.? 
+ a32 Im Be-+ass Im Bs +34 Im Ba), (5.3) 


where the Bj are amplitudes of process III in the 
barycentric frame (see Appendix 2), and 


*To avoid misunderstanding we note that the H} are the 
same amplitudes as the 1 but taken in the physical region of 


process III. 
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=) : Mv, 4 
au = U, O12 (WY A) iy [il © 

etl W?2— M?— 2Mv, 1| 

rer [2 (W—M)(E+M) \ 
w2 — M? — 2M pp Mv; (k’k) | 4 

Aig = | 2(W — M) (W —M) ko} -p?| k| ’ 
_  ,W-—M Sees 

O31 'TEko|P |” a32 Dep I. 

4 [: (W — M) “| 

433 = — 37k | (E+ M) Ee 


an (Ett Se 


(k’k 1 
ko || p?|k| © 

The expression for U, may be obtained from 
that for U, by replacing everywhere W + M by 
W = M and —1 by +1, and the expression for UW, 
may be obtained from that for U3 by replacing 
everywhere —(W-M) by (W+M). 

The dispersion relations for the partial ampli- 
tudes are similarly modified: * 


Rew = (ey) Mi. (5.4) 


Into the brackets one must substitute expressions 
determined by Eq. (28) of Solov’ev,° whereas 


BG te 
mie =e + 4p \ at’[Pr| AGS DB awton| 


ap? b=1 m=1 l’=0 


Im ef} = TP ee tpl a 2m tn bm (5.5) 


ap? 
44 


Ooh Z pet 
Cen aD J 
in Yearly]: 
We VOLDGED 
x ’ , 
afm |p Pu| oj, EO OED oy sy) 
U = 
ah aa i (y) + Oia ze Pis(y)|, (5.6) 
ta 2j+1 2j +4 
O,= \ Py |—a, 7 P; ie : 
“tid, \rarPe| pp PW) + An Gy Pi Ww), 
+1 =a 
Nl ee 127 +4) p’ 
ae a Weare | a 741 Piss (y) 
il 


"4 


+ a; — — Pp, jg ————— 
Ve j i(y) + “Ga DVI 
Here byy’ are the partial amplitudes for process 
Hivos = @/ Kj, Kj being coefficients connecting 
the amplitudes Aj with the Uj, and thm are the 
coefficients that accompany bj: pie the expansions 
(A.10). 


Piss (y) | : 


*At that the coefficients bmp’ are related to the coefficients 
bj‘; that appear in Eq. (A.12), as follows: 


. —!/, = ace 
IIb po igh = Oye 12 Oe tgp = dag, 


: —1/ os . —'/, 
i2 2D | => Bays i2 ies; = by 
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By making use of the unitarity condition Im Dml’ 
may be expressed in terms of the partial ampli- 
tudes for the processes of nucleon pair annihilation 
into two mesons and photoproduction of mesons on 
mesons.* The indicated amplitudes may be deter- 
mined by making use of the integral equations de- 
rived by Frazer and Fulco® and Gourdin and Mar- 
tin.’ In other words, the expression for the addi- 
tional integral (5.5) in the dispersion relations for 
the partial photoproduction amplitudes may be con- 
sidered as known. Consequently one obtains for 
the amplitude for photoproduction of mesons on nu- 
cleons integral equations that differ from the ones 
obtained previously® in the structure of the inhomo- 
geneous term, which contains, in particular, a con- 
tribution from m7 scattering. 

6. As can be seen, the resultant expressions 
are rather complicated. To better understand 
their structure we show below the main expres- 
sions in the form that they take when it is as- 
sumed that all particles are neutral and that the 
nucleon has spin zero (the spin of the photon is 
taken, as before, to be unity, and the meson to be 
pseudoscalar). In that case in the expression (3.1) 
for the amplitude of the process only one function 
(T,) will be different from zero. 

In place of the dispersion relations (5.1) we 
obtain 


Re U(W, i) = Q+=P ( dw’ 
M+» 
s Fee aa Wy wom =| Im U (W’, 1), 
where feat) 
Q =r t wim) +AU, 


Cee eta 


AU Ch yy) ee ip ds, Im B 

4u? 
—a quantity characterizing the contribution of 
process III. 

In the static limit (M — -~) one gets with the 
help of Eqs. (5.4) in this model the following dis- 
persion relation for, for example, the partial am- 
plitude E;: 

7 eq il 
Re Ey (2) = Ne De (= + 47,)ayiné (0) 
where E, is the sinplithd’ for meson production in 
the P state by an electric quadrupole photon, N 
=M°+Mj, «€=W-M, ce’ =W’-M. The corre- 
sponding integral equation is written as:t 


=p 


*See Appendix 3. 


tHere one should keep in mind that Im E, = E,h* where h 
is the meson-nucleon scattering amplitude. 
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e’—e— id 


Nay’ +z\ de’ | : 
) 
1 
a Ome eaO 
where 


|X (e) A (e’), 


Xi = F1/ €q, N’ = N/ #4. 


The solution of this equation has been given by 
Omnes® [Eqs. (5.3) —(5.9)]. The situation is anal- 
ogous in the approximation under discussion for 
the other multipole as well. 


APPENDIX 1 


We consider first the case when the mesons 
are produced only in s and p states (i.e., we 
limit ourselves to photons with energies close to 
threshold). Then the nonvanishing coefficients 
Mj]; in the expansion of the amplitude Tj(s,x) in 
the angular variables x can be written as 
al 
\ T2(s, x) dx, 

1), 


if the mesons are produced in s states, and as 


2 


Mos(s) = 5 (A.1) 
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+1 
Mu (s) = — 5 \ Tixdx +3 \ Trdx + \ Tede, 
a = —i! = 
=k = ai Sol 
(° , Ae. , AL ie , 
Miz (s) = \ d herg ok as Mis (s) = | Ty dx + = \ Pex dx, 
—1 —1 —1 (A.2) 
if the mesons are produced in p states. 
Bete 
Mu = M:i_— Mi, Me =(f4+1) Mi,4+ IMz, 
Mp = Ei, Mu= EE, T, = — WT1/ Ka, 


T) = 38WT, / 2iK,, T, = —4WT,/(W —M) Kz. 
The coefficients Mji(s) and Ejs(s) depend on the 
energy only and constitute the amplitudes for meson 
photoproduction with relative orbital angular mo- 
mentum 7, by magnetic and electric multipoles re- 
spectively, when the total angular momentum of the 
system is 1+%. 

We make use of the double dispersion relations 
(4.1) to deduce the analytic properties of the ampli- 
tude Mj; in the complex s plane. After substitu- 
tion of Eq. (4.1) into Eqs. (A.1) and (A.2) there will 
appear in the latter equations denominators of the 
form sg—Se, 8’—s and t’—t. 

The vanishing of the denominator s’—s gives 
rise to a series of branch points on the positive 
real axis of s; the first one of these branch points 
istat;.s = (M ns (see the figure). The vanishing 
of the denominators s@—Scg and t’—t with x=1 
results, after Eq. (2.2) is taken into account, in 
the equations: 


769 
S’s, +-s (s? + Mp? — M4 su? — 2s M?) 
+ 2 (— sM? Vie ln su? — M12) — On 
52 + s (t/ — 2M? — p?) + 14M2/¢’? + Mt WM? = 0, 
(A.3) 
For x = 0 these equations become instead: 
s? + 2(s,— M? — p?/2)s— M*+ Mp2 = 0, 
s* + 2(¢’ — M?— p2/2)s + M*— M22 —0, (A.4) 


The singularities due to the pole terms appearing 
in Eq. (4.1) are obtained by setting in the above 
equations sQ = M? and t’ = p?. 

An analysis making use of Eqs. (A.3) and (A.4) 
shows that the partial amplitudes are analytic func- 
tions in the entire s plane except for a cut along 
the real axis from (M+)? to © and from M? to 
-—« and also along the circumference of the circle 
C (see the figure). The existence of singularities 
lying in the complex plane considerably compli- 
cates the situation.* The analytic properties of 
the partial amplitudes Mj; for other values of 1 
will be the same provided that the expressions for 
them contain no coefficients with W = Vs ,» which 
introduce additional branch points. 

APPENDIX 2 

We give here the angular expansion of the am- 
plitude for the process y + 7—>N +N, which was 
used in deriving Eq. (5.5). The matrix element 
for this process is given by 
(ny |R|NN> = 4 i (2m)48 (pr + p2 — k — Q)(progokop20) 


x Di Hiu (p2) Pi (k,pr,p2y) 0 (pr)eake, (A.5) 


In order to obtain por it is necessary to replace 
p, by —p,; in the appropriate expressions (3.2) for 
Pop. 
* Since in the barycentric frame we have on the 
one handt 
uiv = — QikoE (k’ e), 
u@2v = E-1 (pk) (o [ek’]) + E71 (k’e) (¢ [kk’]) 
+iE-Mko (k’e), 
uD,v = — E71 (pok) (e[ek’]) + E+ (k’e) (¢ [kk’]) 
+ iE4Mk, (k’e), 
= ; ”) A , 
ree 2 (k’e) + 2(¢ [ekl) — g7ecqp Kk’ ©) (@ Tk’) 
Eakhe A.6)t 
*An analogous situation occurs for meson-nucleon scatter- 


(o[k’el), 


: 9 

ing. ic Ps _ 
tAt that P,,= 9, ,, ®, =P, +P, ®, =P,—P;. 
t{kk‘] =k xk’. 
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and on the other hand!° (we have dropped the fac- 
tor preceding the es 


(o{k'e)) 
ple pepe 


(6 (ke]) (o [k’k]) (k’e) 
f |k| B; + k’?| k | B,, 


we find by substituting Eq. (A.6) into Eq. (A.5) and 
comparing the result with Eq. (A.7) that 


<ny|R| NN) =! = 


(A.7) 


— Bi/|p|ko = 2EH} — MH3/E — 2H;/E, 


Bee He (kW) / Bb 2 (kk) Aa Be > M) RoHS pl, 
BE OH ke Beye ki ee 
— 2Hi/E (E +M). (A.8) 
Determining from here H? we get 
_ Blt. y) Bs (t, 9) MBa (t, 9) 
fi (t,Y) = Sep tp) 2E(E+M)|k]  2Ep*i kl? 
Bs (t, y) EBa (t, y) 
fia (6, 9) = Tee + MTR’ 
Bo(t, y) _ (k’k) Ba (f, y) _ __ Bs(t, y) 
Hs (i, y) = ele nite He C3) = 2|k| 
(A.9) 
where (see reference ae 
i V2 Bi (t, y) = bv, tee Pj (y), 
ee 1) (2 
—iVE Balt, 9) = br4n) PEEDEEY ps (uy) 
ic ee 2j 
Sal Tepe (y) — yen ED), ne Pity (y), 
TE 
—iV2 Bs (t, y) = — bras VV AEP Pi y) 
ARTES ee 
+ bys V F* Pi(y), 
a5 (ont) Sed 
i V2 Belt, 9) = bry V AF Pay) 
2i+1 p 
a TES Pry) + bra V aie Pita (Y). 
(A.10) 


Here j and l’ are the total and orbital angular 
momenta of the final nucleon-antinucleon system. 
APPENDIX 3 
Expanding both sides of the equation 
Im B (t, y) = \ dy’ dO lal ee (A.11) 


in polynomial-matrices! 


Nghe Na eA 


cas! al \ dy’ dey Fip (t) Lip (y’) Gmn (t) Lin (2) 
(A.12) 

and making use of the normalization condition of 

the polynomial-matrices, we obtain 


Im )} bin (t) Lin (y) = 400 Dj Fam (t) Gin (f) Lan (y), (A-13) 


Im >} 6, (2) Lay) 


where Fam and Gmn are the partial amplitudes 
for the processes of meson photoproduction on 
mesons and nucleon pair annihilation into two me- 
sons. A comparison of the coefficients of iden- 
tical Lj, and Lan gives as a result an expression 
for the Im bj, in terms of the partial amplitudes 
Fom and Gmn- 
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The pole approximation?” is employed to describe peripheral collisions of nucleons at 9 Bev 
aes results of the calculations are compared with the experimental data,!* and the nereoment 
is found to be satisfactory. The region of applicability of the pole approximation is estimated 
and the possibility of obtaining information on the properties of the 7 -meson propagation 
function and ™N interaction cross section as a function of the square of the 7-meson 


4-momentum (k’) is discussed. 
INTRODUCTION 


Aw abundance of experimental data on the 
nucleon-nucleon (hereafter, NN) interaction at an 
energy of 9 Bev is now available.!* On the other 
hand, the recently suggested pole method of calcu- 
lating strong interactions has been further de- 
veloped. It is therefore of interest to compare 
the theoretical data on the NN interaction at 9 Bev 
with the experimental data. 

It should be noted that certain experimental 
data! (for example, the strongly anisotropic 
c.m.s. angular distribution of the nucleons, the 
c.m.s. asymmetry of charged particles, etc. ) 
directly indicate the important role of peripheral 
interactions in this process. One can state in ad- 
vance that these data cannot be explained with the 
aid of the statistical theory®~ of central nucleon- 
nucleon collisions. 


METHOD 


We shall not consider here all the aspects of the 
pole method, which has been described in detail in 
references 3 — 5; we shall discuss only the as- 


sumptions on which it is based. 
1. The propagation function of the intermediate 


meson in the general case should have the form 


{ co 
arr \ oe dn, (1) 
(3p)? 


D (k?) == 


where p(k) is an essentially positive function 
which is not yet known; k is the 4-momentum of 
the intermediate meson, ek — kt h=c= 1; 
up is the -meson mass. In the one-meson pole 
approximation, only the first (pole) term in 
expression (1) is taken into account; it is seen 
from (1) that the influence of the second term is 
important only for ker (a 2 


1G, ale 


2. The cross section for the interaction between 
a m™~-meson and a nucleon depends on the energy w 
(in the c.m.s. of the nucleon and 7 meson) and 
also (if the 7 meson is virtual) on the quantity 
k*. In the general case, we can write 


0 (w, 2) = 0 (w, = —p?) — 5 (0, PR’). (2) 


The first term represents here the cross section 
for the interaction between a real 7 meson (kK? 
aaa ue ) of energy w anda nucleon. The role of 
the second term has not yet been investigated in 
detail.* It, too, is neglected in the pole method. 

3. Only the one-meson diagram is considered 
in the pole method (Fig. 1). Diagrams in which 
the nucleons exchange two, three, etc. mesons are 
not considered. The basic question that arises in 
the estimate of the permissibility of this simplifi- 
cation is not the extent of contribution to the cross 
section, but whether there is significant interfer- 
ence between the one-meson diagram and the multi- 
meson diagrams. In fact, if the interference is not 
significant, then the contributions of the various 
diagrams to the cross section are additive; the 


*Generally speaking, the sign of the second term cannot 
be determined beforehand. It is very likely to be negative 
[i.e. o(k?) decreases with an increase in ke]. 
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calculation of the one-meson diagram is of value 
in itself, and can be used to describe part of the 
experimental data. The question of interference 
is complicated and merits special investigation. 
We present here only a number of arguments indi- 
cating that this effect plays an unimportant role. 

In the case of the one-meson exchange, two 
groups of particles are produced from nodes 1 and 
2. These groups of particles have anisotropic dis- 
tributions (in the c.m.s.) and are emitted in dif- 
ferent directions. The greatest interference be- 
tween the one-meson matrix element and the two- 
meson (in general, multi-meson) matrix element 
occurs when the angular distributions are similar. 

In this case, however, interference will occur 
only if all the quantum numbers characterizing 
each group of particles [the intrinsic angular mo- 
mentum (spin) J, its projection on any axis my, 
the parity I, the isotopic spin T, etc. ] coincide. 
In the case of exchange of one meson, T = Whe ays 
My = ¥,. (Here my is the projection of the spin 
on the momentum of the primary nucleon in the 
system in which the momentum of the entire group 
of particles is zero.) If it is assumed that the 
quantities T, Tz, and My in multi-meson exchange 
are distributed at random, then one can estimate 
the probability that they all coincide with the 
corresponding quantities for one-meson exchange. 
For the two-meson exchange, the requirement that 
only the quantities T, Tz, and my coincide leads 
to the probability W~0.1. The requirement that 
all other quantities coincide (total angular 
momentum J and parity I) can only reduce this 
estimate. 

Using the three assumptions enumerated above, 
we can write an expression for the inelastic 
NN -interaction cross section: 


S yy (Eo) = 


2 2 
07-0 


1 ] 
einer rere 
és Sy, (2) 5x, (Y) + = dy, (2) oy, (Y) + = oy, (2) oy, (y)forpp 
= Oy, (Z) Ox, (y) =: * Ox, (2) Ory, (y) a ‘ O1/, (z) O1/, (y) forpn 


Here 


z= 5(Mi—m*—p), y=>(Mj—m*?—p*), (8) 


03/2(Z) is the cross section for the interaction be- 
tween a 7 meson and nucleon at an energy wl, 
=z/m in the isospin state o etc.; K? 

= 2(E)E; — ppP,) — m7 — m? (the quantity «2 re- 
flects the virtualness of the 7 meson and is of the 
order of magnitude k’/2); Ey, Po, and m are the 
c.m.s. energy, momentum, and mass of the primary 
nucleon; E; and p, are the energy and momentum 
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of the entire group of particles emitted from node 
1; M,= VE? — Pi is the energy of this group of 
particles in its rest system; E,, Py and Mp», are 
the corresponding quantities for node 2. 

Hereafter, for convenience, we shall call these 
groups of particles isobars and carry out the cal- 
culations in two steps: a) the calculation of the 
production of the two isobars (with masses My, 
and ®,) and b) their decay into secondary parti- 
cles. This procedure is used primarily to facili- 
tate the calculations, but it is also justified physi- 
cally, since the time for the production of the iso- 
bars, as a rule, is much smaller than the time for 
their decay. In fact, the production of an excited 
state is a one-quantum process, and its time in the 
rest system of the isobar is estimated from the un- 
certainty relation T;AE ~fi (AE is the excitation 
energy). The decay of the excited state is a multi- 
quantum classical process and the time for it is 
T AE > fh. More precisely, T,AE ~ nh, where n 
is the value of the action in the decay and has the 
order of magnitude of the number of secondary 
particles. The case n=1 (decay into one 7 
meson) occurs primarily at w], ¥ 200 Mev (the 
so-called Tamm isobar’), However, here, too 
T2 >> T,, but for other reasons due to the resonance 
character of the 7N interaction in this energy 
region. 

According to the sense of this method, one 
should insert in (3) the experimental cross section 
for the 7N interaction instead of o(w). Hence, to 
calculate NN interactions of different types at 9 
Bev, it is necessary to.have the following data on 
the mN interaction in the energy region wl, 
= 20 DEV: 

a) The elastic and inelastic cross sections for 
the ™N interaction and also the c.m.s. angular and 


momentum distributions of the secondary nucleons. 
These data were taken from experimental 


investigations. *"2* 

b) The multiplicity and prong distribution in 
inelastic ™N interactions for the individual 
isospin states of the 7N system. These data 
cannot be taken directly from the experiments. 
Since the experimental data are, as a rule, 
averaged over the isospin, we calculated these 
characteristics on the basis of the statistical 
theory.** It should be kept in mind here that in 
this energy region the statistical theory formulas 
for suitably chosen parameters are empirical 
formulas describing the experiment. Actually, all 
the calculations with formula (3) have to be per- 
formed numerically. 


*We note that the elastic wN interaction in the energy region 
1 Bev <r < 2.5 Bev is basically of a diffraction character. 
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40 FIG. 2. Transverse momen- 

a tum distribution of the nu- 
cleons (curves 1 and 2 are 

20 / the theoretical curves for va- 


tiants I and II, respectively; 
the histogram represents the 
D) 7 er ur eat experimental data!’’), 

First, we calculated by formula (3) the total 
cross section oyn, which proved to be 18 mb. 
Here we imposed no additional restrictions on the 
value of the ‘‘virtualness’’ k?. The basic contri- 
bution to the cross section came from cases with 
a virtualness not exceeding (7). 

According to the experimental data, the cross 
section for the processes observed in references 1 
and 2 was 21 mb. It thus follows that the pole 
approximation (if it is valid in the region k? 
< (Tu )?, can be used to describe a basic part of 
the experimental data. We therefore compared 
the results of the calculations with all the experi- 
mental material without an additional selection. 

However, it was not clear beforehand whether 
the above assumptions were valid for large values 
of the quantity k? ~(7y)*. It was clear, however, 
that the smaller the value of k’, the more justified 
were the assumptions. We therefore carried out 
the calculations with an additional restriction on 
the magnitude of the virtualness: k? = (3 )?.* 

[In this case, the term (u2+ x? + 4p)P,)7 in 
formula (3) is replaced by an expression of the 
form (6° + p*)"*, where 6° =kyjax = (34)*.] In 
this variant, the cross section oNN turned out to 
be 4 mb. It thus follows that this variant can de- 
scribe only a small part of the experimental data 
(~ 20% ); the results of the calculations in this 
case are valid only with a special selection of the 
experimental cases in which the value of the trans- 
ferred momentum is small (these selection cri- 
teria are discussed below). 

By carrying out the calculations for both vari- 
ants and comparing them with the experiments, we 
hoped to obtain information on the applicability of 
the pole method in the region of k? between (31)? 
and (7p). 


RESULTS OF THE CALCULATIONS AND 
COMPARISON WITH EXPERIMENTAL DATA 


1. The transverse momentum distribution of the 
nucleons (pl) is shown in Fig. 2 for the two 
methods of calculation: variant I with no restric- 
tion on k* (curve 1) and variant II with kK? 


*This variant already has been partially considered by Dremin 
and Chernavskii.* 
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FIG. 3. Energy distribution of the recoil nucleons in the labora- 
tory syStem: a — variant I, b — variant II; curves — theoretical 
results, histograms — experimental data (the kinetic energy of 
the recoil nucleons is laid off along the abscissa axis in frac- 
tions of the nucleon mass) . 


= (3u ¥ (curve 2). The experimental histogram 
is also shown in the figure. The curves and the 
histogram are normalized here (and below) to the 
same area. It is seen from the curves that in 
variant II practically all the nucleons have p, 

= 2.5 uw; the experimental distribution is signifi- 
cantly broader. Hence, to compare the experimen- 
tal data with other characteristics obtained from 
the calculations by variant II, we selected from 
the former only those cases which satisfied the 
condition PT = 2.5 (where PT is the transverse 
momentum of the recoil proton). 

Comparison of the experimental histogram with 
the curves obtained from variant I indicates satis- 
factory agreement. A difference (double the ex- 
perimental error) occurs only in the interval pL 
Wg he, 

It should be noted that, in the theoretical calcu- 
lation, the basic contribution in this region comes 
from cases in which two ‘‘ordinary’’ isobars with 
ge = 1.3 m and isospin *4 are produced, i.e., the 
isobars involved in the resonance scattering of 
200-Mev m mesons.'® On the other hand, there 
are grounds for assuming (see below) that a 
large number of these cases were missed in the 
experiments. This discrepancy can thus be at- 
tributed to ‘‘technical’’ rather than physical 
factors. 

2. The energy distribution of the recoil nucleons 
is shown in Fig. 3a. Two facts are striking. First, 
the recoil nucleon spectrum drops sharply begin- 
ning with €,in ~ 150 Mev. This is characteristic 
for the picture of peripheral collisions and does 
not occur for ‘‘central’’ collisions. Second, the 
spectrum is not monotonic; a second weak maxi- 
mum appears at €kjn =120. This maximum is due 
to the contribution of cases in which one of the 
isobars has a mass M =1.3 m. Unfortunately, the 
experimental accuracy at the present time is in- 
sufficient for the separation of this maximum. It 


174 r. 


TABLE I. C.m.s. angular 
distribution of nucleons. 
Calculations for pp 


collisions. 
Percentage of cases 

Cosine 

eS variant I variant II 
4 —0,95 70 89.0 
0.95—0.9 ) By) 
0.9 —0,85 4.2 3.2 
0,.85—0,8 359) Dae) 
0.8 —0.75 Pee) 
0.75—0,7 1.4 
0,7 —0,6 2yoeh 
0,6 —0.5 Pee) 20) 
0,5 —0,0 Bei 


is possible that it can be observed more easily at 
a higher nucleon energy. 

Comparison of this curve with the experimental 
data indicates good agreement, except for the 
interval €kin = 30 Mev. However, in the experi- 
ment, cases in which the recoil nucleons had ener- 
gies €kjin = 30 Mev were simply discarded. On the 
other hand, according to the theoretical curve, 
about 10% of the cases are of this energy. It 
should be noted that the contribution to this region 
comes mainly from cases in which two isobars are 
produced with equal masses M, = My = 1.3 m. 

An estimate (based on the statistical accuracy 
of the experiment) indicates that the ‘‘missing’’ 
of such cases is quite real. In this connection, it 
should be noted that the contribution of these 
cases to the transverse momentum curve may 
also have been ‘‘missed,’’ as was already pointed 
out above. 

The energy distribution of the recoil nucleons 
calculated by variant Il is shown in Fig. 3b. Also 
shown there are the experimental data selected in 
accordance with the criterion PT =2.5y. The 
agreement is good. 

3. The c.m.s. angular distribution of the nu- 
cleons is shown in Table I. It is quite anisotropic 


1 08 06 04 O02 Ocosé 

FIG. 4. 7-meson c.m.s. angular distribution for variant I (pp 
interaction); the curves represent the theoretical results and the 
histogram represents the experimental data, '’? 
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both in variants I and II. The experimental data 
are not in contradiction with the calculations. 

4, The s-meson angular distribution is shown 
in Fig. 4 along with the experimental histogram. 
It is seen that the 7-meson angular distribution 
is anisotropic, although it is essentially wider 
than the nucleon angular distribution. The small 
difference in the low-angle region is apparently 
due to the same ‘‘technical’’ factors mentioned 
above. The difference in the large-angle region 
(the theoretical curve goes above the experimen- 
tal points) may have a physical basis. On the 
whole, we consider the agreement to be satis- 
factory. 


TABLE II. Multiplicity and prong distribution 


Percentage of stars 


Variant I Variant II* 
Character of the star | 
statistical expt. expt. 
calc. | theory calc. 
pp interactions 
Two-prong 35 Byte) 4645.4 cya) {syaeeni’: 
Four-prong 58,9 58.9 44,7£5.3 | 63,4 135448 
Six-prong 6,0 8.6 Sale One 1.6 6+3 
Eight-prong |} Ose 0,1 0.62+0,62 == = 
Mean multiplicity 3.46 3.53 Byars 3:4 | 3,42 
Pn interactions (variant I) 

One-prong 18.4 14.5 oom oad 
Three-prong 65,2 09,4 Nowa 
Five-prong Aa 25.0 DyO=3e2, 
Seven-prong 0.7 Area aieetco 
Mean multiplicity 2.96 3.29 2.6 
Charged particle 0,47 0 OF4+052 
asymmetry 


*The experimental data refer to cases in which the transverse mo- 
mentum of the recoil proton is < 2.9\ fl. Lhe theoretical calculations , 
in variant II took this into account. 


5. We calculated the number of charged parti- 
cles produced in 7N interactions at energies wy, 
from 0.7 to 2 Bev by means of the statistical 
theory .* 

The probability for the production of the corre- 
sponding isobars was calculated on the basis of 
expression (3). 

In variant I, we calculated the multiplicity and 
the prong distribution for pp and pn collisions. 
The results are shown in Table II, which lists also 
the experimental data and (for comparison) the 
results of the statistical theory calculations for 


*Here we took into account the contribution of the diffraction 
part of the interaction which constitutes ~ 30% at an energy 


©L > 1 Bev. The determination of the number of “‘prongs”’ is in 
the latter case trivial. In the energy region wz, < 200 Mev, where 


the interaction is elastic, the number of prongs was found from 
considerations of charge symmetry. 
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central NN collisions under the assumption of the 
production of a single system of mass: M = 5 Bey. 

Attention is drawn to the fact, first, that the 
calculated multiplicity in peripheral collisions 
was found to be of the same order as in central 
collisions. The reason for this is that the multi- 
plicity is a weak function of the energy, and the 
production of two ‘‘isobars’’ of smaller mass can 
give the same multiplicity as the production of one 
“‘compound’’ system of large mass. Second, the 
other enumerated characteristics (for example, 
the c.m.s. asymmetry of the charge distribution ) 
listed in Table II are essentially different from 
the results of the statistical theory calculations 
for ‘‘central’’ collisions (in general, no asym- 
metry can occur there). 

The experimental data do not contradict the ob- 
tained values (within the limits of two times the 
error), but it cannot be stated that there is full 
agreement. The calculated multiplicity is some- 
what greater than the observed one, but the calcu- 
lated charge asymmetry is in agreement with that 
observed. 

In variant I, the calculations were performed 
only for pp interactions under an additional condi- 
tion: we selected only cases in which a proton 
was emitted ‘‘backward’’ in the c.m.s. The re- 
sults of these calculations are shown in Table II 
along with the experimental data selected in ac- 
cordance with the criterion Pr = 2-0) ue agree. 
ment is good. 


CONCLUSIONS 


The comparison of the theoretical results with 
experiment indicates that the peripheral one- 
meson interaction calculated by the pole method 
satisfactorily describes the basic part of the ex- 
perimental data, and, consequently, the pole ap- 
proximation is applicable in the region k? 
< (7p)* important to the calculations.* This can 
serve as an indication that, first, the nonpole term 
in the propagation function (1) is small in the re- 
gion k? < (7) in comparison with the pole term, 
and, second, the cross section is a smooth, slowly- 
varying function of k? up to kK — (7) | This, of 
course, does not exclude the possibility that the 
nonpole terms in (1) and (2) are both large, but in 
the region k’? = (7)? they offset one another. ] 

The marked difference between the calculations 
and experiment as regards the multiplicity indi- 


*A similar calulation and comparison with the experimental 


data at 200 Bev'*’'® gives additional information on the character 


of the pole approximation at larger k?. This question has been 
considered separately.*® 
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cates that the role of the second term in (2) is 
more important than the second term in (1). In- 
deed, if we allow for the drop in the cross section 
with an increase in k’, we could reduce the role of 
the cases of high multiplicity in the calculation and 
bring about agreement with experiment; the inclu- 
sion of the second term in the propagation function 
can only increase the multiplicity. 

Hence it seems that such experiments and the 
improvement of their accuracy can provide in- 
formation (although indirectly) on very important 
quantities in contemporary theoretical physics, the 
functions p(k) and o (k?). This is of interest, 
Since thus far there are no other experimental 
sources of such information. The fact that the 
results of the calculations by the second variant 
[k? = (3. )?] are in good agreement with part of 
the experimental stars (selected in accordance 
with the criterion pl =2.5y) is important in this 
situation only as an additional confirmation; they 
do not give any new information. 

Comparison of the absolute values of the cross 
sections indicates that the contribution of inter- 
actions of another type (for example, multi-meson, 
K-meson, central, etc.) can constitute 20 — 30% 
of the total cross section. However, it is not 
possible to separate them by their total mass ina 
given experiment, since it is difficult, at present, 
to indicate criteria for such a separation.* 

In conclusion, the authors take this opportunity 
to express their gratitude to E. L. Feinberg and 
V. I. Veksler for their constant interest in this 
work and valuable comments. 
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The electronic paramagnetic resonance line width in solid paramagnetic salts is computed by 
taking into account the unresolved fine and hyperfine structures. 


He A single resonance line is usually observed in 
magnetically concentrated paramagnetic salts of 
elements of the first transition group. Fine and 
hyperfine splittings, which appear in dilute sam- 
ples in the form of corresponding structures, are 
not resolved in the case of concentrated specimens 
because of the strong exchange interaction. Simi- 
larly, in magnetic dipole-dipole interactions they 
make their contribution to the width of the natural 
observed line and are also subject to the narrowing 
action of exchange. This fact, which is used to ex- 
plain the divergence between experiment and 
theories which take into account only the dipole 
splitting of the magnetic resonance line,!* has 
been little studied quantitatively. 

The equation for the absorption curve is de- 
rived below by the method suggested by Kubo and 
Tomita,? taking into account the contribution of the 
unresolved fine and hyperfine structures in solid 
magnetically concentrated salts of elements of the 
first transition group. 

2. Kubo and Tomita? have shown that the spec- 
tral density I(w) of the absorption line in mag- 
netic resonance is determined by the Fourier 
transform of the autocorrelation functions G (t) 
of the component of the magnetic moment along 
the applied alternating magnetic field 

I (0) = \ G (De-‘de, (1) 


where 
G (t) =< {Mz (t) M,}>. (2) 


Here the symmetrized product { Mx (t)Mx} is 
averaged with the density matrix, which can be re- 
placed by a constant for not very low temperatures 
(kT >> fiw). Mx(t) is the magnetization operator 
in the Heisenberg representation 


M. (f) = exp (it¢/N) My, exp (— itH/h), (3) 


where % is the Hamiltonian of the system in the 
absence of the alternating field. 

On consideration of the effects of motion and 
exchange, the Hamiltonian #% splits into two parts: 


an + Hot #, (4) 
such that HK + Hy = Hy is the unperturbed Hamil- 


tonian defining the basis functions and Ht’ is the 
perturbation, whence 


eee Hs) ad (Wa Mx) = 0. (5) 


Solving the equation of motion ih Mx (t) 

= [ Mx (ft); HE + #') by the method of successive 
approximations, we obtain an expansion of G(t) 

in a series: 

> Gn), (6) 
n=0 

the first three terms of which describe the basic 
characteristics of the effect of motion and exchange 
on magnetic resonance, according to which we can 
establish G(t) in the form 


COS Reba 


t 
\ (¢ — v) de exp (dwyt) fax (1) }, (2) 


’ \ 
<< eXDP {iwat = >) oe 
5 ¢ 


with accuracy which is sufficient for our purposes; 
here Coy is the second moment of the broadening 
perturbation 

A Ser Gy Pa ede Cees Ps: (8) 
fay (1) is the correlation function: 
fax (T) ad ; aad a) 

= CL Meay H(t) Hy (0), Mex, al} >/< | [Maras Hy (0)] >. 
(9) 


The quantities Nowe Hy (t), Wq, and wy are 
defined by the relations 


ORE 
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exp (itd, + H2)/h] My exp (— it(#, + #2)/h) 
== exp (it ,/h) M, exp (— itH#,/h) = 2 Mya exp (iwal), 


(10) 
exp [it (G1 + Hs)/M\ He’ exp (— it (Hy + Hh) - 
= exp (it H./h) |> He, exp (i,t) | Sol it Hs/N) 
x 
= YH, (t) exp (iw, t). (11) 
AG 
3. For the description of the behavior of the 
lowest spin levels of a system of N identical 
magnetic ions of a solid paramagnetic salt, the 
Hamiltonian # is introduced: 
ee Ot ee es, ole, (12) 


where we have the operators Hz = Zeeman energy, 
Hts = fine structure, Whfs = hyperfine structure, 
Bess = magnetic dipole-dipole interaction, and He 
= exchange interaction. 

The local electric field at the position of loca- 
tion of the magnetic ion is frequently a combination 
of a strong field of cubic symmetry and a weak 
field of lower, usually axial, symmetry.’ Then 


i AgbH » [Sn (cos? — +)+ + 


Hpg= ND (Six — 4S (S + 1) — 182 
R 
oe (SiS. TS z)n XP (4@p)] Sin 9, CoS Dy ++ 


g= = (e+ 281), 


The exchange forces are relatively short range 
and are effective only in salts with rather high 
concentrations of magnetic ions. Therefore, ina 
sufficiently magnetically concentrated salt, #z 
+ Hts + Sts + Hs can be regarded as a per- 
turbation relative to ae + Be, i.e., 


Vaal = Ne 200 — Hee A He Gey te Sac (18) 


Experimentally, this corresponds to the case of 
observation of a single line of electron paramag- 


netic resonance without resolution of any structure. 


It can be shown that the contributions to the 
spectral density I(w) (1) from the different parts 
of the perturbation 5’ (18) can be computed sepa- 
rately. The effect of exchange KH e does not appear 
on this part of the width of the absorption peak, 
which is associated with the anisotropic part of 
the Zeeman energy (since aes #e]=0), and the 
term #z will be omitted in the consideration of 
exchange narrowing in solid salts. 
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He, = — gi8 >; Sey fier ote 8 Y(Sxa lyn == Syell gm Ato) 
k k 


H= WD D\(Sin— 4 S(S + DV). (14) 
R 
For simplicity, we shall take the operators Hts 


and ae to be isotropic: 
Rrie= ha DiSe Ih, 
R 


& BataSS; 
>f 


Hess = 2B? Dy 77° (SiS; — riz? (Sera) (Siri) 


i>j 


(15) 


Here D and A are constants of the fine and hyper- 
fine structures, Jij = Jji = exchange integral, and 
Li distance between the i-th and j-th magnetic 
ions. 

Introducing the angles 3, and ¢,, which are 
formed by the axis z}, of the local field at the kth 
magnetic ion with the laboratory system of axes 
xyz (z ll H), we can represent Hz and Bee in the 
form 


Hee = Koz +H; Ko2= — HY S»=—ho. Sx, 
Rk k 


(16) 
(Si, exp (— igre) + S_yexp (i@p)) Sin Fy COS Dp], 
S,jalsin® % + + (8.8, + §,82)n exp (— ign) 
[S3.,.exp (— 2ipn) + S2n exp (2iqy)] sin?9,)}, 
Ag = g) — €1: Say — = a iS) (17) 
We can represent the correlation function 
fay (tT) of the exchange motion in the form? 
fe(s) exp (arity. (19) 


where we = exchange frequency. 

In the case of strong exchange <| #'|?> 
« <|He|?>, if we follow the scheme of Sec. 2 
(for details see references 3 and 5), we obtain a 
Lorentz distribution for I(w) with a half-width 
Aw: 


Aw = Asst Awnts+ Awss. (20) 


The dipole half-width Awgs is known in general 
form. Therefore, we write down the explicit ex- 
pressions only for Awfg and Awhfs: 


Awwge= (n1/2)"* Pur [82 + (824 £2) exp (— w3/2w.) 


a5 5 exp ea 2w?/?)], 
where 


(21) 
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=f 


(1 = + sin?,)?, 


k 


S23 = + eo= = N-1 Y}sin’d, cos?3,, 
Rk 


P= OIS(S ee"), 


Jains lies 
le] 

Here 3, is the angle between the axis of the local 
electric field at the kth ion and the constant mag- 
netic field H; J® is the mean square of the ex- 
change integral existing at a single ion. If the ex- 
change takes ee only vate Z nearest neighbors, 
then J? =z 4?, where 4-2 is the mean square of 
the exchange integral for a pair of nearest neigh- 
bors. 

For powders and supercooled liquids, the dis- 
tribution of the axes of the local fields can be taken 
as isotropic in the mean; then 


a vy, {D?[S (S + 1) — 3/4] 
Soe V Psst 
o? 


re wssty) 


@? = 


PSS ED I. 


The contribution Awprg of the isotropic hyperfine 
structure (15), in accord with reference 5, is 
equal to 


+= exp (— (23) 


4 2 — 302 
Seria Feces {1 + exp | 4PS(S+4) ]} 
(24) 
where I is the nuclear spin. 

At frequencies we, =< J’S(S + 1), the exponents 
in (21), (23), and (24) should be kept, while at fre- 
quencies we > J°S(S + 1), they can be neglected. 

This peculiarity of the frequency dependence of 
Awfg and Awhfs is completely analogous to the 
well-known ‘‘"/, effect’’ in the theory of dipole 
broadening.'»° 

With the help of Eqs. (21) and (24) for mono- 
crystals, and (23) and (24) for powders and super- 
cooled liquids, we can estimate the part of the ab- 
sorption line broadening due to unresolved 
structures. 


ae 


We note that the contribution of the fine struc- 
ture Awfg (21) depends significantly on the angle 
& and can be the reason for the occasional ob- 
servance of anisotropy of line width in monocrys- 
tals. Since, in the single crystals of CrCl;, ata 
frequency of 37,000 Mc, the line width at 3 = 0 
and $= 90° is given respectively by AH} 
= (140 + 5) oe and AH) = (98 +3) oe.® We esti- 
mate the exchange integral from the well-known 
relation of the theory of the molecular field 3k@ 
= 2J3z8(S + 1). The Curie temperature @ for 
CrCl; is 27°K' z =6.® It suffices to set D 
= 0.1 cm", in order to obtain 2(Aw|| — Aw) 
= 38.3 oe from Eqs. (21), (22). 

Thus, from systematic measurements of the 
electron paramagnetic resonance line width, we 
can estimate the value of the fine and hyperfine 
splittings, even if the corresponding structures 
are not resolved. 

The author thanks S. A. Al’tshuler for direc- 
tion and constant attention to the work, and B. M. 
Kozyrev for discussion of the results. 
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A five-parameter analysis of the experimental data on pp-scattering at 95 Mev (cross sec- 
tion, polarization, depolarization) is performed by a new numerical method (the ‘‘ravine”’ 
method). We obtain a broad complex range of solutions, which cannot be described by 
specifying the local minima and error matrices as in the well known ‘‘local’’ technique. The 
region obtained can be divided into two comparatively small regions by including some data 
on rotation of polarization R, obtained by extrapolating from energies of 150, 210, and 310 


Mev. 
1. PHASE-SHIFT ANALYSIS PROCEDURE 


Arc the present time the universally adopted pro- 
cedure for processing of experimental data, par- 
ticularly the phase-shift procedure, is as follows. 
We minimize the square of the deviation 


y (6) —Ye 2 
ae (1) 


%(0) = >] A 


where y(6) are the theoretical data (cross sec- 
tions, etc.) as functions of certain parameters 
(phase shifts) 6 = 64, 69..., 6p, Subject to de- 
termination from corresponding experimental data 
Ye (Ae — experimental errors ); the sum extends 
over different points on the specified curves. The 
problem thus reduces formally to a determination 
of local minima of the function (1) in many-dimen- 
sional space of the parameters 6 (the phase 
space), for which we usually employ the method 
of gradient descent from a series of randomly 
drawn points. The local minima obtained are 
called solutions, and their accuracy is specified in 
terms of an error matrix, which outlines certain 
many-dimensional ellipsoids in phase space (see, 
for example, references 1— 4). 

In the simplest cases the solution obtained in 
this manner can give a correct idea of the phase- 
Space regions that satisfy the experimental data. 
However, if the number of dimensions and surfaces 
(1) is large and the surfaces have various undula- 
tions and troughs, the method is laborious and 
does not provide a sufficient assurance that all the 
regions with small values of y’ has been deter- 
mined. This is not surprising, for two reasons: 

1) It is difficult to trace a function that has 
essentially different values in a tremendous num- 
ber of points. Thus, for example, in nine-para- 
meter analysis with a range of variation — 1/2 


e 


« 6 « 7/2, with a spacing of 0.1—0.2, the num- 
ber of points to be investigated for each phase is 
10° — 10%, 

2) In any case of considerable complexity, the 
method of gradient descent is unjustifiably cum- 
bersome, since it forces us to trace the most 
minute details of the relief, details which usually 
have no physical meaning, and we cannot extricate 
ourselves from individual ‘cavities’ in which we 
‘‘set stuck.’’ In addition, the method is essentially 
suitable for finding those individual cavities (local 
minima) which have usually the sense of a sort of 
‘fine structure’ in broader regions containing low 
values. 

Thus, instead of finding local minima it is de- 
sirable to carry out a direct ‘‘probing”’ of the 
phase space in order to find the entire region with 
low values of x2 and to obtain a more complete 
and accurate idea of the possible values of the 
phase shift. However, a direct ‘‘probing’’ of an 
entire phase space with a large number of dimen- 
sions is impossible in practice, and we must there- 
fore use a method which works predominantly in 
regions with low values of x’. In this problem we 
use for this purpose a new numerical method (the 
method of ‘‘ravines’’) proposed by Gel’fand (more 
details about this method will be published separ- 
ately ). A characteristic feature of this method 
are ‘‘jumps”’ of finite length along the ‘“‘ravines”’ 
of low values of x’. If the network of ‘‘ravines”’ 
is not too badly tangled up, this method yields 
relatively rapidly all regions with low values of 
x’. This situation obtains in ‘well organized”’ 
functions, such as the many-dimensional functions 
usually encountered in practical problems. 

To complete the analysis we must choose some 
criterion for solving the problem. We use the 
simplest method of drawing the obtained points, 


780 


PHASE SHIFT ANALYSIS‘OF 


assuming the solution to include all the regions of 
the phase space with values x?(5) = x°max-_In 
this problem we assume yznax = 2x° where y? is 
the mean mathematical expectation. By plotting 
the theoretical curves corresponding to the phase 
shifts obtained in this manner we can ascertain 
that they agree sufficiently well with the experi- 
mental points. 

We do not give a more detailed analysis of the 
region of solutions for the following reasons. Re- 
gions with low values of yx’ are large and complex, 
and therefore any attempt to describe them by 
specifying the local minima and the error matrix, 
as is customary in the old procedure, may lead to 
a loss of large regions in which the true solution 
may be located. Upon sufficient improvement of 
the experimental data (improvement of the set of 
data through supplementary polarization experi- 
ments or by reducing the errors), the form of the 
surface (1) apparently becomes simpler and is 
converted into a certain small number of suffi- 
ciently narrow, clearly separated ‘‘troughs”’ of 
paraboloidal type. In this case it would be easy to 
investigate in detail the regions for solution and to 
find reliable limits. Further, the existing experi- 
mental data contain many systematical errors. 
Thus, new data on the cross section for 98 Mev 
(Harwell) differ greatly in a certain range of 
angles from those used in this investigation 
(Harvard). An analogous situation takes place for 
depolarization at 150 Mev. This leads to a certain 
distortion and to a shift in the level lines in phase 
space. 

In making up the squared deviation (1), all the 
phases corresponding to large orbital momenta 
were considered in the one-meson approximation 
(with meson-nucleon constant g?= 14.5), as pro- 
posed in reference 5. The choice of values of 
momenta, starting with which the phase becomes 
‘‘fixed’’ in the one-meson approximation, is based 
on estimates of the two-meson corrections ob- 
tained by Galanin et al.® 


2. ANALYSIS OF DATA FOR 95 — 98 Mev 


We processed the data on the cross section 
o(6@) and polarization P(@) for fourteen scatter- 
ing angles’ jointly with data on depolarization 
D(@) for five scattering angles.® The independ- 
ently varied parameters were five proper phase 
shifts with allowance for the Coulomb interaction 
(called BB shifts by Stapp et al.”), viz: 69(‘Sp), 
5>(1D,), 69(3Py), 6¢(2Py), and 67 (*P2). 

In the determination of the phase shifts €, (*P, 
— 3F,) and 63 (°F.), connected with 54, it is nec- 
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essary to take into account the fact that the one- 
meson approximation gives only the real parts of 
the scattering matrix. For this reason we Speci- 


fied in the one-meson approximation the following 
matrix elements? 


E, = Re [S?.,/2i], nz = Re [(S3 — e#®:)/2i], 


(#3; — Coulomb phase ), which leads to the rela- 
tions* 


ge; — 26,/[sin 20;-—2y, — cim2 0,1) 
sim 26; = 27, -- sin 2,» 28, to es 


Starting with the state *F,, all the contributions 
were taken into account in the form of a closed 
sum (one-meson amplitudes), and the imaginary 
parts of the scattering matrix were thus neglected. 

As a result of the analysis we obtained a large 
complex region of solutions, which cannot be de- 
scribed by specifying the local minima and error 
matrices. We obtained several hundreds of points 
with x? < 2y? (x? = 28), which lie within the limits 


— 25° < 6, < 25°, — 4c & <9, 


— 13° <8 < 9°, 


— 20° < 8° < 35°, 
9° <8 < 18°, 


In an examination of the topography of the re- 
sultant region, we see that it has a tendency to 
split, in accordance with the phase shifts 1S) and 
3p), into two regions (which we designate I and 
II), each of which is subdivided in turn into two 
others, corresponding to 3p, and Dy, In places 
where the proposed separations lie, there are low 
‘mountain ranges’ with x? =» 3x. Figure 1 and the 
table show some of these points: 1—4 from region 
I and 5 and 6 from region II. These points were 
chosen from among all those obtained so as to in- 
clude as fully as possible the entire resultant re- 
gion of solutions. 

Figures 2, 3, and 4 show the curves correspond- 
ing to the chosen points for the depolarization 


FIG, 1 


*tg = tan. 
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vl Certain solutions (points) from 


D 
the resultant region of phase 
space (in degrees) 
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FIG, 3 
D(@) and rotations of polarization R(@) and Figures 2—4 show that a measurement of 
A(@). pele 2 shows also the experimental D(@) for 6 © 120° and R(@) for 6 30 and 
CORE. We do not give the curves for the cross 120° would bring us much closer to a single- 
section and polarization, for in practice the vari- valued solution with relatively low tolerances in 
ous solutions merge, within the limits of experi- all the phases. Extrapolating the available data 
mental errors, and differ somewhat in the inter- for R(@) at energies 150, 210 and 310 Mev, we 


if . ~ ° 
erence region @ = 10°. can assume that for 95 Mev the rotation of the 
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FIG, 4 


polarization R = — 0.2 at @ = 30°. The addition 

of such data would shrink and sharply demarcate 
the foregoing regions and would yield two relatively 
small regions (two solutions ): 

Lae, 20°, 
Ne 6, —=17°, 


On 0 oo = 


5, tS LD. 6? = 2: 


ei ee ar 16 


In particular, only points with a positive ‘D 
phase shift, 6, » 4—8°, would remain. We note 
that both solutions differ little in cross section 
and in polarization in the interference region. 

For the foregoing solutions we obtained con- 
tinuations in the region of high energies — solutions 
I and II for 150 Mev’ and solutions I and II for 
310 Mev,° respectively. 

In carrying out the phase-shift analysis, we 
also undertook to ascertain whether it is possible 
to obtain from the available experimental data the 
‘‘yeripheral’’ phases, for which the main contri- 
bution should be made by the one-meson approxi- 
mation, and to verify thereby the correctness of 
the estimate of the accuracy of the one-meson ap- 
proximation, obtained by calculating the two- 
meson phases (see reference 6). For 95 Mev we 
can already regard as peripheral the F phase 
shifts and the mixing parameter 5, which for 


this reason were ‘fixed’ in the one-meson approx- 
imation. However, the analysis was repeated 
with varying these phase shifts (four additional 
parameters ). With this, the dimensions of the 
solution region increased and very low values 

x? ~ 10 were obtained at the minima (with Me 

= 24). To illustrate the permissable tolerances 
in the °F phase shifts we give one point with x? 

= 26: 


Ope | 676.1% Feld 2 Ol 0 
628.9% ye 419224), 
6? = 6.3°(0%), nf = 2.3° 3°). 


(the parentheses contain also the theoretical 
values of £, and °F phase shifts assumed in the 
five-parameter analysis ). 

The results obtained allow to conclude that it 
is impossible to obtain with any degree of relia- 
bility the values of £, and °F shifts from the 
available data, and it can only be stated that the 
one-meson values for these phase shifts do not 
contradict the experiment. 

We note in conclusion that of the two regions of 
solutions indicated above, region I is preferred 
since it is characterized by positive values of the 
1S phase shift, and this agrees better with the 
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positive 8 phase at lower energies, where the 
effective scattering length approximation can be 
employed. 

The authors are grateful to M. A. Evgrafov and 
I, I. Piatetskii-Shapiro for help in the development 
of the procedure, to Ya. A. Smorodinskii for dis- 
cussions and useful remarks, and to S. L. Ginz- 
burg for help in the calculations. 
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A method is indicated for the reconstruction of the energy gap A (n) as a function of direction 
in an anisotropic superconductor on the basis of measurements of sound absorption a(n) in 
the low-temperature region. The method is based on the simple relation between the level 
lines of A(n) and a(n) ona stereographic projection of the Fermi surface. 


ie was shown earlier! that ultrasonic damping 
@g(q) in an anisotropic superconductor in the di- 
rection n=q/q is determined by the asymptotic 
formula 


In [(as (q)/ws (q)] = — A%,/T, (1) 
(n) 


where Ayin is the minimum value of the energy 
gap A (n) in the vicinity of a stereographic projec- 
tion of the Fermi surface perpendicular to n. 
Equation (1) is applicable in the temperature re- 
gion determined by the inequality 


Mie Dal << (2/a) dia dric), (2) 


where vF is the Fermi velocity, c = sound 
velocity, a = coefficient of anisotropy, equal to the 
ratio of A(n) on the Fermi surface to the mini- 
mum value of A». 

The purpose of the present work is a detailed 
analysis of the problem of the possibility of recon- 
struction of the function A (n) according to the 
given measurements of ag (q), and the demon- 
stration of a simple experimental procedure for 
reconstructing the gap. We shall assume that the 
type of Fermi surface is known from other experi- 
ments. In what follows, the Fermi surface is as- 
sumed to be singly connected. We shall also 
assume that the lattice possesses radial symmetry. 
For simplicity, we introduce the notation Ae 
=f(n). 

We consider a great circle on the sphere C (n), 
perpendicular to the direction n. Let P (n) be the 
point on C(n) at which A (n) takes its minimum 
value f(n). Then the level line I'gq) of the func- 
tion A (n) passing through P(n) is tangent to the 
circle C(n). From this it is evident that Ig is 
the envelope of a family of circles C(n) for 
which f(n) =a. In this way a method is given for 
constructing the function A (n) in terms of f(n). 


However, in this case certain peculiarities can 
arise which we shall consider in examples. 

1. Let A(n) have a total of two minima in 
diametrically opposite points which we shall take 
to be the poles of a spherical system of coordinates. 
We shall assume that A (3, g) is a monotonic func- 
tion of $(0< 3 < 7/2) for fixed yg. We shall also 
assume that a certain level line Ig of the function 
A (n) is not convex. Then there exists a circle 
C (ng) which is tangent to Ig at two points Py, 

P, (Fig. 1). Onan arbitrary circle which is tan- 
gent to Ig on the non-convex cut P,P», the mini- 
mum of A (n) is less than a. It is then evident 
that one cannot define the function A (n) on the 
segment P,P, of the curve Tg. The set of such 
segments for all I'g forms a region in which 

A (n) cannot be defined (‘‘white spot’’). 


(oes 


FIG. 1 


We consider two families of circles tangent to 
I, ‘‘on'the left’’*(P;) and ‘‘on the right’’ (P»). 
It is obvious that these families are tangent to the 
circle C (ng). For the function f(n) this corre- 
sponds to the fact that its level line I'g has an 
angle point at ng. 

2. Let there exist four absolute minima (in 
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FIG, 2 


two pairs of diametrically opposite points). Then, 
for certain values of a, the level lines Ig are 
split into four unconnected closed curves (Fig. 2). 
There exists a circle C(ng) tangent to both these 
curves. In this case, just as in the previous, there 
are two families of circles tangent to Tg which 
are joined by C(ng). Just as in case 2, this leads 
to a ‘‘white spot’’ for the function A (n), and to 
angle points for level lines of the function f(n). 

Thus, there are angle points of the level lines 
for the function f(n). If f(n) does not have these 
singularities, then A (n) is defined everywhere. 
Now let the function f(n) be known. We shall take 
the level line yg of the function f(n). For each 
point of n of the line y, we construct a circle 
C(n) and find the envelope of the resultant family 
of circles. According to what has been pointed out 
above, this is also the level line I, of the function 
A (n). 

In experiment, the level line yg will be a cer- 
tain broken curve consisting of segments of large 
circles. For each segment of the circle it is nec- 
essary to construct its center on the sphere. 
Joining all the points constructed in this fashion, 
we obtain an approximation of the level line Ig 
of the function A (n). 

It is necessary to give separate consideration 
to the case in which there is an angle point on yg. 
In this case, for sufficiently detailed measurement, 
the two neighboring segments of circles on the line 
approximating Yg intersect at an angle which is 
strongly different from 7. The two points on the 
line Ig corresponding to them will be sufficiently 
far removed from one another. According to what 
has been observed in connection with the examples 
considered above, it is not necessary to join such 
points, since they form the boundary of a ‘‘white 
spot.’’ 


FIG. 3 


What has been said above needs to be made 
more precise. For experiments close to the 
angle point, the line yg will be the characteristic 
situation schematically drawn in Fig. 3. In this 
case, it is necessary to draw the line through the 
experimental points so that only a single angle is 
obtained that differs strongly from 7. Evidently, 
after the initial measurements, it will be necessary 
to carry out more detailed measurements close to 
the points which can be shown to be angle points. 
As has been shown,! for superconductors with 
a Fermi surface of the corrugated plane type, 
Eq. (1) is found to be invalid even at temperatures 
satisfying condition (2) in that region of directions 
of sound propagation which are not parallel to any 
normal to the Fermi surface. In this case, the fol- 
lowing formula holds: 


In (a;/@.) = — A,/T. (3) 


This means that f(n) is constant in some region 
on the sphere. Reconstruction of A(n) in terms 
of f(n) is carried out in this case also by the 
method described above. 

The situation becomes complicated if the 
Fermi surface is not singly connected. In this 
case, to reconstruct A (n) by means of f(n), it is 
necessary to apply the procedure that has been de- 
scribed, but it is not possible to show to just which 
of the unconnected parts of the Fermi surface the 
level lines that have been found belong. 


'V. L. Pokrovskii, JETP 40, 898 (1961), Soviet 
Phys. JETP 13, 628 (1961). 
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The necessary conditions for stability of a plasma with an anisotropic distribution of particle 
velocities located in a helical magnetic field are derived on the basis of kinetic theory without 


taking close collisions into account. 


Ly Suydam’s work}, a necessary condition for 
stability of a plasma pinch with arbitrary electric 
current distribution is obtained in the magnetohy- 
drodynamic approximation. The magnetohydrody- 
namic approximation is only valid for perturbations 
with frequency and growth rate significantly lower 
than the frequency of close collisions. To investi- 
gate perturbations of frequency significantly 
greater than the frequency of the close collisions, 
a kinetic analysis is necessary. For perturbations 
in the region in which the ‘‘drift’’ approximation is 
applicable, a stability criterion can be obtained 
from the generalized energy principle.’ 

In this paper, the stability of a cylindrical 
plasma pinch with an anisotropic particle velocity 
distribution is investigated with the aid of the gen- 
eralized energy principle and with account the 
charge neutrality of the plasma.*? As in Suydam’s 
work, ! the magnetic lines of force are assumed to 
be helical, with pitch depending on the distance 
from the symmetry axis. We note that the ‘‘drift”’ 
approximation is not valid for particles in the tail 
of the equilibrium distribution. The number of 
these particles is small and therefore, as shown 
by Sagdeev and Shafranov,‘ the oscillation build-up 
effects that lead to instability, produced by them, 
are also small. No such instabilities exist in the 
case of a ‘‘cut-off’’ equilibrium distribution. 

In this paper we obtain the necessary conditions 
for stability of a plasma pinch with anisotropic 
particle-velocity distribution. One of these cri- 
teria, which places a limit on the magnetic field 
gradient and on the particle distribution function, 
is the analog of Suydam’s condition. Two other 
criteria with a local character are related to the 
possible appearance of ‘‘kinetic’’ instabilities 
caused by the anisotropy in the distribution func- 
tion. These conditions have the same form as in 
the case of an unbounded homogeneous plasma. 


A necessary condition for the stability of a 
plasma is that the energy change, 6W, resulting 
from a small possible perturbation be greater than 
or equal to zero. Choosing the displacement vec- 
tor of the plasma, &(r), in the form 


&(r) = [E&-(r), Se (r), & (r)] exp (ikz + imp) (1) 


and minimizing the previously obtained? expression 
for 6W with respect to the displacement compo- 
nents Ey(*) and ,(r), we find 


R é : 
oW =x\ rdr (A Se) a CO) (2) 
‘ 


Here = £,; the prime signifies differentiation 
with respect to r; 


Py d 
A nei 1) (20 = eT Anite) 
(yn? (mr—n, — kn) + yng (gn, + k)/? 
1 (mr“n, — kn.) + ne" 


(3) 


B= — yn? + kyn/ly (mrtnz — kn)? +797], (4) 
C = g*yn/[y (mrnz — kng)® + ng, (5) 

where 
n=H/H, g=knz+mr nn, 9 = H/4n + pi—pr, 


y = H*/4n+2p,+2q, 


p|; and p, are the longitudinal and transverse com- 
ponents of the pressure tensor, and R is the rad- 
ius of the pinch. The quantity q is related to the 
anisotropy of the particle distribution function 
fo) (eval Vale): 

i) 
a= 4 Sn\\ Faw ee a 


u 
I 
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The variables of integration, » and €, are given in 
terms of the longitudinal and transverse velocity 
components by p= v4 /2H and &= ¥/, (vi + vi) 
The summation in Eq. (6) is over the particle types 
(mj; and ej are the mass and charge of particles 
of the i-th type). 

In the derivation of (2) it was assumed that the 
displacement &, is zero on the boundary of the 
plasma and on the axis of the cylinder. In order 
that the quadratic form (2) be non-negative, it is 
necessary that the coefficient of Et’? be positive. 
We find another necessary condition by minimizing 
6W with respect to é. This minimization leads to 
the Euler equation 


"4 (finery — ae (A—1 4 


a)e=0. (7) 


If — satisfies Eq. (7), then the expression under 
the integral sign in (2) is a perfect differential, so 
that 


\rdr(A = & + 2B— BE’ +C8*) = BE +-Crék’. (8) 


Equation (7) is an equation with a regular singular- 
ity at r=a, where g(a)=0. The general solu- 
tion of Eq. (7) has a branch point or pole at r=a 
and can be represented in the form 


§ = (r —a)" uy (r) +(r —a)"* 2 (1), (9) 


where u,(r) and u,(r) are functions analytic at 
r=a and s4.=- We EY Gl 4m? )!/2 are the 
roots of the indicial equation 


S4+s+M?=0, M?=((2)'(1 +24 fale: 
® 
vata. (20) 


For all values of M’, the displacement é is infin- 
ite at r=a. Therefore we substitute in Eq. (2) 
for 6W values of € which satisfy Eq. (7) for all r 
exceptintheinterval a -&<r<a+gé, in which we 
choose é constant: 


& = e"uy (a) +e” ua (a). 


The width, 2¢, of the interval is chosen to be such 
that when u,(r) and u,(r) are expanded in powers 
of r—a-®* &, only the first term need be kept. In 
the following determination of the sign of 6W, the 
values of uy(a) and u,(a) at r=a are not es- 
sential and are chosen to be equal to unity. 

If the roots of the indicial equation (10) are real 
(4M? = 1), we find 


(11) 


SW = Qe [ryn2n? (v'/v)"}r—a(|S2{—M?)>0. (12) 


If the roots sy and s) are complex (1 — 4M? 


=—p<0), then the energy change 6W has the 
form 
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ébW = +1 [ryn?2 n2 (v'/v)?], 0 {(1 —2M?) (1 +cos 2%p) 
+psin2y], (13) 

where ~= Yep In ¢ + @ with & a constant phase. 

It is easy to see that the right hand side of (13) 
can be made negative by a suitable choice of the 
interval width, 2¢. Thus, for the stability of the 
plasma it is necessary that the inequalities 


H?/4n +p, —p, 29, H?/4n +2p, +2q 20, (14) 


H?/40+ py— Py 
H2/4n + 2p,+2q | 


de ONS 
Pee N face |= Sa 
<(a in) 


hold at all points, with m #0. _ 

In the isotropic case, fo) = fo) (iL; vi + v4), the 
inequalities (14) are automatically fulfilled and 
(15) becomes the stability criterion obtained by 
Suydam! in the magnetohydrodynamic approxima- 
tion. This shows that collisions do not affect the 
stability condition (15) in an isotropic plasma. We 
note that the inequalities (14) are identical with 
the stability criteria for an unbounded homogen- 
eous plasma.° 

In the case m = 0, the stability conditions can 
be obtained directly from (2); they are 


ie @ 
2d 
be pRias 


* In (H?/4at+ p,—P)) | 


(15) 


1) = H*/40 4+ py y 0, OY == Hil4n 2p 2g 


4 (y= 1) IY (m2) ey ry ny ere 


+= (yn? =n)" (eer? > 1) nant] 0: (16) 


We note that the criteria (16) are not valid if 
the magnetic lines of force are circular (nz = 0). 
This is due to the fact that when nz = 0, integrals 
along the lines of force which are zero for nz = 0 
contribute to the expression for the energy change 
OW. We have obtained the stability criteria for 
nz = 0 in a previous paper.® 

In conclusion, the authors thank A. I. Akhiezer 
and K. N. Stepanov for useful advice and criticism. 
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By means of an approximate solution of the nonstationary Fokker-Planck equation, an explicit 
expression which includes effects of the nonlinearity of the phase oscillations, is obtained for 
the probability of electron loss. It is shown that inclusion of the nonlinearity leads to an in- 


crease of the probability of electron loss, but 


this increase is quite insignificant and is of the 


order of unity. A simple approximate formula for calculating electron-loss probabilities is 


proposed. 


‘Tue effect of the quantum nature of the radiation 
of electromagnetic waves by a beam of electrons 
being accelerated in a synchrotron on the phase of 
the alternating electric field at the instant an elec- 
tron passes through an accelerating section is 
equivalent to the effect of white noise. As the re- 
sult of the action of this noise, the phase can pass 
through an unstable value and the electron will 
then be lost. A knowledge of the probability of 
electron loss is necessary for the correct choice 
of the parameters of a synchrotron. Quite a num- 
ber of papers have been devoted to this problem, 
for example references 1—5. In some of them 
(cf. reference 1) the damping of the phase oscilla- 
tions is not taken into account; in others a linear- 
ized problem is solved and only the mean-square 
deviation of the phase from its equilibrium value 
is calculated (for example, reference 2); in still 
others there is an incomplete inclusion of effects 
of the nonlinearity of the phase oscillations (ref- 
erences 3—5). For example, in Matveev’s 
papers®° the value of the unstable phase is calcu- 
lated with the nonlinear equation, but the statistical 
problem of the probability of reaching this unstable 
phase is solved by linearization of the original 
equation. Naturally such an approach can lead to 
errors, since the equation that describes the phase 
fluctuations is essentially nonlinear. 

In the present paper full account is taken of 
both the nonlinear character of the equation and 
the damping of the phase oscillations. As a par- 
ticular example the data so obtained are compared 
with the results of Matveev.®° 

As is well known,!° the equation for the syn- 
chrotron phase oscillations is analogous to the 


equation of the physical pendulum with displaced 
equilibrium position: 


p + yp + P? [cos p, —cos (p, +1p)] 
[Ws— yi ed (Ga ti] ’ 


Here ~= 9 — @g, where @g is the equilibrium 
value of the phase; 


v4 be 


a is the spacing coefficient, R the radius of the 
electron orbit, Eg the equilibrium value of the 
electron energy, ry = e’/mpc’, w=c/RA, A= 1 
+ L/27k, L is the total length of the straight sec- 
tions in the circumference of the synchrotron, k 
is the harmonic number of the high-frequency 
field at which the acceleration is produced, and 
Vy is the amplitude of the high-frequency field. 
The right member of Eq. (1) characterizes the 
emission of radiation by the electron and is as- 
sumed to be small. The concrete conditions as- 
sumed for this smallness will be indicated later. 
The first term in the right member of Eq. (1) is 
proportional to the equilibrium power radiated by 
the electron, 


We = 200" SNR Bs | mn 67)* 


_ kox 
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the second represents a random succession of 
short pulses, equivalent to white noise with the 


spectral density 
N = (kw%a? / A2E3) <e?> 1, 


where <¢€*> is the mean square value of the en- 
ergy of the emitted photons, and n is the mean 
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number of photons per unit time. The values of 
<*> and n have been calculated by Matveev’: 
55 here . EN if = — 5 e2 E, 
oe ( 24V3 )( VRE ) (<=) : fe 2V3R “h myc? * 
Let us introduce a function U(w), which char- 
acterizes the potential energy of the phase oscilla- 
tions:* 


U(p) = Q? [1 —cosp +ctge,(p—siny)], 


The function U(#) has extrema at the points 
y= 2m and »y=—- 29g + 2m, n=0, +1, +2,.... 
We shall be interested in the positions of the max- 
ima of U(z) that are closest to the equilibrium 
value p= 0: ¥1=— 29g and y= 2(7-—@g). To 
these values of ~ there correspond maximum 
values of U(w#) given by 


QQ? = Psin g,. 


U (Pp) = 2? [— 9, etg@, + I, 
U (apo) = 22? [(n — g,) ctg e, + 1). 


If gg = 7/2, then U(%,) # U(d%2), and the loss of 
a particle occurs whenever the phase y» reaches 
that one of the extremal values at which the max- 
imum of U(w) is the smaller. 

Let us rewrite Eq. (1) in the form 


b +r +dU/dp= Ed), (2) 
where 


E() = FE [Vs— Dede 40] 


is white noise with zero mean value. 
We now introduce a new variable @ to charac- 
terize the total energy of the phase oscillations: 


Q=y/2 +U(y). 


Multiplying both sides of Eq. (2) by W; we get an 
exact equation for Q: 


Q=— yp? +E). (3) 


If the damping coefficient y of the phase oscil- 
lations is small in comparison with the average 
frequency of the oscillations and if the emission 


of radiation is so small that 
t+ 


aii HE Oat “<U nas 
t 
(here the brackets < > denote the statistical 
average, and T is an interval of time of the order 
of the mean period of the oscillations ), then we 
can average the right member of Eq. (3) over the 
period. 
Generally speaking, the quantities Pg» Vs f’; 
and N are functions of the time, since as a parti- 
*ctel= cots 
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cle is accelerated its energy Eg changes, and 
consequently there is also a change of its equili- 
brium phase gg. The radiation effect, however, 
is important only in the final stage of the acceler— 
ation process, in which the change of energy oc- 
curs very slowly, so that we can regard the quan- 
tities Eg and gg as constant over the period of 
the phase oscillations. Moreover, in many cases 
one is interested in motion of a particle along an 
orbit with constant energy, with the radiation loss 
on the average compensating the energy of the 
high-frequency field. = 

Let us introduce the quantity jj? averaged over 
the period (cf. reference 1): 


P= f(Q) = 1(Q)/12(Q), (4) 
where 
Vinax 
L(Q= | V2IQ—UMldy, 
min 
Vmax 
1(Q) = \ ap/V21Q— UM. 
Ymin 


Here dmin 2nd ymax are the extreme values of 
the phase in the oscillations, i.e., the two solutions 
of the equation U(~) = Q that are closest to y= 0. 

Substituting the expression (4) in Eq. (4), we 
get an approximate equation for the energy of the 
phase oscillations: 


Q = —yfi(Q) +E (). (5) 


This equation describes a Markov process, and 
consequently for the calculation of the statistical 
characteristics of Q we can use the Fokker-Planck 
equation: 


ow 


Fr = — ag vi (Q +4( Qe} + + Fe |b (Qu. (6) 


Here w(Q, t) is the probability density distribu- 
tion for the quantity Q; a(Q) = < pé(t) > is the 
mean value of the random process é(t), which 

is different from zero because of the correlation 
between j and &(t); and b(Q) is the spectral 
density of the process jé(t). The quantities a(Q) 
and b(Q) can be calculated by a method analogous 
to that given in the appendix to a paper by Strato- 
novich.® We get as the result: 


6(Q) = Nfi(Q). (7) 


A knowledge of the nonstationary solution of the 
Fokker-Planck equation enables us to calculate the 
probability for loss of the electron. As has been 
stated, the electron will be lost if » reaches the 
value ~; or go, i.e., the energy Q exceeds the 
value Umax that corresponds to the smaller of 


a(Q) =N/2, 
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the values U(y,) and U(d¢.). Thus mathematically 
our problem reduces to that of the reaching of a 
boundary, and for the case of a constant boundary 
the approximate solution of this problem has been 
given in many papers. 

In the present paper we use the results of pre- 
ceding papers,”® and from these it follows that in 
the case of sufficiently small fluctuations of the 
radiation the number of electrons in the synchro- 
tron should decrease with time according to the 
law n(t) = nye Pt, where £ is the probability per 
unit time of loss of an electron. The quantity B 
can be expressed approximately in terms of the 
stationary solution of Eq. (6) that satisfies the 
condition that the probability flux vanishes: 


o = = Vi1 (Umax) @ (Umax). (8) 


As is well known, the stationary solution w(Q) 
is of the form 


oS a exp | HN a \ aon = Cyls(Q) Sua 
Since for small fluctuations of the radiation 

w(Q) has a sharply marked maximum near Q 

= 0, for the calculation of Cy) we can set f(Q) 

= Q. This will be justified if N/yQ* « 1. Besides 

this we assume that N/yQ? « Una nen, apart 

from a term ~ exp (— 2YUpax/N), we get 


Coe yey aN. (10) 
Substituting Eqs. (9) and (10) in Eq. (8), we have 
Prey ot) NY (Umax) XP (— 2YU mar! NX), (11) 


For comparison we shall calculate f in the 
case of linearization of the equation of the phase 
oscillations. Furthermore, as Matveev has done, 
we shall take the depth of the potential well from 
the nonlinear theory, and shall determine the per- 
missible limits on the deviations in the framework 
of the linear theory from the requirement that the 
depths of the potential well be the same in the 
linear and nonlinear theories. Then for the calcu- 
lation of B we need only set I,( Umax) = ™Umax/2. 
We then have 


Biin = (y? Umax / NM) exp (— 2~U max / N). (12) 


4 


As we see, the expressions (11) and (12) differ 
by a factor p= Q1;,(Umax)/TUmax-. A calculation 
shows that p > 1, i.e., when the nonlinearity is 
taken into account we get a larger value for the 
probability of loss of an electron. 

In the general case the value of the quantity p 
must be determined graphically, since one cannot 
get an analytic expression for I; (Umax). ahere 
is, however, one practically important case — that 


in which the mean radiation loss per revolution is 
small in comparison with eV) and the beam of 
electrons revolves in a constant orbit with con- 
stant energy (the mean radiation loss being com- 
pensated by the energy of the high-frequency elec- 
tric field )—for which the value of p can be cal- 
culated analytically. In fact, in this case Umax 
=2f 0 =f I;(Umax) = 8f, and consequently 
= 4/n. Calculation shows that also for other 
values of yg the quantity wp is close to unity. For 
example, for yg = 37/4 we have p= 1.15. There- 
fore it is probably suitable for practical purposes 
to use the simplified formula (12) and, if the cor- 
rection is important, to introduce a correction 
EACtO Cai lee 

The expressions (11) and (12) are valid in the 
case of motion of the electron along an orbit with 
constant energy. If the energy of the electron is 
changing, but so slowly that during the time in 
which a stationary distribution is established (a 
time of the order 1/y) it does not change much, 
the expressions (11) and (12) remain valid, except 
that we must regard £ as a function of the time. 
In this case the number of particles in the synchro- 
tron falls off with time according to the law 


if 
RE exp (— \ pdt) ‘ 
0 
In the case in which the change of energy of the 
electron is not slow, one can use the method of 
majorants.*° 
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A picture is proposed for the superfluid state in a Fermi system when the Cooper pairs have 
a nonzero angular momentum. It is shown that if the system does not have a total angular 
momentum, the ground state will be isotropic. The Fermi excitation spectrum has its usual 


form with an isotropic gap. 


In all the papers on the theory of superconductiv- 
ity (cf., for example, references 1, 2, etc.) itis 
assumed that the Cooper pairs® are formed in an 
S state. But it is obvious that one can generalize 
the Cooper phenomenon in a system of Fermi par- 
ticles to the case where the attraction between a 
pair of particles occurs in a state with nonzero 
relative angular momentum. In particular, Pitaev- 
skiit has shown that for a pair of excitations in 
He® there is an attraction in the higher harmonics. 
It is of interest to study the characteristics of the 
superfluid state that develops in a Fermi system 
at sufficiently low temperatures because of this 
type of interaction. Such an attempt was made in 
a recent paper by Anderson and Morel,° but their 
results seem to us to be incorrect. In the following 
we shall investigate this question, using a general- 
ization of the method® proposed by one of us in the 
theory of superconductivity. 

Let the interaction between two particles have 
the following form 


V (p—p’) = > iP: (8) (1) 


in the momentum representation, i.e., in the 
neighborhood of the Fermi surface, the interaction 
depends on the angle between the vectors p and p’ 
and is independent of their magnitudes. For sim- 
plicity, we assume” that the interaction is equal 
to zero* when |v(p — pp) |, |v(p’ — py) | > @ and 
restrict ourselves to the weak binding approxima- 
tion. 

Letus assume that the relation between the quan- 
tities V7 is such that the Cooper pairs which are 
formed have orbital angular momentum 1 and spin 


*In our case, @ is of the order of the Fermi energy. 


s.* As was done in reference 6, we then consider 
the value at absolute zero of the average of a prod- 
uct of four fermion operators < N|v,w3o7z | N > 
over the exact ground state for a fixed number of 
particles. We shall assume that the total angular 
momentum is zero in the ground state. The oper- 
ators ww. which annihilate, and ~3~j{ which create 
two particles, contain terms corresponding to the 
creation and annihilation of bound pairs. At abso- 
lute zero the pairs, which obey Bose statistics, 
are in a state of Bose ‘‘condensation,”’ i.e. the 
number of pairs in states with their momentum 
equal to zero is comparable to the total number of 
particles in the system. Therefore the matrix ele- 
ment <N+2|#td*|N> can be replaced by a 
c-number. In doing this we must remember that, 
because of the nonzero orbital angular momentum 
of the pair, the operator ~*y* can create a pair 
with any one of (21 +1) values of the angular mo- 
mentum projection, and consequently contains 
21 + 1 components, corresponding to transitions 

(N +2, 1, m|ptpttN, 0> 
from the ground state of the N particle system to 
the ground state of the (N + 2)- particle system 
with angular momentum projection m along some 
direction. In the light of these remarks it is clear 
that the generalization of the method of reference 
6 to the present case consists in introducing 21] 
+ 1 functions Fag (x — x’) and Fmag(x — x’): 


Finap (x — x’) = <N 42, 1, m|T (we (2), 16 (x’)) | N, OD, 
F map (X => ) = <N,0 | a (‘Pa (x), Pa (x’)|N as q m) 


*In accordance with the Pauli principle, even I is possible 
for s = 0, odd J for s = 1. We shall omit the spin in the follow- 


ing discussion, since it can be included in a trivial fashion in 
the final formula (12). 
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in place of the functions F and F* of reference 6. 
We shall therefore, in particular, assume that in 
the expansion of the average of a product of four 
~-operators, the term containing the product of 
the functions F and F* has the form 


<T (ta (1) pp (2) py (8) pe (4))> 
EE ren a= =a) aes Cg = a) 


As we shall see later, we thus obtain a consistent 

picture of the superfluid state of the system. 
Repeating the derivation® of the equations for 

the Green’s function 

Gog (x — x’) = —i< T(Wq(x)dgB(x’)) > and for 

each of the 21 + 1 quantities Fj, we get the fol- 

lowing system of equations for the Fourier com- 

ponents of these functions: 

(Jase 


(w — €) G (p) — i An (p) Fa 


(o + 8) Fin (p) + idm (p) G (p) = 0. (3) 


Here €=v(p-— py), the symbols G, etc, denote 
the matrix form of the spinor indices of the corre- 
sponding quantities, and the products AF* and 
AtG are the ordinary matrix product. The quan- 
tities Ay, and Aj, have the following meaning: 


Am (p) = (2n)-*\V (p —p’) Pm (p') dp’ do, 


An (p) 


Since the total angular momentum of the system 
is zero, Gqg(p) is isotropic, and has the form 


Gap (p) = Sa6G (p), 
where G(p) is independent of the direction of p. 
As for the matrices Ben and aap from the com- 
mutation relations for Fermi operators we find 
for t=: 


= (2)-* \V (p— p’) Fra (p') ep’ do. (4) 


Pasp (ti, 0) = —Frmpa(t’ —f, 0); (5) 
Frrap(t — ¥, 0) = — Finga (t’ — 1, 0), 
{Fras (tf — 0’, 0)}° = — Fas (F — ¥’, 0). (6) 


According to (2), the functions Fe, and fe 
correspond to creation and annihilation of pairs of 
particles in a state with angular momentum - 1 and 
projection m. It is therefore obvious that Fant p) 
and fea (p) have the structure of the correspond- 
ing spherical harmonic, i.e., they are proportional 


to 


2+4 (_—|m)|)! ye ime 
Yim (9,9) = [ iz ara Pes, 
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where P7"( 0) are the associated Legendre poly- 
nomials. This assumption is justified later; on 
this basis we can write 


Fnap (P) = F'n (p) T3p¥ 1m (8 @); 


F nag (P) = — Fm(p)? 36¥ tm (9, ®); (7) 


where the sign is chosen in agreement with Eq. (6). 
The matrix I reflects the dependence of the wave 
function of the pair on the spin variables. It is 
obvious that when the angular momentum ]7 in 
which the pairing occurs is even, it follows from 
(6) that Iqg = — Igq, i-e., the particles are ina 
singlet state. In opposite case, the spin of the 
pair is unity and Loe = ie In both cases we shall 
assume that ie ap =o 

Using the addition ihooren for the Legendre 
polynomials 


P; (y) 


= 1 om Nea tee? 
= Dasa (8) P; (9’) e (¢ #) (3) 


we find from (1), (4), and (7), 


re tanto (9, ®); 
(9) 


Anas (Dee Nel a¥7 (ONO) Ane) 


* Vy MPo dw ¢ * 
= (ash ne )\ Qn \ dB Fin (p, oD) (10) 
and similarly for Ay. 
Substituting (7) and (9) in (3), we find 
Fn (p) = — idnG (po +8), G(p) = S,, 
(0) el Go 
; ; A 

Fin (p) = emer: (11) 


= 2+ ]A[?2 has a gap |A| 


where the spectrum €p 
equal to 


AP = 31 dn ee 


tar (PE (0))?. 


Since G(p) is isotropic, all the | Ay |? are 
equal, and according to Eq. (8), 


[Af =+] An 2 (2d +1) (25+ 1) Pr (0 = 0). 
Substitution of (11) in (10) gives for the value of 
the gap: 


| A| = 20 exp {— 2m? (21 + 1) /mpo|Vi|}. (12) 


Thus if the pairs are formed in a state with angu- 
lar momentum J7, the gap size is determined only 
by the interaction component Vj. If an attraction 
of a pair of particles through the interaction (1) 
occurs fer several harmonics, then as we see 
from (12), it follows from energy considerations 
that pairing of the particles will occur with the 
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angular momentum for which the value of 
| Vz |/(21 +1) is largest. 

The Fermi energy spectrum is isotropic and 
has the usual form.?* In addition, in a system of 
uncharged fermions in the superfluid state, there 
is an acoustic vibration branch. Therefore the 
specific heat of such a system at low temperatures 


is 
2V3 T3 2nd? 
Cg = aS i HV = Ae—4/T | 


® 6 7 


The term in ap, which comes from the acoustic 
branch, is important only at the very lowest tem- 
peratures, because the range of temperatures 
within which the superfluid state exists is expo- 
nentially small. 

In reference 5, the spectrum 


ep = [8 + | nf? (P? (8)? 


was found. This is physically absurd since it gives 
an anisotropic spectrum in an isotropic system, to 
say nothing of the fact that it gives a zero gap at 
the points where Py 0) = 0. 

In conclusion we note that, within the frame- 
work of the isotropic model, when the interaction 


L.) Pe -GOR4KOVTandeV] MeeaGATIT Sisk 


has the form (1), it is difficult to think of an ex- 
periment for determining the angular momentum 
value for which the pairing of particles in the 
superfluid phase occurs. 

The authors express their gratitude to L. D. 
Landau and L. P. Pitaevskii for value comments. 
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sponding to diagram (1) is a function of the invar- 
iants constructed from the vectors p;. We are 
interested in the analytic properties of the matrix 
element as a function of one of the invariants with 
the remaining ones held constant. 

Let us formulate the basic theorem of the 
majorization method. t!? 

Let A’ and A be two connected diagrams with 
equal numbers of external vertices: 


Pi Pi 
ZG ; ze Y. (2) 
P2 i 2 


Let diagram A’ reduce to diagram A according 
to the rules of majorization given in Fig. 1,1 and 


~ *Without loss of generality we discuss the scalar version of 
the theory. Divergent diagrams are regularized by the auxiliary 
masses method.* 

tThe formulation is given in graphical language, in a form 
convenient for subsequent applications. 

tIn Fig. 1 are shown the majorization rules for a pion-nucle- 
on theory. These rules may be expanded by replacing the nucle- 
on line by a kaon or hyperon line, or by a line denoting an arbi- 
trary nucleus or hyperfragment (for the notation for the lines see 


Sec. 2) 
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The primitive diagrams are found and the location of the nearest Singularities for the AAz, 
iy and 227 vertex parts are determined by making use of the Nambu-Symanzik majori- 
zation method. Our investigation differs from Nambu’s study of the hyperon form factor! 
= that we do not restrict ourselves to the consideration of a simplified model but study the 
situation that arises when all strongly interacting particles are allowed to interact. 
1. INTRODUCTION o-oo 
° ? 
R ww —- — i ee ' 
ECENTLY in the theory of dispersion relations box ! 
the method of majorization’? for the determination i ; 
of the location of the nearest singularities of scat- 
tering amplitudes was developed. The idea of the PO’ 
method consists of the following. fi) = Ni, ors ) My\ |p —— i+m, 
Consider a connected diagram of arbitrary ee oes 
order* — 
Pes 
N 
ze : (1) i ; He 
P ae M+} —=m,\ Mp : Se — ' 
where pj is the sum of the momenta acting on the : é : . 
i-th external vertex. The matrix element corre- Fig. 1 


in accordance with selection rules (see below). 
Then the nearest singular point of diagram A will 
lie no further than the nearest singular point of 
diagram A’, provided that the set of vectors pj is 
Euclidean. * 

Let us list the selection rules. 

1) In the majorization process the baryon num- 
ber and strangeness must be conserved; t 

2) a strongly connected diagram should be 
majorized by a strongly connected diagram;t 

3) internal pion lines attached to external ver- 
tices should not be removed if as a result the 
structure of the diagram is broken; 

4) it is desirable to keep cubic type vertices 
(this simplifies the investigation ); 

*The set of vectors p; is Euclidean if the Gram determinants 
composed of these vectors are nonnegative. 

tTo simplify the discussion we do not take into account other 
conservation laws, connected with inversions and gauge invari- 
ance. 

tThe majorization of a strongly connected diagram by a weak- 
ly connected diagram is forbidden because this would result in 
a loss of information about the analyticity properties of the scat- 


tering amplitude. 
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5) stability conditions should not be violated.*?® 

With the help of the majorization rules depicted 
in Fig. 1 and the selection rules any arbitrarily 
complicated diagram may be reduced to simplest 
form. The final diagrams to which the scattering 
amplitude is reduced are called primitive diagrams. 
In order to determine the position of the nearest 
singularities of the scattering amplitude it is suf- 
ficient to determine the position of the nearest 
singularities of the primitive diagrams. 

In this work concrete applications of the major- 
ization of the vertex part shown in Fig. 2 are pre- 
sented. 


2. MAJORIZATION OF THE VERTEX PART 


We introduce graphic notation for the strongly 
interacting particles (see Fig. 3). Other nuclei 
and hypernuclei may be analogously denoted by an 
appropriate number of straight and wavy lines, 
representing the baryon number and strangeness. 

Strong interactions of the cubic type are shown 
in Fig. 4,8 . 

We consider the vertex part shown in Fig. 2 
ind find its primitive diagrams. The vertex part 
depends on the following invariants: f 


pi= MM, k= (p+ p,)?, 


where A and o are hyperon masses (A Sa). We 
are interested in the analytic properties as a 
function of k®. It is easy to verify that the set of 


*To simplify the discussion we assume the pion to be scalar. 
TOur metric is 1,-—1, ~1, -1. 
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vectors py, p, and k is Euclidean provided that 
k? lies in the interval 


(A — 6)? CR? < (A + 9)? (3) 


Therefore if the singular points of the primitive 
diagrams fall within the interval (3), then the near- 
est of these will be the nearest singular point of 
the vertex part. 

Let us enumerate the elements of which the 
vertex part is composed: 

a) the baryon line, joining the external hyperon 
lines; 

b) the strangeness line, joining the external 
hyperon lines; 

c) baryon closed loops and strangeness closed 
loops; 

d) lines a), b), and c) may coincide with each 
other forming various virtual particles; 

e) pion lines act as connecting links between 
all lines, including pion lines; 

f) an external pion line may be attached to any 
line. 

We first replace the closed loops c) by pion 
closed loops in accordance with Fig. 1 and the 
selection rules,* and lower the masses of the vir- 
tual = hyperons to the masses of the A hyperons 
(in accordance with Fig. 1). Following this oper- 
ation the vertex part will contain only the elements 
a), b), e), f) and coincidences only between a) and 
b). 

We extract from the vertex part under discus- 
sion the weakly connected diagrams shown in Fig. 
D. 

The diagram of Fig. 5a need not be considered 
since it contains a self-energy part on the free 
hyperon line and, consequently, the corresponding 
matrix element vanishes. The diagram of Fig. 5b 
reduces to a strongly connected diagram since the 
self-energy part on the virtual pion line may be 
included in the external source. 


*It is possible in this way to obtain higher degree vertices 


involving pion lines. However they can be reduced to the cubic 
type by the removal of the relevant pion lines. 
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The strongly connected diagrams may be 
majorized (in accordance with Fig. 1 and the se- 
lection rules) by diagrams obtained by attaching 
in all possible ways the elements depicted in Fig. 
6 to the chains shown in Fig. 7 (the dots in Fig. 7 
stand for all possible strongly connected combina- 
tions and variations of the chains indicated above ). 
The diagrams resulting from the chains of Fig. 7b, 
c, d may in turn be majorized (in accordance with 
Fig. 1 and the selection rules) by the diagrams 
resulting from Fig. 7a.* We finally obtain the 
single primitive diagram shown in Fig. 8 by major- 
izing the diagrams resulting from the chain in 
Fig. 7a (in accordance with Fig. 1 and the selec- 
tion rules), and making use of the method of in- 
duction. 


3. DETERMINATION OF THE POSITION OF THE 
SINGULARITIES 


Taking into account the results obtained by 
Karplus, Sommerfield and Wichmann,‘ and by 
Tarski,® we determine the position of the nearest 
lying singularities for the vertex parts AA7, A2T, 
and 227. 

The matrix element corresponding to the prim- 
itive diagram of Fig. 8 has the form 


? 


Ce ¢ ° ( 6 (4 — ay — ae — a3) 
= const - da, | dap \ 
0 0 


j das (AyMyng ++ Agttymg + Asim) V (po) 
where ‘ 

V (pa) = oy og + 3 + QayaoYie + QayaesYi3 + 2e2%sYos, 
0< 0; <x. 


2 2 2 Ho no) 
pi = mz; + mj; — 2m, jy ij, Y;; = COS 0,7, 


It follows from the work of the above mentioned 
authors’® that the position of the nearest singular- 
ity for G(k’) is determined as 


e-| 


*The majorization of these diagrams is based on the circum- 
stance that m+k>A+ 2 py, where m, k A, ware the nucleon, kaon, 


hyperon and pion masses respectively. 


(m1 -++ ms)”, if 0. +03: <0 
m? + mi — 2mymsz cos (842 + 923), if 912 + 923 >. 


UY 
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Let us find the position of the nearest singular- 
ity for the vertex part AAT: 


is) Gos' ==" 0.0 Oi2 + O23 < a, Be = Aye: 
for the vertex part AZT: 
O12 = 86.5°, O23 = 120°, Ora On >a, 2 = 3.7827; 
and for the vertex part 227: 

Giz = 823 = 120°, O12 + O23 > at, sate. 


The author is grateful to N. N. Bogolyubov and 
A. A. Logunov for valuable advice and remarks. 
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We propose a method for approximate evaluation of the thermodynamic functions of a partially 
ionized gas, taking into account deviations from ideality. We obtain an equation of state and 
an ionization formula which is appreciably different from the Saha formula. 


iL. A large number of papers have been devoted to 
a discussion of the equation of state of a totally 
ionized gas. There is, however, no satisfactory 
theory to describe the state of a partially ionized 
gas. We shall consider one possible derivation of 
an approximate equation of state, using as an ex- 
ample hydrogen at temperatures of the order of 
several electron volts and pressures of the order 
of tens of atmospheres. 

Let a uniform plasma of temperature T contain 
within a volume V three components: neutral hy- 
drogen atoms, electrons, and ions. Since the 
plasma is electrically neutral, 


Nin = Neos (1) 


where Ney and njg are the average electron and 
ion densities, respectively. 

The effects of the interaction between particles 
in the plasma lead to a change in the atomic energy 
levels and also to the so-called ‘‘cut-off’’ of the 
atomic partition function, manifest spectroscop- 
ically by the vanishing of Fraunhofer lines corre- 
sponding to relatively high values of the principal 
quantum number. The discrete states near the 
continuum vanish for two reasons. First, because 
the broadening of the levels caused by the interac- 
tion between the atom and the charged component 
of the plasma or the other atoms may turn out to 
be comparable with the spacing of the levels, so 
that levels with relatively high values of the prin- 
cipal quantum number overlap. Second, the action 
of the quasi-static microfield of the plasma on the 
atom causes ionization of the upper atomic levels. 

Generally, one must take both these effects into 
account when evaluating the partition function. If, 
however, the electron density exceeds about 
10" em~?, the second effect is dominant (strong 
electrical microfield) and one can neglect the 
first one. Margenau and Lewis! have, for instance, 


studied this problem in detail in their survey ar- 
ticle. 
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We shall consider the influence of the screened 
electrical charges on the atom. One can describe 
this influence in the adiabatic approximation by the 
perturbation of the atom by an electrical field F: 


F= SS F;(r;) =e yy, ry? (1 ++ ur;) exp (— xr), (2) 


where k = ( rekT /3 y~t/e isthe inverse Debye radius 
(in atomic units) andr) the average distance be- 
tween the ions. 

Hoffman and Theimer’ obtained the statistical 
distribution of the field. If the ion and electron 
densities are not too small, one can use for the 
evaluation of the field distribution the so-called 
‘nearest neighbor’’ approximation which takes 
only the influence of the nearest ion on the atom 
into account. The probability of finding a perturb- 
ing ion at a distance r from the atom is then given 
by an ei of the form 


dP (r) = 4a nexp {— a 


—4nn n\r2exp |-= ft) ar | dr’ } rdr, (3) 


where U(r) is the potential energy for the inter- 
action between the ion and a hydrogen atom and n 
the ion density in the plasma. 

When the Stark effect in a strong electrical 
field is evaluated one determines the value of the 
critical field Fy? for which the spectral line cor- 
responding to an initial state of the atomic elec- 
tron with principal quantum number m, vanishes.® 
A classical calculation of the threshold for ioniza- 
eo gives the following value for the critical field 
Ing, 

: Pa =e) Oma: (4) 
where ay is the Bohr radius. 

A comparison with the quantum-mechanical cal- 
culation and ee experiment (see reference 3) 
shows that igen can be approximated with fair 
accuracy by an expression of the form 
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Fo == "e/ Sma (5) 


If we take the Screening of the perturbing ion into 
account, we get for the field acting upon the atom 


PO = er (leer) eo, (6) 


where r is the distance between the atom and the 
perturbing proton. 

Comparing Eqs. (5) and (6) we get for the quan- 
tum number at which the partition function must be 
Cut Off: 


My = 2" (rfay) "(1 + ery Me (7) 


It is necessary to note that the electrical field 
inside the plasma can be different from the field 
used in the proposed model. It is thus necessary 
to compare the theory with an experiment on the 
vanishing of spectral lines in a plasma, and we 
shali do this below. 

The partition function of the atom as a function 
of the distance r between the atom and the per- 
turbing ion, 


Z (r) = 2 D) en exp [— E, (A/a), (8) 
n=l 
contains E,, the energy of the atomic levels in an 
external electrical field, and g,, the statistical 
weight of the corresponding levels. One can show 
that for electron densities less than 1077 cm~? we 
do not introduce a serious error if we write Z(r) 
in the form 
ALG > > n? exp [— I, (r)/kT), 


n=1 


I (r) = Io (1 —1/mi(r)), 


(9) 


(10) 


where I) = e?/2a) = 13.53 ev (ionization potential 
of hydrogen), I, =1(r)/n?. We have assumed 
here that the energy levels of the hydrogen atom 
are unperturbed and that the cut-off occurs at 
n= Mp. 

We take the energy of the my level as the zero 
point of the energy, i.e., we assume that Em, is 
the boundary of the discrete and the continuous 
spectra of the relative motion of the electron and 
the proton. This corresponds clearly to an effec- 
tive lowering of the ionization potential [see Kq. 
(10)]. We assume then that upon going over into 
the continuous spectrum the electron moves in a 
potential caused by all the free charged particles 
in the plasma, i.e., in the Debye potential. We 
note that this assumption is not an obvious one and 
needs further justification. A rough estimate shows 
that this assumption introduces an error of the 
second order. We shall return in a later paper to 
a detailed study of this problem. 


(3) 


If we average (9) over the distribution dP(r) 
given by Eq. (3) we get 
Z= \ Z(r) dP (r). 
0 
To evaluate the potential energy U(r) of the inter- 
action between an ion and an atom for r ~ ay (ap 
is the Bohr radius) we use the well-known solu- 
tion of the Schrodinger equation for the molecular 
hydrogen ion.* We can then neglect the screening 
of the perturbing ion. However, when 1/x > r > ay 
the potential energy of the interaction between an 
ion and an atom is evaluated by using the Stark- 
effect perturbation theory. When r > 1/x the po- 
tential U(r) =0. 
2. We write for the free energy of the neutral 
component in an external field 


(11) 


Fa = — NRT In [(MRT/20h2)2 VZ/Nal, (12) 


where Z is given by Eq. (11), M is the proton 
mass, Ng is the number of atoms, and V is the 
volume of the system. 

In the Debye approximation we have for the free 
energy of the charged component 


Foh = Fig—%e? Va/kTV (Ne + Niu)”, (13) 


where Fjg is the free energy of a perfect gas of 
electrons and ions and Ne and Nj are, respectively, 
the numbers of electrons and ions. We have not 
taken into account in Eq. (13) terms quadratic in 
the charged component density since the logarith- 
mic term tends to zero for hydrogen (see refer- 
ence 5}, and the other terms give a small contribu- 
tion. 

The condition of chemical equilibrium 


Pa = Pi a Le (14) 


(where pg, Mi, and we are respectively the chem- 
ical potentials of the atoms, the ions, and the elec- 
trons) leads, if we use (12) and (13), to the follow- 
ing ionization equation: 


n2y/Na = Z-*gz (mkT /2nh*)" exp {4e3 (Qre)'#/(RT)*}, (15) 


where g3 = 4. Equation (15) is the analogue of 
Saha’s ionization formula (see, for instance, ref- 
erence 6). In the derivation of the Saha formula 
one does not take into account that the free parti- 
cles form an imperfect gas and the ionization po- 
tential is essentially put equal to the perturbing 
potential, i.e., one assumes that only the ground 
state of the atom gives a contribution to the parti- 
tion function of the neutral component. The ioniza- 
tion potential obtained in the present paper takes 
into account the deviation of the electron and the 
proton gas from perfect gases. It is necessary to 
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change the ratio between the neutral and the 
charged components as compared to the one given 
by the Saha formula also because of the effective 
lowering of the ionization potential and because 
excited states of the hydrogen atom must be taken 


into account. 
The partition function Z is a function of the ion 


density, i.e., it depends not only on the tempera- 
ture, but also on the density in the plasma. Con- 
versely, the ion density depends on Z, i.e., itis a 
self-consistent problem. We obtain the equation 
of state by differentiating F = Fg + Feh with re- 
spect to the volume, keeping T, Ne, and Ng fixed: 

P = (fa + 2Meo) RT —2e8 V Qu/kT NG + kT dh; 

h=— 0 tri Z/olnmeo, OO I. (16) 

Using (15) and (16) we get an ionization formula 
from which we can calculate the electron density 
(and the degree of ionization) for a given temper- 
ature T and pressure P: 


Neo (1 + A) = Z-1g2(mkT/2h?)s [P/RT —2ney 

+ = (2m) "e8 (eo/kT)*2] exp {4e? (2strteo)!2 (RT)*}. (17) 
For comparison we give here the usual Saha for- 
mula for hydrogen: 


leo = = Be (mkT/2h?): [P/kT — 2negle—//*?. (18) 


3. We consider now some effects which may 
lead to an additional change in the atomic levels 
and thus to a change in the partition function. If 
because of the perturbation the electron makes a 
transition into a state with a sufficiently large 
principal quantum number (in our conditions ~ 6 
to 10), the radius of its Bohr orbit will become 
appreciable. The electron then moves slowly be- 
tween the atoms and the position is nearly the 
same as if a slow free electron moved through the 
gas. The presence of other atoms will change the 
energy of the excited state which we are consider- 
ing on two grounds: firstly, the average potential 
energy of the field in which the electron moves is 
changed, and secondly, the bound proton will cause 
a polarization of the atoms. The result of these 
two effects is a shift in the level’ 


A = ahn,/2nm — 10e?an4, (19) 


where a is the magnitude of the effective radius 
of the elastic scattering of slow electrons by a hy- 
drogen atom and a the polarizability of the atom. 

One shows easily that in the range of tempera- 
tures and pressures considered both these effects 
are small, i.e., 


| AE/E|<1, 


Account of the dipole-dipole interactions be- 
tween the atoms also leads to an insignificantly 


(20) 
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small correction. To estimate the contribution 
from this interaction we can use perturbation 
theory. It turns out that this effect is comparable 
with the Stark effect only when 


5-10-18 nang il, (21) 


but this condition is known not to be satisfied under 
the conditions we consider here. 
4. To estimate Z we use a rough model. Let 


(+ co, Tin 
OL Gp) = wee Rieeie Sipe (22) 
OQ, hs 
From Eq. (3) we then get 
(o ES 
dP (r) = §4P1 (7), n<r Qn, 
dP3(r), hte 


pe= (EJ exp {[! exe ICE) +(A)} or [-G)] 
(23) 


In (23) rp is evaluated from the equation 


Anar3/3 = 1, (24) 


However, ry is not the quantity that corresponds 
to the most probable value of the field F. The 
lower T, the greater the difference between that 
value and ry. We estimate 


Z=\Z(r) dP (r) 
0 

for nj = 1047 em=* (1) = 253.7 ),and KT = 1 tev, 
Using simple functions for Z(r) we get approxi- 
mately Z = 2.25 x 108, 

On the other hand, if we substitute in (9) the 
value rp) = 253.7 we get Z = 25150 10°. 

From the estimate which we have just given it 
is clear that we can evaluate Z approximately 
from the equation 


Zea) =2 exp {er (1— 


= ic Io 4 
=[1+\exp| ar (1—= 


= 2 
9 0 


)(1 1 xedx | , (25) 


where mp is given by Eq. (7). 
For actual calculations using Eqs. (16) and (18) 
one can use the following expressions to work with 


ne (1 +4) = (A1T*+/Z)[AeP/T — 2h, 


+ As(n/T)2) exp {A2 nt/T}, (26) 
A:P/T, = ig (1d) 2 One Asai (27) 
fa = [A2P/T — 2n. + As (ne/T)%1 (1 + A), (28) 


where 
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P, ts 
a T, ev |10-"neg(Saha)} 10-" nyo ne T, ev |10-*2,9(Saha)} 10-1249 
1 6.21.10 | 6.88-410-2 5 1,22 4,23 
2 0.153 0.154 10 0.612 0.613 
{ 3 0.402 0.103 ; 
5 6.12-10 | 6.413.407 1 0.484 0.662 
40 3.06-10-2 | 3.06-10-2 f é 9.04 6,19 
50 3 5.06 5.00 
{ 0.148 0.176 5 3.06 3.05 
; 2 0.749 0.752 10 1.53 1.53 
5 3 0.510 0.513 - 
5 0.306 0.306 : 0.688 1.024 
10 0.153 0,153 a 11.74 14.83 
100 3 10.06 41.69 
n 0.212 0.259 5 6.42 7.26 
2 1.446 1.595 10 3.06 2.99 
10 3 1.020 1.029 : 
5 0.612 0.613 : oe sain 
40 : r a »id LO, 
0.306 0,307 200 3 19.83 21.99 
1 0.262 0.322 5 12.23 14.06 
. 2 214 2.29 10 6.12 7.04 
9) . ah 3) 
| 5 0,918 0.919 ; nee ae 
* Bee note 2 38.43 48.30 
me 500 3 47.69 53.46 
1 0.303 0.378 5 30.52 31.24 
2 2.78 3.18 10 15.34 15.49 
20 3 2.04 2.09 : 


Ai = 1,1869 -10?, Az = 0,6125, 


As = 9.1281 -10-, As=0.2738; 


—= —18 — = 
te Neo: 10 ) Wok—vita Omen 


where we now must express P in atmospheres 
and T in electron volts. 

In the Table we have given values for neg cal- 
culated from Eqs. (26) to (28) for different pres- 
sures and temperatures. The calculation was per- 
formed on an electronic computer. We also give 
for comparison the corresponding values for the 
electron densities in a perfect plasma, calculated 
with the Saha formula. 

We must note that the Debye approximation used 
here limits the validity of the theory to values of 
the electron density and the temperature which 
satisfy the well-known Kirkwood-Onsager inequality 


e*n'/kT <1. (29) 


5. Yamamoto? has investigated experimentally 
the vanishing of spectral lines in a plasma which 
is caused by interactions in the plasma. The anal- 
ysis of the experiment given by the author is in- 
correct and we proceeded therefore as follows to 
compare the results of the present paper with that 
experiment. We calculated from Eq. (26) the elec- 
tron density ne, for the values of P and, TDvicor= 
responding to the experiment and then for that 


value of the density we used Eq. (7) to find the 
value of my. This calculation gave mp ~ 8(P 
=latm, T~ 1.5 ev). The experimental value was 
M,) = 7. We can clearly say that although such a 
comparison with experiment is an insufficient one, 
there is no discrepancy between the theory and 
this particular experiment. 

In conclusion I express my gratitude to D. F. 
Zaretskii for a discussion of the results of this 
paper. 
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Isotopic relations are utilized in an analysis of experimental data for reactions of the type 
aN — 12N from the point of view of resonant m7 interactions. 


lee model of resonant mz interactions in states 
with definite isotopic spin (Tz) values for the 
am system!‘ has recently attracted attention as a 
means of explaining various experimental results. 
In particular, these considerations have been used 
to explain the mechanism of reactions of the type 
aN — amN.*~* The presence in such reactions of 
resonant mz interactions with definite T,, can be 
examined with the aid of the isotopic relations 
which apply in this case (see, for example, refer- 
ences 1 and 2). 

We shall analyze the experimental data using 
the somewhat more general relations, which are 
satisfied when the mz interaction in the state with 
some value of the isotopic spin Cla) is much 
smaller than the interaction in another state (the 
two other states), i.e., 


|a(T nx) |<a| (Ten) | (la (Tar) |<la(Tnn)|, (a (Pan): 


Then we have the following relations among the 
total and differential cross sections: * 


I. ja (0) |<a| (2)| 
O (n-n > n-n-p) = 90 (np — 1°nn); 
II. |a (1) |<a| (2) | 
0 (n-n + n-n°n) = 20 (nn + u-N-p) = 0 (n-p — n-n°p), 
do (n-p —>x-n°p) = do (n-p — n°n-p), 
do (n-n + x-n°n) = do (n-n > n°nmn); 
Ila. [a(1)|<la)|, [@@)| (a(t) |S>]a(0)], [a(2))) 
do (n-p > n-n*n) = do (n-p — xtn-n); 
IT. [a (2)|<ja (1) | 
go (nn +n-n-p) = 0, do (n-p + a-m°p) = do (n-p > n°n-p) 
do (n-n — n-n°n) = do (n-n > x°nmn). 


At present, a more or less definite examination 
of relations I—TIII for the total cross section is 


*The equality of differential cross sections, for example 
do (n~p+777°p) = do(n-p+n°n-p), indicates clearly that the an- 
gular and energy distributions of the 7° and 7 mesons are iden 
tical in the 7~p>777°p reaction. 


possible only at an energy of about 1.5 Bev. The 
cross section ratios 
o(mn > N-1-p) 


6 (mn > 1-1 p) 
B g (ap > 7p) 


6 (np > 1°nn) 


’ i 


? 


5 6 (mn > m-1°n) 
- 6(n-p > x-x°p) 


computed from the experimental data®-!" for cases 
I and II are given in the table. From the table it is 
clear that B « 9, i.e., the condition |a(0)| « Ja (2)| 
is not fulfilled at 1.5 Bev. The values obtained for 
y and 6 also differ from those possible in case II. 


i II 
Energy Si ee oe os 
Elab» Bev B | y | § 
4.37 [8 | 0.7+0.6 | 3,124.4 
By [PPE 0.4440. 12<p* <2,0+0,8] 0,3640.09 | 2.1+0,3 


*The value of B is obtained from only the data of Walker 
et al.” The limits given for B correspond to two different as- 
sumptions on the magnitude of the cross section 0, (7p >7n) 
(namely, O,=0 and oO, = o(7 p> p)I, since there are experi- 
mental results only for the sum of the cross sections 0, and 
o( p >nnn). 


Condition II, moreover, is also in disagreement 
with the different shapes of the angular distribu- 
tions of 7? and 7 mesons in the 7p — 1~7p re- 
action. It follows, therefore, that |a(1)| cannot be 
small. The condition thatthe ™n— mrp reaction 
cross section be small (III) is apparently not ful- 
filled by any of the data on the mn(za*p) interac- 
tion at 0.5, 1.37, and 1.5 Bev.®-"!* Thus, the data 
under consideration give no indication that any of 
the quantities |a(Tz)| is small. 

By using only the conditions on the differential 
cross sections, we can analyze the data on the T p 
interaction separately in a similar manner. The 
results obtained by Alles-Borelli et al.'3 at 960 
Mev show that the energy distributions of 7* and 

*It should be noted that, at 0.75 Bev,'? only one case of 
7*p+ta*n has been observed, compared with eight 7 p>a-7tn 


cases. However, the statistics are clearly not good enough to 
allow a definite conclusion. 


802 


SOME TISOTOPIC RELATIONS FOR REACTIONS OF THE TYPE «N — aN 


m™ mesons in the 1p — 7 r‘n interaction cannot 
be resonant in the states with Lez = 0 or 2. To 
see whether the interaction in the state with Tar 
= 1 is strong, it would be necessary to measure 
the cross section for the mn — ™ 7 p reaction, 
which would be zero if such were the case. How- 
ever, it turns out that along with this, the equality 


do (x p—>m1'n) = do (x p—>ax'nr-n) 


again must hold, and, since it does not hold, the 
mm interaction in the T,, =1 state can likewise 
not be resonant. Similar conclusions follow also 
from other experiments performed at energies 
around 1 Bev‘ and 1.85 Bev.® 

Thus, the analysis of experimental data in re- 
actions of the type 7N —77N at energies 0.96 — 
1.85 Bev gives no indication whatsoever of the 
presence of resonant mz interaction in a state 
with definite T,,.* Moreover, |a(2)| is not 
small even at 500 Mev.7 

This approach allows us to obtain some infor- 
mation on the nature of the interaction of the sys- 
tem of two 7 mesons in 7N —77N reactions near 
the meson production threshold. Near threshold 
the 7 mesons are ina relative S state and there- 
fore the isotopic spin T,, cannot be 1. It is in- 
teresting to see where P-waves begin to be im- 
portant, i.e., at what energy |a(1)| is no longer 
small. The difference in the angular and energy 
distributions of 7” and 7 mesons in the mp 
— 7 1*n reaction at 290 Mev’® apparently indi- 
cates the presence of P-waves in the m7 system. 
If the mz system at threshold is in a mixture of 
only T=0 and T= 2 states, then an admixture 
of P states will show itself as a difference in the 
angular and energy distributions of 7” and 1 
mesons in this reaction. 

In conclusion, we give some isotopic relations 
which may be useful in future analyses of experi- 
mental data. They are for the case that the inter- 
action in the 7N subsystem in the final state oc- 
curs predominantly in a state with definite isotopic 
spin, for example, in the T;N = , (‘‘isobar’’) 
state, and in addition the inequality |a(T7,)| 
« |a(T%, )| holds for the mm system. For |a(2)| 


*It should be noted that if the 7N>a7N reaction goes only 
through the nucleon ‘‘isobar’’ (J = T =%), then a resonant a7 
interaction in a state with definite T77 is obviously impossi- 
ble. Therefore, if the ‘‘isobar’’ model is valid in the energy 
range 1—-1.5 Bev (as is apparently indicated ‘by the results in 
references 14 and 17) such a resonant 77 interaction is im- 
possible. 

tOf course, these conclusions do not exclude the possibil- 
ity that the 77 interaction is resonant for certain values of 
the relative momentum of the 7 mesons. 
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= 0,* we obtain the following equations for the total 
cross sections: 


6(tn—>n nn) =o(nn—-n xn p) = 0, 


o(n p> 1 Wp) = s(n p> nnn) = 26 (0 pon a'n). 


For |a(0)| = 0 these relations are identical with 
those which hold in the case T,y = T = %, where 
T is the isotopic spin of the initial state. 

The author thanks L. I. Lapidus, V. I. Ogievet- 
skii, and M. I. Podgoretskii for appraising these 
results and for valuable comments, and also S. A. 
Bunyatov and A. V. Efremov for aid in this work. 
~_*The case |a (1)| = 0 is impossible; that is, if the 7N in- 
teraction is strong in a state with definite Tn, then the 77 
interaction in the T = 1 state cannot be small. 
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A set of equations defining the excitation spectrum and decay of the initial individual excita- 
tion is derived from the linearized Hartree equations by taking the initial conditions into ac- 


count. 


The quantum dispersion relation and its classical analog, which specify the collective 


excitation spectrum of a system in an external field, are deduced. 


A linear approximation of the Hartree self-con- 
sistent field method has been used many times to 
determine the spectrum of collective and single- 
particle excitations of systems of interacting par- 
ticles.’? A consistent application of this method 
should obviously include the formulation and solu- 
tion of the initial-condition problem (the Cauchy 
problem ). In the present paper we show that for 
a given approximation Heitler’s formalism? not 
only yields the spectrum of the collective and 
single-particle excitations of the system in an ex- 
ternal field, but determines the decay of an initial 
individual or collective state. 

We consider a system of interacting particles 
in an external field. The operator equation for the 
density matrix, in a representation determined by 
the eigenvalues of the particle states in the ex- 
ternal field, has the form 


{ih 0/0t —E, + E,}p (nn’) = Di{p (Ll') p (mm’) Gre 8 (n'm’) 
(Hie 


— p(mm’) p (il) Gry 8 (nm)| = 2 Gihite( Il’) p (n'n’) 


— p (nn)p (Ll’)}-+ Ap(nn’); (1) 


Gils = \dx dy G (x — 9) Yn (9) Ye) bw) HW). (1') 


Here G(x —y) is the kernel of the interaction be- 
tween particles, and yj (x) satisfies the equation 


{T (p) +U (x)} p(x) = Enh (x). 

Averaging the operator equation for the density 
matrix over the state of the system (in the occu- 
pation-number space) and using further the 
Hartree approximation in which the diagonal ele- 
ments of the averaged density matrix are replaced 
by the distribution functions of the non-interacting 
particles in the external field: 


<p (Zl’) p (nn) > — <p (I’)> <p (nn) > F (En) <p (11), 


we obtain in the linear approximation < Aé (nn’) > 
— 0, i.e., a system of Hartree equations, which 

is a natural generalization of the system consid- 
ered by Ehrenreich and Cohen? 


{in O/OL — En = En} Conn) > = Af (nn’) LGal <p (iy 
= Ea) j(En). (2) 


We assume that in the system of linearlized 
Hartree equations the self action of the particles 
has been eliminated, so that 


DIG 3a 
ihe 


Af (nn’) 


SS Ge 


(fl) >, Zi. Gane (Il)>. 
ll’#nn’ 


We proceed to analyze the Hartree system with 


allowance for an initial condition in the form 


<p (nn')>4 <<) = 0, 


Using the ee reEe 


<P (NoM)>t0+ = 1, nn’ =e Noy. 


<p (nn')y = = \dEp (E) exp [—iEt/hl, 


nn" | none 


we find that allowance for the initial condition 
leads to the system 


Dna’ (E) p 


nn’| ny ny 


(Byway (nn’) > Grit P (E) 


I1'|\ngno 
+ 8 (nons| nn’), 


Diane (E) = E— 18% + Eve (3) 


Following Heitler’s formalism? we introduce 
for Il’ # nony a new matrix, defined by the relation 


Pp... AE) =U 


Ll’| ngns 


(E), 


Non} non 


ULl'| no nshE) Di(E ) Pp 


Dan{E) = PLE —Eq + Eq 14 — ind (E — EB, 4-E pn) 


The system of homogeneous equations 


Pes le) (4) 


nn'|nont 


(E) = Af (nn’) pa G'!, Dib (E) U 
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determines the introduced matrix for nn’ Ny, 
and the relation 
eID Ee (El, (5) 


Nols |ong non’ 
) 


2 Pnyu,(E) = iA} (ngns) SG! Dik (E) Vivian) (8) 
ui? 
determines the behavior of the initial condition. 

The quantity Pnonj(E) is, generally speaking, 
complex and determines the line width of the 
single-particle transition nj — ny and the energy 
shift of the single-particle transition. We note 
that [noni (E) vanishes when nj = np, correspond- 
ing to the absence of a shift and to the natural 
width of the single-particle level. 

To separate the spectrum of the collective fluc- 
tuations, we parametrize the resultant system of 
equations. Actually, expanding the interaction 
kernel in the expression for the matrix element of 
the transition ihe in a Fourier series 
nor =2 G ( 


Go per* bn) (0 ee" 2) 


and introducing ite generalized collective operator 


Uy (E; nom) = Di (Ue |) DnE) UE). (7) 
LE 


LL’| ngno 


we find that the width and the shift of the energy 
of the single-particle transition are expressed in 
terms of the introduced quantity as follows: 


APE) = if (mpni) 2G (9) (ng |e! |;) Uy (Es myn). 
; (8) 
By simple transformation of the system of 
homogeneous equations for Unn’ | npng we find that 
the collective operator Ug(E; non) ) should satisfy 
the equation 


(1 — G (g) 2 Af (nn’) Dat (E) | (a |e’ |n’) P} Ug (Es none) 
= 2) G(q’) Uy (Es ngns) 
V+ 
x Dap(nn’) Daw (BE) (nler**|n’)(n’ lee |n), (9) 


the structure of which is such as to permit the 
separation 


Uq(E; ngno) =Ug(E) U (nord), 


which leads to the possibility of existence of a 
collective-excitation spectrum E(q) independent 
of the quantum numbers of the individual initial 
condition. This last circumstance is again a con- 
sequence of the elimination of terms corresponding 
to the self-action of the particles from the initial 


Hartree equations. 


Neglecting the right half in the complete system 
(9), we arrive to a quantum dispersion relation in 
closed form 


1 =G(q)>jP ea fae) 


Eee oo | (2 | e79)| 2’) |? 


nn’ 


— inG (q ) 8 O( Ef Eee 


eo (Ba) =] (2 


solution of which determines the spectrum of the 
collective fluctuations of the system of interacting 
particles. 

Relation (5) together with the expression (8) de- 
termines the energy shift and the line width of the 
initial individual excitation of the system in the 
presence of collective excitation with a spectrum 
defined by the dispersion relation (10). To find the 
classical analog of the dispersion relation (10), we 
change in this expression from summation over 
(n, n’) to summation over (n, An=n’ —n) and 
take account of the fact that in the classical ap- 
proximation the main contribution is due to the 
eigenvalues n > An> 1. Since the quasi-classical 
matrix elements approach zero rapidly with in- 
creasing An and change little with changing n 
when the difference An is fixed, we use, on going 
to the classical dispersion relation, the expansion 


n)] | (2 e*| n’) ?, (10) 


E — Entant E,—E — 
f (Entan) — f (En) > (Of (E 


where, according to reference 4, 
1 
le ox pdx. 


In addition, it is necessary to take account of the 
fact that the matrix element of the transition goes 
in the classical limiting case into the correspond- 
ing Fourier component of a function defined on the 
classical trajectory of the particle. After simple 
transformations we obtain a classical analog of 
the dispersion relation (10) 


(OE, / On) An = E — ha (n) An, 
n) | OEn) how (n) An, 


o(n) = 0, / ol, 


hw (n) An of (E,,) iqx(t)—io(n) Ant |* 
Gq) LP aie @yan aE, |\ ater 
—inG(q) >) 6 (E— he (n) An) 
n, An 
Of (E,,)  d¢ptgx(t)—iw(n)Ant |” 10’ 
aE hos (n) An|\ dtei ; (10°) 


where x(t) is a solution of the classical problem 

of the motion of a particle in an external field. 
The dispersion relations (10) and (10’) obtained 

above lead, in the case of infinitesimally small 
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wave numbers (q— 0), to generalized Lorentz 
dispersion sums. For particles that are free in 
the ground state the complete system of equations 
for the collective operator coincides identically 
with the cut-off system and (10) goes into the well 
known Klimontovich-Silin dispersion equation. ! 
We note that the Hartree-Fock approximation leads 
in this situation to a system that determines a col- 
lective operator analogous to the complete system 
(9). 

For a system in a periodic field, in the approx- 
imation 

(n, kleor[(k’, 1’) — (Ux, n| Uxta, n’) 5 (k’ —k —Qq), 


where (n, k|r) = ux, n(r)ek: l defines the state 
of a particle with quasi-momentum k in band n, 
corresponding to conservation of the quasi-mo- 
mentum in the single -particle transition k’, n’ 

— k, n, the dispersion relation (10) goes into the 
dispersion equation of the band model.” Finally, 

for a system of particles in a constant homogeneous 
magnetic field, in the approximation 


(kx, n, Rz |e |kz,n' Re) 
6 (kz — Re — Gz) 8 (ty — Rx — Gx) (kn | Lar) 8 (Gu), 


where (Xn |Xn’) is the overlap integral of the os- 
cillator functions, corresponding to the Landau 
representation,’ we arrive at the dispersion equa- 
tion obtained by Zyryanov.° 

Let us turn now to an examination of the ‘‘col- 
lective’’ initial condition, which is an assembly of 
initial conditions with definite wave number values 


Ry (0) = 2 (1g [e* |n5) (non). 


Nofly 


(11) 


Parametrizing relation (5), which determines the 
behavior of each individual initial condition, we 
find that the quantity 


RAE) = i (ro |e | 00) p 
which characterizes the behavior of the assembly 
of initial conditions with definite wave number 
values, is determined by the relation 


(E), (12) 


, 
NoNy 


, 
NoNy 


(Mtg | e°9*| No) 


Bo pa} DE) +a (EVR 
Non, 


’ 
MoM g oy 


p.(morto). (18) 


Relation (13) in general does not lend itself to 
separation in the right-hand part of the ‘collective’ 
initial condition. However, in the approximation 
SDS a, = D5) +... . we find that 

Rq(E) = [D, (E) + il, (E)/2)-+R, (0), 


where the fluctuation propagation function 


(14) 
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Ni 
Diba 


NyNy 


(E) (10 |e | 19) p((nono) 


is the propagation function of the single-particle 
transition averaged over the initial state, and the 
decay of the fluctuations is determined by the 
averaged width 


5 Fa(E) = iG (q)F (9, 4) Uq(E) 


DGG). E (Gage ei 


a l ys 
V# 


F (g, q') = Dv Af (rayne) (ra [e'#"*| ng) (m4 |" | 2g) p!(MoND). 
In conclusion we note that parametrization of 
the initial Hartree equations leads in the presence 
of self-action to a system of inhomogeneous equa- 
tions for the collective operator Ug(E; Nyy), of 

the form 


Uj (BE: Nof,) = {1 — G(q) >| Af (nn’) DOME) | (a [e/*|n’) PP}? 
x {21 Af (nn’) Daa (EB) (n |e |n’) G"" 


4+ DG(q’) Ug(E; nons) 
q' +4 


x 3) Af (nn) Dat (E) (1 en’) (0! Ler" [rh 


nn’ 


(15) 


In this case the state of collective fluctuations of 
the system is determined not only by the excitation 
spectrum E = E(q), but by the quantum numbers 
of the initial individual excitation (mp), nj). The 
system given above for the definition of 
Ug (E; Nony ), together with the expression for 
Pronf | non’ (E), analogous to that given above, de- 
termines the decay of the initial individual state 
and the excitation of collective fluctuations in the 
system of interacting particles. 

For particles that are free in the ground state 
the equation for the collective operator 
Ug (E; ko, kj) is greatly simplified and turns into 
the analog of the following equation! 


fore (5) a b dsest 


5 ‘e. f (p + hk / 2) — f (p — hk /2) Fa 

is |! G(R) \ m kp — is dp} 
Px (0, Pp) 

xf s+ imkp ap, 


which determines the time variation of the Fourier 
component of the density fluctuation p,(t) in 
terms of the initial value of the perturbed particle 
distribution function of the system, ~_K (0, p). 
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An expression for the scattering cross section of low-energy photons on a system with spin 
Wb is obtained within the framework of the local theory, with an accuracy up to terms quad- 
ratic in frequency. In addition to the constants e, M, and A (which represent the charge, 
mass, and anomalous moment of the system respectively), three other parameters, @, B, 
and < co (representing, respectively, the electric and magnetic polarizabilities and the 
mean-square radius of the charge distribution of the system) also appear in the cross- 


section formula, 
1. INTRODUCTION 


Low! and Gell-Mann and Goldberger? have inves- 
tigated the scattering amplitude of light on a sys- 
tem with spin D within the framework of the local 
theory. It has been shown that, from the require- 
ment of the relativistic and gauge invariance of 
the theory, one can draw definite conclusions con- 
cerning the scattering amplitude, with an accuracy 
up to terms linear in frequency. For a compari- 
son of the theory with experiment, it would be in- 
teresting to obtain not the amplitude but the differ- 
ential cross section. It is the purpose of the pres- 
ent paper to obtain a formula for the cross section 
with an accuracy up to terms quadratic in the fre- 
quency. To this end, it is necessary to take into 
account in the expression for the amplitude the 
quadratic terms which interfere with the Thomp- 
son scattering amplitude and thus contribute to 

the quadratic terms in the expression for the cross 
section, in addition to the linear terms. No com- 
plete derivation of a general formula for the light- 
scattering cross section on a system with spin ve 
has been given in the literature, although the im- 
portance of the quadratic terms was indicated, and 
the calculation of some of them carried out, by 
Klein? and Baldin.4 (A preliminary report was 
presented by Baldin at the Elementary Particle 
Conference in Padua in 1957. ) 

It is also interesting to obtain the general for- 
mula for the cross section in order to find such 
characteristics of the nucleons as their electrical 
(a) and magnetic (f) polarizability. In the con- 
clusion, we shall dwell briefly on the possibility 
of obtaining numerical estimates of a and B from 
the presently-available experimental data on the 
Compton effect on protons.°»® 


2. CALCULATION OF THE SCATTERING AM- 
PLITUDE 


Within the assumptions made by Low,! we can 
write the following expression, quadratic in e, for 
the matrix element for the scattering of a photon 
with four-momentum k and polarization e ona 
nucleon* with momentum p. The scattered photon 
then has a momentum k’ and a polarization e’: 


2i 


Se | Cee. \ @ (x) (x) 


x exp [i(k —k') x] dx| ps > 


<e'k'p’s | S| ekps> = — 


ee SPS |\ PL ei Wel 
x exp [i (ky — k’x)] dxdy | ps » (1) 


where p’ is the momentum of the final nucleon, s’ 
and s are the projections of the spin of the initial 
and final nucleons, (kx) is the scalar product of 
the four-vectors, and ®(x) and jy(x) are time- 
dependent operators of the meson field and of the 
current in the electromagnetic representation of 
the interaction. 

We shall change Eq. (1) over to time-independent 
operators, using the transformation 


A (x) = eet A (x) e—éhot | 
where Hy is the total Hamiltonian of the meson 
and nucleon fields. 
Writing the P-product explicitly and letting the 
operator Hy operate on the indices of the matrix 


element, we obtain, after an integration with re- 
SPect tot, 


* 
Henceforth, we use the word nucleon as an abreviation for 
a “‘system with spin 4.” 
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ites 20 
(| S|> Vine UE ( 


Nes 


E(p) —k) E 


)e' exp [— ik’x] dx ! 


+<\Vie 


ail <\ j (y) e exp [iky] dy i (Hy — 


Ae 


e?ee! \o" (x) D(x) exp [i(k —k’) x] dx 


1 
ED) ERT 1) exp [ik x) ds 


? 


EG) =5) \i (y)e exp [sky] dy| > 


>|. (2) 


We shall expand the last two terms in Eq. (2) in terms of the total system of physical states of the 


meson-nucleon field. We then have 


2 
aS ih — Fae OE (p') +h —E (p=) | 2 <| eee’ \o (x) ® (x) exp [i (kk —k’) x] dx| > 


<|\ \ ie) e’ exp [— ik’x] dx 


Aa) 


)eexp [iky] dy by 


<] fic (y) e exp [iky] ep aaiy 


j (x) e’ exp [— ik’x] ax| 


ED) {Ey 


= 18 (oO) =) 


In order to obtain the momentum-conservation law 

explicitly, we shall use the translational invariants 

of the matrix element. We show the detailed calcu- 
lations only for the first term in Eq. (3): 


€ p's’ | eree" \ @* (x) ® (x) exp [i (k — k’) x] dx | ps > 
i (p’ — p)a] <p's’ 


<x D(x —a)exp [i(k —k’)x] dx| ps 


= exp [ 


e*ee’ j @* (x — a) 


= exp[—i(p’+ k’—p—k)a] 
x < p's’ 


x exp [i(k — k’)x’ dx’ | ps > é (4) 


eee’ \ D* (x’) © (x’) 


Integrating the right- and left-hand sides of Eq. 
(4) with respect to a, we finally obtain 


«|S|> Pee SEY, (p’ +k’ — p—R) | s C \eree’| @ 


V 4kk’ 


<| | (0) e’ | vok> <vok | j (0) e [> 


* (x) ® (x) exp [ 


<| § (0) e | vo — k’> <vo —k’ | j (0) 


p) +R’ 


= MM 


(3) 


Pas \ * (x) ® (x) exp [i(k — k’) x] dx > 
_ (20)? 6 (p’ 


< 


e’ee’ 


Vv 


x \ " (x) D (x) exp [i (k — k’) x] dx > ; 


It can easily be seen that the coefficient ahead of 
the matrix element, appearing as a result of the 
transformation carried out, is equal to 1.* Hence- 
forth, we shall write the matrix elements of oper- 
ators containing integrals as 


X | eee! \ @" (x) ® (x) exp [i(k — k’)x] dx} > 


2x)8 8 (p’ + k’ —p—k) 
< | eee’ \ @" (x) ® (x) exp [i (k — k’) 


xjdx| >|. 


We assume the quantity in the brackets to be finite. 
From the translational invariance of the two 
terms of Eq. (3), we can easily obtain the expressions 


> 


i(k — k’) x] dx 


+ S| : 
_ i[E, (2) —M—&] 


i [Ey (k’) —M + Rk’) 


a 


sy [<[fimrecntmaialve> Calf sorentsiel> 
a me 


roe Mav? 


<[Jiw e exp [iky] dy|N —k > CN —k’ 


i [Ey — M-FRIV? 


We have separated the single-nucleon term explic- 
itly, and set the momentum of the initial nucleon 
p=0 (in the laboratory system). The indices v 
and o indicate the summation over positive and 
negative energies and over the projections of the 
nucleon spin in the intermediate state. It would 

be more consistent to work with positive energies 
only, adding to the single-nucleon expression those 
terms of the sum over all excited states which con- 
tain a pair in the intermediate state in addition to 
the nucleon. However, it is simpler for us to carry 


[Dusen aia (5) 


out the summation over negative energies.t 

The amplitude component due to the contribution 
of single-nucleon terms can be calculated directly 
if we use the total formula for the matrix element 
of the current operator connecting single-nucleon 
states: 


*This is true for the limiting case V > ~. 

tSee Heitler’ pp. 213-214 concerning the equivalence of 
the results obtained. 

tSee reference 1, Eq. (3.1). 
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<paljn (0)| pr> = iu (pe) leypf (Ap?) — ou Ap.r’g (Ap*)] u (p1), 


= Nel 2M, b(Vi%. — Yervi2. 


(6) 


Ap = p2— pi, KN Oy = 


The calculation of the single-nucleon part of 
Eq. (5), using Eq. (6), leads to the expression 


Elec! pel k (fF +2hg) ¢ le’el 


bet (fae he)? o ([nel tnve I} 

pol *(f + Ag) ((en’) (aIn'e’)) — (e’n) (2 {nel)) 

= sar(tr) (fF +49)? (ee’ (1 — cos*#) — (en’) (e’n) 
x (1 — cos 6)) 


+4 (EY engi +22" Cen’) (e'=)|>, 


Np ey oe (PSE (p)), oN Ap) = 


pa) (1)* 
In deriving Eq. (7), we have changed over to two- 
row matrices, and have limited ourselves to terms 
quadratic in frequency. Terms quadratic in k and 
containing the operator o have been dropped, since 
their contribution to the cross section is of the 
order of k® and less. The functions f and g char- 
acterizing the spread of the charge and of the mag- 
netic moment of a nucleon in the non-relativistic 
approximation can be written as 


f(Ap?)) =1—4¢r2> R, g(Ap)=1—< (rip R. 


where <ri> and Kip > are the mean-square 
radii of the charge and of the magnetic mo- 
ment. In our approximation, we must, in the ex- 
pression for the amplitude, set the functions f and 
g equal to one in all terms except the term 
e*f?M~!e-e’. 

As was shown by Low,! the sum of the first and 
third terms in Eq. (5) does not contribute to the 
single-nucleon term in the approximation linear 
in k. For the problem on hand, let us first con- 
struct the general form of the terms quadratic in 
k that are due to this sum and that do not contain 
the operator o. From e, e’, k, and k’ one can 
write the general expression 


yiee"h® + Y2 (ee’) (kk’) ++ ys (ek’) (e’k). (8) 


Expressions of the type exk, e’xk’, exk’, e’xk 

can be reduced, as can easily be ascertained, to the 
form (8). 4, yz, and y3 denote still unknown coef- 
ficients, whose meaning must be explained. To this 
end, we shall use the formula proved in reference 1 


*(ne] =n xe. 


Va Ay PETRUN-EIN 


fikigy = ke <|\P Lo (x) 9 Wl exp Li (ey — ka) dx dy| >, 
(9) 
where gij 1s defined in the following way 


S|) = — exejgiy | V 4kR’. 


Equation (9) is obtained as a result of the gauge 
invariance of the theory. Carrying out a transfor- 
mation of the right-hand side of Eq. (9), analogous 
to those carried out earlier, we easily find that 


kikj@ij = i (2n)'d (p +k — p—R) ) {single-nucleon term 


— kK’ Rik; Y et nia slerali al 6 (y) yjdy [0 > 
2 <olf p (y) aa a | (0x, dx Dal 


— M) Vie 


Under the summation sign we have the equivalent 
of a symmetrical tensor aj;;. For a particle with 
spin ¥,, this tensor should be of the form 0 jj- 
Thus, transitions to other states make an additional 
contribution of the form ak*k-k’, in addition to the 
single-nucleon term. It is natural to name the con- 


mis: | 200 x,ax | oN > Con’ a (y) yay [0 > 


(Ey — M) V2 
‘l \ p(y) yidy |ON’ > CON’ | \ 5 (x) x,dx/0 > 
ae (Ey — M) V2 | 


(10) 


the electrical polarizability of the nucleon.4 Com- 


paring the left-hand side of Eq. (9) with the right- 
hand one we see that, to have an equality, it is nec- 
essary that y. + y3= 0 and y;=-—a. The equality 
of the single-nucleon terms on the left- and right- 
hand sides follows automatically from the require- 
ment that the single nucleon terms should vanish 
for an exchange of ek and e’ —k’ which, as 
can easily be checked, is satisfied in our case. 

As a result, we obtain the following form of the 
matrix element for the process under considera- 
tion 


des 2 6 (p’ +k’ —p—Rk) {<|(...) 


—ak*ee’ — 8 [ke] [k’e’]|)}. (11) 
The symbol . . . denotes the single-nucleon term 
in the amplitude, and B = — y, = + 3. 

In order to explain the physical meaning of the 
constant 8, we shall carry out a Foldy transfor- 
mation® of the expressions that lead to the term 
bkxe-k’xe’. This transformation means that 


exp (iq-r) is transformed in the corresponding 
matrix elements according to the identity 
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{grad (ere‘s4") — i [r [qel] e#9°} ds. (12) 


4 
eear — 
After substituting, we see that B is given by the 
following approximation: 


i pS ARE EAE RIAD, 
‘e — M)Vv? 
<0} fiw 19 n> <vol§ maid 

ap ny — M) V2 
The ‘‘approximately-equal’’ sign, rather than the 
equality sign, is used above, since, in general, other 
terms not written here may also contribute to 8. 
This problem requires additional investigation. 

The first term in Eq. (13) has no simple phys- 
ical meaning, while the second term, like a, can 
be called the magnetic polarizability. Henceforth, 


we shall define the magnetic polarizability as the 
sum of all contributions to 8, i.e., as 8 itself. 


(13) 


3. DIFFERENTIAL CROSS SECTION 


The differential cross section is given by the 
equation* 


1 
ap 1! 


dp’ dk’ 


go = J Qap 


5(p’ + k’ —p —k) 6(E (p’) 


ae = Ep) — R), 


where Q is the expression inside the braces in 
Eq. (11), and J is the current density of the col- 
liding particles. 

Averaging and summing up over the spin pro- 
jections of the nucleons and of the photon polari- 
zation, we obtain a formula for the differential 
cross section for the scattering of an unpolarized 
photon beam on unpolarized nucleons: 


ar {[1—247 (1 — cos @) 


oO ir) da — cos)? | (1 -¢os?0) 
[(1 — cos 6)? + f (6)] 


a \ (ar) (1 + cos? 6) 


k 


+( 
ae 


) 
<re> M* 
mM? 


(ar) cos 0 | ; 
ro = non f (8) = a, + a1 cos 8 + a, cos” 6, 
ay = 20 + + - 3 ++ Me, a=— 4A —5v — 223, 


a2 = 2) +402 — 13 — = Mo. (14) 


In deriving Eq. (14), the terms containing powers 
of frequency higher than k? were neglected. Equa- 


*See reference 9, p. 292. 
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tion (14) contains the three additional constants 

a, B, and <r%>, as compared with the formula 
of Powell! for the scattering of light on a charged 
particle with anomalous momentum i. The value 
of <c can be obtained from experiments on 
the structure of the nucleon. We can attempt to 
determine the constants a@ and 8B from protons by 
comparing Eq. (14) with the experimental data. 
The reader may refer to such a comparison car- 
ried out by Gol’danskii et al.® 


4. CONCLUSION 


We shall make a few comments concerning the 
role of the separate terms in Eq. (14), and the re- 
gion of its applicability. The role of the separate 
terms is characterized by the following data: 


10—20 Mev 50-60 Mev 90—100 Mev 
Term containing A: 1% 10% 50% 
Term containing <r23>: 0.3% 4% 12% 
Henceforth, we put '/ (e?/M)? In the esti- 


mates, we have put A = 1.7 and vy nts © =058 
x 10743 cm. We cannot give a good estimate of 
the terms containing a and £, since there is no 
rigorous theory concerning these parameters. 
The estimate of the quantity 


deo, 
carried out by Baldin‘ has yielded the following 
results: 


0.4-10°?% em < a’ <1,5-1074 em?. 


The lower limit of this estimate has been obtained 
from the relation between the polarizability and 
the amplitude of the electrical-dipole photoproduc- 
tion of mesons. The upper limit of the estimate 
has been obtained by an analysis of the experimen- 
tal data on the Compton effect. Gol’danskii, et al.® 
have obtained the value of a = (0.9 + 0.2) x 107” 
em?*. It is easily concluded from this that the con- 
tribution of the term containing @ may amount to 
5 to 12%. No reliable theoretical estimates of 6 
are at present available. From the fact that the 
measured cross section is not greatly different 
from the cross section given by the formula of 
Powell, we can conclude that the contribution of 
the term containing f is not greater than the con- 
tribution of that containing a. 

Thus, each of the terms containing a and B 
makes a contribution of about 10%, in its order of 
magnitude. This indicates that we have to be very 
careful in determining a and f directly from ex- 
periments by comparing Eq. (14) with experimental 
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data. This is because we do not have an exact es- 
timate of the terms neglected in Eq. (14). We can 
expect that the contribution of the consecutive 
terms of the expansion will amount to ~k/u 
(where p is the meson mass) of the contribution 
of terms containing a and f. If we want to fit the 
experimental data on the Compton effect on a pro- 
ton with an accuracy of 5%, then Eq. (14) is satis- 
factory in the 0—70 Mev energy range. If we want 
to determine the parameters a and £ to within 10 
to 20% by comparing Eq. (14) with experimental 
data, then experiments on y-ray scattering at 10 
— 30 Mev energy are necessary, which are at pres- 
ent already on the border-line of experimental 
feasibility. A more exact evaluation of this limit 
depends on the estimate of the neglected terms in 
the amplitude, which has so far not been carried 
out. 

In conclusion, the author wishes to thank A. M. 
Baldin for proposing the subject, and for his con- 
stant interest in the work. 

Note added in proof (April 7, 1961): A more 
exact analysis shows that the summation over 
negative energies in the single-nucleon term (see 


footnote 3) does not take into account all the inter-, 


V. Ay PE LARUNGR EN 


mediate states involving pairs, but accounts only 
for those which correspond to usual diagrams of 
the perturbation theory. The remaining states 
should be included in the sum over N’. 
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We consider an unstable particle which can decay according to V ~ N+ 6 in the Lee model 
of a nonrelativistic second-quantized theory. Perturbation theory for an eigenstate expan- 
sion of any initial state is generalized to the case of an unstable particle. A quantity play- 
ing the role of the norm of the state of such a particle is defined. A new method is given 
for finding the amount of time a stable V’ particle, which can undergo virtual transitions 
to the N+ @ state, spends in each of its two possible states. This method is then applied 
to an unstable V particle, and a definite value is obtained for the amount of time it spends 
in each state; however, this value is found to be complex. 


W: follow Lee! and consider a system consisting 
of three particles, V, N, and 6, whose interaction 
leads to the decay V—N+ 6. Unlike Lee, how- 
ever, we assume that my > my + mg, So that the 
V particle is unstable and decays spontaneously 
into an N anda @. Then the set of stationary 
states with positive real energy E does not in- 
clude V states. In the spectrum of this system, 
the unstable V will appear simply as a resonance 
in the 6 and N states at a given energy Ey (with 
Ey) >My + Mg, and some resonance width y). It 

is clear, furthermore, that in the nonstationary 
problem the wave function of the system will have 
a term proportional to exp (—iE’t) = exp (—iEpot 
—yt), describing V decay. 

In the case of a stable V particle, the interac- 
tion gives rise to a term in its wave function which 
describes an admixture of the N+ 494 state. In con- 
figuration space and in the simplest case of an S 
wave, this mixed state is described by a wave func- 
tion of the form f(r) = Ce~*"/r, where r is the 
distance between the N and the 96.” It is then easy 
to normalize the physical V state and to calculate 
how much bare V and how much N + @ it contains. 

The wave function of an unstable V particle is 
a superposition of the bare V wave function and a 
diverging N+ 6 function, which in configuration 
space (in the case of an S wave) is of the form 
f(r) = CelKY/y, 

At first sight such a state cannot be normal- 
ized, and it would then seem that it is impossible 
to find the amount of bare V in the unstable phys- 
ical V state. It will be shown below, however, 
that if one uses the techniques developed for the 
description of unstable states in the Schrodinger 
quantum mechanics of a single particle,’ one can 
uniquely answer all questions for unstable par- 


ticles which are solvable in an elementary way 
for stable ones. 

With this in mind, we start with a new definition 
of the concept of the fractional amount of a given 
state, using first the case of stable particles (for 
which everything is clear). 

Consider an eigenstate © of a Hamiltonian H 
including interaction (HW = EW), and let this state 
be written in the form 


¥ = lap +) 7 (9 depen |0> (1) 


where wy is the creation operator for a bare V 
particle, ~y and jg are creation operators for 

N and @ particles, and |0> is the vacuum state.* 
The normalization condition is 


Jap +\|F) Pde = 1. (2) 


The usual procedure is the following. We sup- 
pose that the interaction leading to the transforma- 
tion V —-N +4 is instantaneously turned off (the 
Hamiltonian changes from H to Hy). In the system 
described by Hy, the number of V particles is con- 
served, and the number of N +4 particles is con- 
served separately, and therefore the fraction of 
such states at the instant before the interaction 
was turned off is given, respectively, by |a|? and 
i [£(r) |? dr. 

Our new approach is the following. We apply to 
the system in state Y a small perturbation of the 
form 6H = é6y~¥y. In the first approximation the 
energy is perturbed by an amount 


*The wave function could also be written in Fock space as 
a column, each row of which corresponds to a different number 
of particles. Then the row with amplitude a would correspond 
to V, while that with amplitude f(r) would correspond to N +0, 
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OE = Koy. (3) 


The coefficient K in this formula is then the frac- 
tion of bare V in the physical V state. The prin- 
ciple behind this new approach can be explained by 
analogy: the fraction of iron in a mixture of iron 
and wood filings can be found by placing the mix- 
ture in a weak magnetic field (which will not de- 
stroy the mixture), and measuring the force on 
it; the usual approach corresponds to destroying 
the mixture (by sorting). 

In the same way one can find the fraction of 
N +46 by turning on, for instance, a perturbation 
of the form 6,H = ONYNYN and calculating the 
first-order correction to the energy 


The fraction of N+ @ is then given by q. The nor- 
malization of © leads to the identity K+q=1. 
For a stable particle the new approach gives 
exactly the same result as the usual one. 
This new approach, however, can be applied 
also to the case of an unstable particle. Then for 
a particle whose wave function is of the form 


Wy =japy HF dz putps |0>, (5) 


we obtain? 


K=aa’ [\aat-+\ FN F (9) dt ie (6) 


g=\FOF Oat [fa +\FOFoa], 


where a and f correspond to the solution with the 
complex conjugate boundary conditions. In the sim- 
plest case of an S wave and a real coupling con- 
stant g, we have f(r) = Ceikr/y, f* = f, and a* 
=a, and then the integral in Eqs. (6) and (7) be- 
comes 

4nC? ear. 


For an unstable particle the k here is complex, 
and e2iKr increases exponentially as r—«. Now 
as has been shown elsewhere,? the integral can be 
given a well defined meaning, and it turns out to 
be equal to —47C?/2ik. Thus for S waves the 
fraction of bare V inthe physical V state is 


a? 
K = a dn@ VUE (8a) 
and the fraction of N +6 is 
7 4 mC? / 2ik 
a?—4nC?/ Qik * (8b) 


These formulas are analytic continuations of the 
corresponding formulas* for the stable particles, 

*Since C ~ a and C/a is real, Eqs. (9) can be written 
without the absolute value sign on a and C, which emphasizes 
their resemblance to (8a) and (8b). 


Zin tr) One Cal 


where for S waves one finds 
‘) — 1 —xr 
i (r) “i ope é ? K 


Am | C [2/2 
q=iagpt4n|C/an * 


errr 
~ jaP+4n|C\?/ 2x 


? 


(9) 


In particular, if we let my approach my + mg, 
i.e., go to the boundary between stable and unstable 
V, we find that K approaches zero and q ap- 
proaches 1, independently of whether we approach 
this boundary from the region of stable or unstable 
V. Some artificiality in this concept of the ‘‘frac- 
tion of the state’’ for the unstable particle is mani- 
fested by the fact that K and q are then complex. 

For particles with spin, in which case the decay 
products have orbital angular mementum, the wave 
function has a nonintegrable singularity at r =0. 
This difficulty exists both for the stable and un- 
stable cases, and can be removed only by a cutoff 
for small r (or a form factor in the interaction). 
On the other hand, it is a simple matter? to elimi- 
nate difficulties connected with the fact that f(r) 
increases exponentially for large r when / = 0 
for the unstable-particle case. 

Let us now consider the Cauchy problem. Let 
the initial wave function be of the form 


Y (¢ = 0) = | by ! \ h (r) deapnrpo [0 > 


with arbitrary b and h(r). It can be shown that 
the leading term in the solution is then of the form 


WY @) = nese Py = ne~*®"t| arpy —- \F (r) pypedt i (11) 


and that the coefficient n in this expression is 
given by 


(10) 


(FLY (¢ = 0)) 1 


ih aE = =; By oe 
(Py) Gey, CB 20k 


ikr 
ab tlh (r) oa E 
Tha Bose ; (12) 
pecific expression on the right side of our 
equation is correct for the simplest case of an S 
wave and a real coupling constant g, for which 
f(r) = Ceikr/r, 

Thus also in the Cauchy problem the denomi- 
nator of Eq. (8a) represents the norm of the state 
for the decaying particle. For an S wave anda 
real coupling constant g in the interaction term 
g (VV + VNVe?y) we find that the quantities 
entering into (1) are 


i) = Cer, C= Qagm, (4s, iting = intial nee 


w= V ine nylon = my); 
and that the quantities entering into (5) are 


iQ) Ce 7, C = 2agm., / An, 


k= V 2m , (my — my — my — iy) =k, — iym, 1 Ry, 


ky = Rek = V 2m, (my — my — my), 
+ =— ln By = (g*/ 20) ny k,. 


UNe TABLE PARTICGE IN THE LER MODEL 


Now introducing the decay probability w = 2y; 
writing A = My —-My-—Mg, and expressing g and 
ky in terms of these quantities, we arrive at the 
fraction of N + @ in the unstable V state (for w 
= ky), namely 


gq = iw/ l6n A. (13) 


The my that enters into all these expressions 
is the renormalized mass. 

We shall not go into the simple operations which 
lead one to the above results, but shall merely de- 
scribe the basic assumptions. The Lee model is 
an example of a theory in which there are particles 
which can decay into each other. In this particular 
case it is possible to solve the problem completely 
because one needs to consider only a finite number 
of different kinds of states (for instance V and N, 
@ in one problem, or V, @ and N, 26 in another 
problem ). 

In the Lee model this happens because of selec- 
tion rules of the same kind as charge conservation. 
In particular, V +N (the baryon number) is con- 
served, and V+4@ (the electric charge) is con- 
served. These selection rules, however, would 
not lead one to the goal if it were not for the fact 
that at the same time anti-particles and therefore 
6, 0 pair creation, etc., were not excluded from 
consideration. 

A consistent relativistic theory cannot exist 
without antiparticles, and therefore it is logical 
to make still another simplifying assumption by 
considering the nonrelativistic problem in which 
the particle energy is E = E) + p*/2m, so that 
one need not introduce the factor 1/2w into the 
@ normalization. At the same time, the concept 
of wave-function and mass (or energy) renor- 
malization is maintained in the nonrelativistic 
theory. The description of real and virtual decay 
in a second-quantized nonrelativistic theory, and 
in particular the definition of the ‘‘fraction of a 
state’’ in virtual decay (i.e., for a stable state) 
has been given elsewhere? [in particular, Eqs. 

(28) and (26) of the cited reference]. 
As has been mentioned by N. A. Dmitriev, the 


expression 
ie \ [y? (r) — (Cet*t/r)2] dt — 4nC? / Qik (14) 


which plays the role of the norm in an unstable- 


state solution of a Schrodinger problem,? (the ana- 
log of this expression is 
N = a — 4nC?/2ik (15) 


of the present paper), has already essentially ap- 
peared in some work of Ning Hu,‘ involving disper- 
sion relations. 
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Indeed, according to Heisenberg, a normalized 
stable (bound) state whose asymptotic wave func- 
tion is of the form ~ = Ce-KT/r leads to a residue 
in the scattering amplitude S(k) at the pole cor- 
responding to the state, that is at k = ik, given by 


S (k) dk = 8n2\ CP. 


k=ix 


(16) 


Using the fact that the bound-state function is real, 
we write this result for an unnormalized function 
in the form 


PS (k) dk = 8n°C? / \w (r) dr 


h==/x 


(17) 


Ning Hu gives a similar expression [ Eq. (28) 
in his cited work] for the residue at k = ky, with 
Im k; < 0, which corresponds to an unstable state. 
His expression is 


5 ‘dS 
2 ik, (FF), 
0) 


where w#(r) is the unstable-state solution whose 
asymptotic form is y = e!kiT/r. We choose R so 
large that ~ is essentially in its asymptotic form, 
and introduce C by writing y= Celkir/y tober 

= R. Some elementary operations lead to 


> S (k) dk =— 2ni a 


Jk=—k, 
k=k, 


R 


2k \ (rp dr +i TRY(R)P, (28) 


R 


= 2a? | \ yer dr +55 [RY (R)P 


R 
2 B 5 i Sn 
== iC / \ qperdr Th, C ez 


co ,, 
2-2 9 Cen \? 4C? 
aoc / \ ly es | r Jar > Bie 


0 


(19) 


The resemblance of (17) to (19) is obvious. 

I take this opportunity to express my gratitude 
to N. A. Dmitriev for valuable discussion and for 
aid in the work. 
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3a. B. Zel’dovich, JETP 39, 776 (1960), Soviet 
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4Ning Hu, Phys. Rev. 74, 131 (1948). 
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The polarization of radiation following the capture of a relativistic electron into the K shell 
is considered. Partial elliptical polarization is shown to occur in this case. The expression 
for the intensity of the unpolarized part of the radiation is given. The electron-spin contri- 

bution is discussed. The calculations are performed to the lowest order in @Z. 


]. The photoelectric effect and its inverse proc- 
esses have recently, after a long lapse, again be- 
gun to attract attention. Special attention has been 
given to the study of the polarization phenomena 
which occur in these processes. Polarization 
phenomena in the photoelectric effect and also in 
the inverse process of single-photon positron an- 
nihilation have first been studied in detail by 
McVoy.! However, the results obtained were found 
to contradict the formula of Sauter-Sommerfeld, 
since McVoy, who used Born’s method, limited 
himself to the zero Born approximation. 

Recently, in a series of articles by Fano, McVoy, 
and Albers,’ the earlier results of McVoy have 
been corrected.* The authors have abandoned 
Born’s method, although there is no fundamental 
reason for doing so, and have used the Sauter ap- 
proximation. 

In the present paper, we shall discuss in detail 
the so-far untreated case of polarization effects 
in the inverse process of electron capture by an 
ionized atom. Such a process is determined by 
the first-order matrix element 


Sp 2sich ( —i (xx 
Si — me L DY 22 Vit (aat) ec"? p.d4x. (1) 


Henceforth, we shall limit ourselves to the elec- 
tron capture into the K shell by a nucleus with 
charge Ze and, assuming that @Z « 1 (where 
a = e/tic), we shall carry out all calculations to 
the lowest order in aZ. 

It is interesting to note that the matrix element 
(1), as has been shown by Fano, McVoy, and 
Albers,” can, in calculations to the lowest order in 
aZ, also be used to describe the short-wave 
bremsstrahlung, where almost all the initial kinetic 
electron energy is carried away by the radiated 
photon. In connection with the above, the results 
referring to the polarization properties of recom- 


*Correct results have also been obtained by Banerjee,* 


bination radiation are equally applicable to brems- 
strahlung near the upper limit of its spectrum. 

2. We shall find the wavefunction of the initial 
state using Born’s method. It has been shown by 
Gavrila,* who considered the relativistic photo- 
effect from the K shell, that, in order to obtain 
the correct result, it is necessary to take into 
account the first-order Born approximation even 
for the lowest order in @Z. In this approximation, 
we have 


w= {I 


ko [K +a (k— x) osko] e—in'r ae 
se) | u*[R? = (k— 2’? + in] Bx} wp (2) 


where the wavefunction 


p= L— >) Cob (s) enieKttekr 


s==z1 


(3) 


describes the free electron with energy fhcK with 
momentum hk. b(s) is the spinor amplitude, and 
the coefficient Cg characterizes the initial elec- 

tron polarization.*»> The real infinitesimal quan- 
tity n is chosen a8 positive so that, for larger r, 

the function »; represents asymptotically the sum 
of a plane and of a diverging spherical wave. 

In the approximation under consideration, the 
finite wavefunction of the K state can be written 
as follows, neglecting the electron binding energy, 
which is small as compared with its rest energy: 


Hou {1 ue 7 taZ (ar/ r) exp (— ickot — hor) | , (4) 


where heck) is the electron rest energy, kj = aZkp, 
and the row matrix bj is (1,0,0,0) and (Q,=13050) 
for the K state with magnetic quantum number 
jz = WE and jz =—- Y/, respectively. 

From Eqs. (1) to (4) we find the following ex- 
pression for the differential cross section for 


electron capture into the K shell of the nucleus 
with the charge Ze: 


32 eh PxKdQ 


ae 
fick (k = ay > Beatles 


gis 


ds = (5) 
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Rs = Csb (s) {A (wat) — iB (o [at (k — »)]) 
Cla” (ki %))}; 


pede een) Rett Lay a) 
2 Rox 2 


9D) p2 ¢ 
2ko% a<ho0 a 


b| as 2 
Wes TAC ! ae ), eg) 
where fick and hk are the energy and momentum 
of the radiated photon. (See also reference 7, 
where a detailed derivation of an analogous formula 
for the photoeffect is given.) 

3. As is well known,®® the polarization proper- 
ties of radiation may be described by calculating 
the intensity of the radiation in two linear 
WA (A = 2,3) and two circular W ,(1 = +1) polari- 
zation states. In calculating W,, the quantized 
photon amplitude should be resolved into two 
mutually perpendicular components 

a= Dob, — legil = di, (7) 
where B, and £3; are arbitrary unit vectors satis- 
fying the orthogonality condition 


Bx% == ( (8) 


A different resolution of the photon amplitudes 
is necessary for the calculation of Wy: 


a= >) 278, [ggi)_ = by, (9) 


heal & 


l 


where £7 are related to £) by the equation 
By = 2~" (Bo + ilBs). 


It should be noted that, in classical optics, the 
polarization of a radiation is characterized by the 
amplitudes of the oscillations of electrical vectors 
in two mutually perpendicular directions and by 
the phase difference 6 between these vibrations. 
Both methods of describing the polarization prop- 
erties of radiation are equivalent, and this equiva- 
lence is established by the formula relating the 
quantities W, and W 7 with the quantity 6. Such 
a formula for the case of a totally polarized radi- 
ation has been derived by Sokolov and Ternov® 
[see also reference 9, Eq. (28.41)]. 

In the case where the radiation is only partially 
polarized, we should use a somewhat more general 
formula 


sind = + (W_, — Ws) [(We — Wo/2) (Ws — Wo/2)]~"* (10) 


where W, is the intensity of the unpolarized com- 
ponent of the radiation. The quantity Wy) may be 
found from the following considerations. In Eq. 
(10), only the quantities W, and W; depend on the 
actual resolution of the photon amplitude, i.e., on 
the choice of the vectors B, and £3. We shall now 


choose these vectors in such a way that the quan- 
tities W, and W3 reach their extremum values. 
In such a case, the polarization ellipse of the 
polarized component of the radiation will be brought 
to the main axes and, consequently, for such a 
choice of 8B, and 83; we have | sin 6| = 1. 

Taking this into account, we find from Eq. (10) 


WilW = 1 (PP? 2 Pe (11) 


where P) and Pj are the degrees of linear and 
circular polarization of the radiation respectively: 


P, = (Ws — W2)/W, P; = (Wi— W_,)/W, (12) 


and W is the total radiation intensity. Moreover, 
in view of the above, in order to calculate P, the 
photon amplitude is divided so that P) will reach 
a maximum. It should be noted that an equation 
analogous to (11) is well known* in classical elec- 
trodynamics [see reference 10, Eq. (50.13)]. We 
shall now directly apply the results given above to 
the study of the polarization properties of recom- 
bination radiation. 

4. We consider first the radiation accompanying 
the K capture of an unpolarized electron by a 
nucleus with charge Ze. For this case, we should, 
in Eqs. (5) and (6), set 


CG =C.C =, CCyL= CACy = 02413) 


We furthermore choose the vector B, as perpen- 
dicular to the plane of the vectors k and xk, and 
place the vector #3 in this plane. It can easily 
be seen that such a resolution of the photon ampli- 
tude results in the extremum of W,. Omitting the 
rather trivial calculations, we present the final 
expressions for the degree of polarization 


P; = 0, 
P,= 12 —y(y +1). —8 cos 91/22 yy =) 
x (1 — 8 cos 9)). (14) 


where y = k/kp, 8 = k/K, and @ is the angle be- 
tween the vectors k and kK. 

Thus, the recombination of the unpolarized 
electron is, according to Eqs. (11) — (13), accom- 
panied by radiation which is partially linearly po- 
larized. In the nonrelativistic limit, where y « 1, 
the polarization of the radiation becomes total. In 
the ultrarelativistic case, the radiation is fully 
depolarized (Wy = W). The variation of the degree 
of linear polarization with the photon energy for 


*The relation between Eq. (11) and Eq. (50.13) of refer- 
ence 10 can be established directly by taking into account 
that |Jyz| = 1/2 |W,—W_,| if, for the direction of x, y, we take 
the direction of the principal axes of the polarization ellipse. 
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FIG. 1. Variations of the degree of linear polarization with 
energy. Curves 1—5 correspond to angles @ = 30, 60, 90, 120, 
and 150° respectively. 


the intermediate cases is shown in Fig. 1 for cer- 
tain values of the angle 6. 

5. We shall now study the capture of longitud- 
inally polarized electrons. In such a case, C;=1 
and C_,=0, or Cy=0 and C_,=1. Choosing the 
vectors f, as in the previous case, we find that 
Py, as before, is given by Eq. (14), and the degree 
of circular polarization is equal to 
= sy 2a ih a 1) = 2) (lL — 8 cos §) 

Vi, +2) 2a 7 (1) (1 cos 6) ; 
where s = + 1 for the electron polarized along the 
direction of motion or along the opposite direction 
respectively. Equation (15), with an accuracy 
limited by the substitution s — 1 (where 1 char- 
acterizes the circular photon polarization), coin- 
cides with the formula for the longitudinal polari- 
zation of electrons in the photoeffect from the K 
shell. The corresponding curves are given in 
reference 11.* Ina nonrelativistic approximation 
(y <1), Py vanishes, so that the radiation is, as 
before, fully linearly polarized in the plane of the 
vectors k and k. In the case of high energies, 
the radiation becomes fully circularly polarized, 
and its helicity coincides with that of the incident 
electron. In the intermediate cases, P2 + Py = Il, 
and, according to Eq. (11), the recombination radi- 
ation is partially elliptically polarized. 

The variation of the unpolarized-component in- 
tensity of the radiation with photon energy is shown 
in Fig. 2. As can be seen from the figure, the de- 
polarization is greatest in the energy range y ~ 1. 


(15) 


Py 


*It should be kept in mind that the final formula (35) for the 
degree of the longitudinal polarization given by Fano et al.” 
contains an error; the graphs are correct. 
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FIG. 2. Variation on the intensity of the unpolarized com- 
ponent of the radiation with energy. Curves 1-3 correspond to 
angles 0 = 60, 90, and 120° respectively. 


Since the condition that P, be maximum is the 
same for any y and @, the orientation of the po- 
larization ellipse is independent of y and @. (One 
of its axes always lies in the plane of the vectors 
k and kK). 

6. We consider finally the case of transverse 
polarization of the incident electron. Without loss 
of generality, we can assume that the electron 
initially moves along the z axis. Furthermore, 
let the spin vector make an angle g with the k, k 
plane. In this case, the coefficient Cg should be 
chosen in the following manner: 


OR AWA SS 


In the calculation, we have to use the formula 


C_, =e%/V2. (16) 


b* (s) «,boboayb (— s)= + Sp a, (1 + ps)a,(1 + pisk/K 


8 
+ psko/ K) (1 + sos) pis, 


where a, and a, are any of the sixteen Dirac 
matrices.*» 8 
Omitting the calculations, the final result is 


(17) 


P; = 2y [2 + y (y? — 1) (1 —B cos 6)]-! sin 8 cosq. (18) 


Py is again given by Eq. (14). It follows from 

Eqs. (11), (14), and (18) that, for y « 1 and for 

Y >> 1, the polarization is the same as for the case 
of an unpolarized electron. For intermediate 
energies, we have partial elliptical polarization, 
the degree of which considerably depends on the 
angle 9. 

7. The above discussion of the polarization 
properties of the radiation accompanying the elec- 
tron capture into the K shell of a nucleus with 
charge Ze shows that, for the case of low energies, 
the radiation is fully linearly polarized in the plane 
of the vectors k and x, irrespective of the initial 
polarization of the electron. With increasing 
energy, the linear polarization becomes elliptical 
on one hand, and, on the other, an unpolarized com- 
ponent appears, whose magnitude depends consid- 
erably on the initial polarization of the electron. 


ON THE POLARIZATION OF 


In conclusion, it is necessary to note that the 
results obtained are in need of a further increase 
of accuracy for angles 6 close to zero. This is 
due to the fact that the quantities W, and Wy cal- 
culated by us to the lowest order in @Z containa 
factor sin? 6. Consequently, if by taking higher 
powers of @Z into account we obtain a cross sec- 
tion for the recombination process that does not 
vanish for 6=0, then this will considerably change 
the picture of the polarization properties of radi- 
ation for 6~ 0. Until now, this problem has not 
been solved. Thus, Gavrila,* who calculated the 
cross section for the photoeffect taking the second 
Born approximation into account, found that, for 
@=0, the cross section does not vanish. On the 
other hand, Banerjee, using the Sommerfeld ap- 
proximation, found that it does vanish. Only re- 
cently, it has been possible to carry out an exact 
integration in the matrix element for the relativis- 
tic photoeffect from the K shell for @=0. A 
nonvanishing expression was obtained for the cross 
section. 
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We evaluate the energy shift for the ground state of a large Fermi system when a localized 
perturbation is switched on, taking the interaction between the particles in the system into 
account. The energy levels of the localized states are then broadened into bands. We es- 

tablish a condition for the applicability of single-particle approximations to the description 


of states of this kind. 


‘THe theory of localized perturbations in large 
Fermi systems (in particular, the theory of 
defects in crystal lattices) has up to the present 
time been constructed in the framework of the in- 
dependent-particle model. It is known, all the 
same, that the approximation involved in this 
model is insufficient for a number of problems. 
Recent progress in the physics of many-particle 
systems (see, for instance, reference 1 which 
lists an extensive bibliography ) enables us now to 
approach anew also the problem of localized per- 
turbations, using field-theory methods. 


1. THE EVALUATION OF THE SHIFT IN THE 
GROUND STATE ENERGY 


We consider here the problem of the shift in 
the ground state energy of a large system of in- 
teracting fermions when a localized perturbation 
is adiabatically switched on. 

We can write the Hamiltonian of the system in 
the second quantization representation in the form 


H = Ho +, 
V =\dxv (x) yt (x) (x); 


(eT) 
(1.2) 
Hy contains the interaction between the fermions, 
and A is the parameter which switches on the 


perturbation. The operators ¥*(x) and »(x) 
satisfy the well-known commutation relations 


[wp (x), pr (x)] = 6 (x — x’, 


lp (x), p (x’)] = bp* (x),* (x) = 0. (1.3) 


The energy of the perturbed ground state of the 
system can be written in the form 
Ei CY | Ho AV AS, (1.4) 


where ¥W is the actual state-vector of the system, 


or 


E =<¥|Ho| ¥> —ih\ dxv (Sok lim ag (x: Pxegae 
x°—>x;t —> up 5) 


We have introduced here a single-particle 
Green’s function by the relation (reference 1 gives 
a bibliography on Green’s functions) 


Gr (x, x’) = i CF (A) |T Op (x) Pt (x) | FA); 


x, x’ are points in four-space and T indicates 
Wick’s chronologically ordered product. 

We use the obvious consequence of the fact that 
the ground state energy of the system is stationary 
with respect to a variation of the state vectors: 


(1.6) 


dE/dh = <¥ (A) |V | © (A). (120) 


The expression AE in which we are interested can 
then be written as follows: 
» 
AB oneai \ dh \ axv (x) lim G(x, t; x, ¢’). 
. t’>t-+0 
If we write the Green’s function Gy) (x, t; x, t’) 
as a Fourier integral in the energy €, we get 


(1.8) 


r 

oe sai \ an. | dx lim | deet*’—9V (x) Gy (x, x; 8). 
2ni | t’>t-+o; 

n) G (129) 
The choice of the contour C in this equation is 
connected with some general analytical properties 
of G,. The function Gy, is defined by the following 
formal operator relation? 


il 
Q=Gi— (1.10) 


where G is the complete unperturbed fermion 
Green’s function. Its Fourier transform can be 
written in the form 


G (k, e) = [e — e (k) — M {k, 8)]-2. (1.11) 


Here M(k, €) is the irreducible operator of the 
fermion self-energy. M(k, €) has a cut on the 
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real axis for -~ <€ <é€p and ep<€<o, The 
branch point €p is the Fermi energy which is 
perturbed by the interaction. 

The function G) has still poles corresponding 
to localized states with energies € < 0 which sat- 
isfy the equation 


| — WG (2) = 0. (1.12) 


One sees easily that these poles lie indeed on the 
analytical continuation of G, in the upper half- 
plane of complex e¢. It will, however, become 
clear in the following that they can be replaced in 
the discussion by some singular points on the real 
axis. The integration contour in (1.9) goes thus 
slightly below the real axis for — « < €< €p and 
slightly above it for ep < €< a, 

The exponential factor in (1.9) makes it possible 
to apply the residue theorem only in the upper 
half-plane and can formally be omitted. We have 
thus 

x ro . 
AE = za\ da \dx \ dev (x) G(x, x's 8) 
Cc 


1 


(1.13) 
Integrating over A we have 


es =| de Sp In(1 — AVG (e)). (1.14) 


tl 
Cc 


This last equation can be written in the form? 


AE=— 1 \ de In det (1 — AVG (e)). 


2m! 6 


(1.15) 


We consider now the imaginary part of the in- 
tegrand in (1.15). Under quite general assumptions 
about the character of the perturbation we have 


2 


—AVI 
Im In det (1 — AVG (e))= arc tg = reas . (1.16)* 
Here 
—ImM (k, &) 


1 — AV (x’) G (x’, x; €) ° 


Im G (x, e) = (2n)-*\ dke* 


mink) 4 ik, — Wf, (1.17a) 


Re G (x, 8) 


e —e (k) — Re M (k, &) 
e— e€ (k) — Re M (k, €))? + (Im M (k, €))?° 


(1.17b) 


Bieri keke 


We shall see in the following that when «€ < 0, 

Im G(€) is small and decreases rather fast with 
increasing |¢€|. Neglecting therefore (Im G(€))’ 
in comparison with Im G(€) we find 


d 
Fa ate det (1 — WG {e)) 


WV Im G (e) (d/ de) [AV ReG(e))_ 5 (gy, 


1.18 
(4 — AV Re G (g))2 + (AV Im G (€))? ( ) 


*arctg = tan 


(e— e (k) — Re M({k, €))?+ (ImM (k, #))? 
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We go now over to the limit Im G(e€) — 0: 


: d 
lim ae arg det (1 — WG (e)) 


Im G(e) +0 


apa ar) (Gk yide) 


In this equation €}; are the energies of the 
‘‘physical’’ localized states which are determined 
from the equation 


1—AV Re G(e’) = 0 (C2 On 20) 
We have thus 

0 

\ lim arg det (1 — AVG (e)) de = va, (1.21) 


ae im G(e)30 


where v is the total number of localized states. 
In the case where Im G(€) + 0, v canbe 
written in the form 


ve ( f (e) de. 


—oo 


(1522) 


In our discussion there enters thus naturally the 
energy distribution function f(€) of the localized 
states which is given by (1.18). This function has 
a steep maximum near each of the roots of (1.20). 
We turn now to the evaluation of AE and we 
take into account that we can assume 
In det (1 — AVG(e)) to be a regular function on its 
Riemann surface in the upper half-plane and it can 
then under well-known limitations imposed upon 
V (see references 2 and 3) on the real axis be 
expressed in terms of its imaginary part, as fol- 
lows? 


arg det (1 — AVG (e’)) ae 
ges : 


(1.23) 


{ co 
in det (1 — AVG (e)) = — \ 
After taking residues in the expression for AE we 
integrate the contribution from the ‘‘discrete”’ 
states by parts which leads to 


0 ts 
bE == \ ef (e) de—Z \ arg det (1 — AVG (@)) de. 
mAs 0 


(1.24) 


This reminds us of the relation derived by I. M. 
Lifshitz,* but there is an essential difference in 
the first term which is connected with the localized 
states and this compels us to revise the concept 
itself of states of this kind. These are not ordinary 
discrete states but are wave packets where states 
with arbitrary € from the interval - © <€ <0 
are present with weights proportional to f(€). 
Each (‘‘physical’’ ) discrete level is broadened 
into a band. Different states in the band are oc- 
cupied with a probability proportional to Ces 

One sees easily that the effective width of this 
band is given by the imaginary part of the root of 
Eq. (1.12) when it is analytically continued in the 
upper € -half-plane. 
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2. THE WIDTH OF THE LEVELS OF THE 
LOCALIZED STATES 


The analytical continuation mentioned a mo- 
ment ago is easily obtained if we consider G,(€) 
and G_(€). The function G,(€) corresponds to 
G(e€) of section 1 while the integration contour for 
G_(€) is above the real axis for e < ef and below 
it for € > €f. Because the Hamiltonian is 
Hermitian we have on the real axis G,(€) = G_(€). 

We now expand G,(€) around €9; — i6(6 > 0). 
We get for the imaginary part of the root of (1.12) 


es 


ete, jo alan G7 (e,) / | as (2.1) 


_de ets |. 


For the sake of simplicity we write in the following 
€) instead of €§; and G(€,) instead of G,(€)). 
We now bear in mind that for € <0 we have 
Im Gp (€) = 0 and thus 
{ 


Im G (¢) = Re Go (8) Im>—yage > 


(2.2) 


where Gy) (€) is the Green’s function when there 
are no interactions. 

When we take into account that Re G)(€) de- 
creases when | «| increases we can find for suf- 
ficiently large | €| 


I (e0) ~ V Re Ge (e) ImM Re Gy (e0) | [FV Re Go (e)| 


(223) 
This equation can be rewritten as follows (if we 
use the explicit form of G)(€) and assume that 
V does not introduce any analytical complications ) 


I’ (€9) = 2V Re Go (€)) Im M Re Gy (€) /V (Re Go (€))?. 
(2.4) 


We shall now consider the important case of a 
model with a 6-function perturbation when 
V =constant in the k-representation. In that case 
I (e) = 2\ Im M (k, &) 


x (Re Gy (k, &))*dk / | (Re Ge (k, e))® dk (2.5) 


and I depends thus on the perturbation only 
through € . 

For our further considerations we need to know 
the asymptotic behavior of Im M(k, €)) for large 
negative €y. To get this we write down an explicit 
expression in the simplest approximation? 


Im P (q, Ae) 


= § ( 4q 
Im M (k, #0) 2 \ a wear araerrl “endl aul): 
(2.6) 
where 
Ae = ¢ (k — q) — &, (2.7) 


P(q, A€) is the polarization operator and 


OSHEROV 


t =e’kp/mep. In our case Ae is large and as 
P(q, Ac) is then small we have 


Im M(k, ¢0) = —-\<E Im P @, Ae) n((k a} — }). 
ae (2.8) 


We restrict ourselves to the lowest order 
polarization operator Py(q, A€). The quantity 
P)(q, Ae) is for sufficiently large Ae different 
from zero only in the interval 


—14YV1 fdele,<qiq,<1+V14 Aefe, (2.9) 
and can be written in dimensionless units 
(y = A€/ep, X=4/qp) as follows® 
3 1 2 
Im P, (x,y) =— $a |I—7(4— x) |. (2-10) 


This enables us to evaluate the average value of 
the integral in (2.8) by putting 


Ax=2, x= Vy. (2:11) 
We note now that by virtue of (2.7) 
y= x?+ A—kq/e,, A = fe (k)—eo)/e,-) (2242) 


The main contribution to (2.8) is thus provided by 
those values of q which satisfy the relation 


kq/e, = A. (2.13) 


This gives 
ep (2.14) 
In this equation x is determined from (2.13). 
The remaining integration over the angle (from 
0 to 7/2, as A> 0) is trivial. If |€)| >ep we 
get 


Im M (k, &) = 4ne,€2 (k/RF)P A. (2.15) 
We can now find I'(€,)) from (2.5): 
_ V2, gs/(lel\” 
T (eo) = je ,6? Ged, (2.16) 


The single-particle approximation gives only a 
real contribution to M(k, €)). It is thus possible 
for us to establish some criterion for the applica- 
bility of the independent particle model to a de- 
scription of localized states. This can be written 
in the form 


\—Ye 
egy" 
It follows from general considerations that 
contributions in higher order perturbation theory 
to I'(€)) decrease faster than the term (2.16) and 
this determines how effective the criterion (2.17) 
will be. Condition (2.17) is for the case of lattice 
defects rather well satisfied and this justifies to 


a certain extent the application of single-electron 
theories to describe defects. 


(2.17) 
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It is necessary to note in conclusion that we 
have practically made no use of perturbation 
theory as far as V is concerned. Such a theory Slant Lifshitz, Usp. Mat. Nauk 7, 171 (19525 
must be constructed rather carefully to avoid 210), 1s Dubois, Doctoral Thesis, California 
divergences which are possible when localized Institute of Technology, 1959. 


States are formed. Schwinger’? has considered °J. Hubbard, Proc. Roy. Soc. (London ) A248, 
a Similar problem. 336 (1958). 


Ai Schwinger, Phys. Rev. 93, 615 (1954). 
°J. Schwinger, Phys. Rev. 94, 1362 (1954). 
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The amplitudes for the scattering of charged pions by charged pions are expressed by means 


of the Mandelstam representation in terms of the spectral functions. 
derived for the one-dimensional and two-dimensional spectral functions. 


A set of equations is 
One of the methods 


for obtaining an approximate solution is discussed. 


1. INTRODUCTION 


One of the authors (Ter-Martirosyan) has re- 
cently proposed a method for constructing a sym- 
metric system of equations for the spectral func- 
tions for the two-particle transition amplitude. 
The method was based on Mandelstam’s equations 
for the two-dimensional spectral functions. The 
equations were given both in general form,’ and 
for a number of simple cases? involving the inter- 
actions of neutral particles. The resultant system 
of equations involves only experimentally observ- 
able quantities (i.e., in the language of old theory, 
renormalized quantities) and the parameters that 
appear are the particle masses and the usual 
coupling constants (for example the constant ¢ 

for the meson-nucleon interaction, the constant 
for the pion-pion interaction). The theory requires 
no other parameters and, furthermore, no diver- 
gences appear in this formulation. 

When the two-particle transition amplitude (in 
all three channels) is expanded in Legendre poly- 
nomials the system of equations for the spectral 
functions is transformed into an infinite system of 
coupled equations‘ for partial amplitudes, of the 
same type as those considered by Chew and 
Mandelstam? and Cini and Fubini.® However, when 
this is done divergences appear (as noted by 
Efremov et al’), whose degree increases with in- 
creasing number of partial waves taken into 
account in the equations. These divergences are 
a simple consequence of an illegitimate use of the 
Legendre expansion in a region (substantial in the 
equations ) in which it fails to converge. In the 
original equations for the two-dimensional spectral 
functions these divergences do not appear. There- 
fore in the solution of our equations one should 
make use of some method other than the expansion 
in Legendre polynomials, for example the method 


1 


of partial iteration of the equations for the spectral 
functions Ajj (Ss) described previously,’ provided 
of course that convergent results are obtained. 

In this note we obtain equations for the one- 
and two-dimensional spectral functions for the 
interaction of charged pions with each other. We 
use throughout the same notation as was intro- 
duced previously (see Mandelstam! and 
Ter-Martirosyan’). 


2. DERIVATION OF THE EQUATIONS 


The amplitude describing the interaction of 
charged pions may be expressed as follows 


A apys(Si, Sz, S3) = A (si, Sa; S3)SayOes + A (S3, S2; S1) Sapdy5 
+ 2% (s1, Ss; Sa) bas Spy, (1) 
where A(S4, S93 S3) =A (Sg, S43 S3) is a function of 
the invariants 
Si = (p1 + pz), — S2 = (pr + pa)?, 
Ss = (p1 + ps)?, Si + setss=4p2, 
and (p,q), (p28), (psy) and (p46) are the mo- 
menta and isospin indices of the four pions. 
(Rigwelye 
The Mandelstam representation for the function 


X, when written with one subtraction, has the form 
[see Eq. (4) of Ter-Martirosyan’ ] 


A (St, Se; ss) = ho + 14 sa 


0 


a (5) [p (o, x1) +9(, s)] 


+8 (0). @ (0, ss)}do + oat {Pe(4,.0’) (9, s1) @ (0%, 2) 


0 


+ 9 (0, o’)lp (0, s1) + @ (0’,s2)] @(o, ss)} dodo’, (2) 
where 
9 (5,3) = — =, = bo = A (so, 50, ), 


ea, 0’) = Pc (o° 0). 
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Pat 


Py 5% 
Sy 


Py PoP 


FIG. 1 


The equations for the spectral functions a(c), 
B(o) and pe, p follow (see Ter-Martirosyan’ ) 
directly from Eq. (2) and the unitarity conditions, 
when the latter are written out for the invariant 
function A. This can be done by, for example, 
making use of the relation determining the m7 
scattering amplitude a (I) in states with pre- 
scribed isospin I. 

For transitions in the first channel we have 


giOV ce 99, (ss, 52: s1) He WN (si, S2; $3) a (si, S33 82), 
a(t) == } (Si, Se; Ss) — A (Si, Ss; Se), 
a2) = A (Si, S2; Ss) +A (Si, $3; 32). 3) 


From the three unitarity conditions for the am- 
plitudes a@ (1) it is easy to obtain two relations 
for the absorptive parts A, and dA3 of the amplitude 
A in the first and third channel: 


Dal (St, Se Ss) == y Hees 


a he (S;, Ss; om) nN ge So; s)) 


ee lane 
= +. Ay (Si, S95 S3), 


hs (5, 3%) = V5 AEN (BK (55, 835 51) A (Say S95 51) 


ae ae (Ss, So; si) [A (Si, So; S3) = WASe Ss; s2)] 
OR ee tee si) 1K! (Su0 Say S34 © (81,85) 82) 


+ Ag (Ss, S23 S1)- (4) 


Here A; and A; refer to the contributions from 
states containing more than two mesons (i.e. 
from four-, six-, etc., meson states). The Aj 
are symmetric functions of their first two argu- 
ments, i.e. Aj (Sj, S23 83) =Aj (Sz, 84; 83). We use 
the normalization of Chew and Mandelstam,’ so 
that do/dQ = | 4s;/7a|?. 

As far as its symmetry properties are con- 
cerned the amplitude A is of precisely the type 
for which equations for the spectral functions were 
formulated by Ter-Martirosyan,° Sec. 2. We may 
therefore make direct use of those results.’ At 
the same time we give, for convenience of the 
reader, a different derivation of these equations 
in Appendix 1, making use of the unitarity condi- 
tions and eee representations directly for the 
functions a (1) (sy, 593 83). 

In this way one obtains from Eq. (2) of this work 
and Eqs. (10) and (11) of Ter- -Martirosyan’ the re- 
sult 


825 
pi(s 3) s). == "Qi (s",, $s) 2 Oa (s, 5’), 


Qe (s, 8’) + Qs (s’, 8), (5) 


9- (Ss, s’) = 
where 


s) (3 (0") he (0") 
+ 3(0’) As (0”)} do’ do”, 

O3i('S 57S)! = a (GOs -s\ths (o’) As (0”) 

hg (0’) Ae (0")} do’ do”, 

ae \\T ae Oa 
aS DRE AiG’) [X, (6) += Ag (0")13 dodo’. (6) 
The arguments of the absorptive parts have the 

following values 

M (0) = Ar (9, 4p? — s — 9; 8), 

he (0) = Az (s,o; 4p? — s—o), 

As (6) = As(s, 4n2 — s —a; 0), 


Qs (s’, 


3/55) (3Aq(G7) a(-o") 


and the function I. stands for the spectral func- 
tion of the box diagram shown in Fig. 2 [see the 
equation following Eq. (18) of Ter-Martirosyan® iP 


Tl (o’, 0"; s’, s) = 2ns—h {((s — 4p”) 5”? 


— 2s’ [(s — 4p”) (o’ +0”) 4+ 20'0"} 
a(S == 4n7)(o" —- 6)3)\97 0 (57 =18,), 
, e 25560 
= 8 
= {( o +0"4 — ) (o' a a 
| lL, SG 
= tl 
pa wer a0 0 


FIG. 2 


With the help of Eq. (2) the functions Aj(o) may 
be expressed in terms of a, B, p, Pc: 


co 


i (2) = 4 (0) +\ [v(= 9) 9 (4,8) 


0 


+ pe (G, t) p(t, 4p? — s — 0)] dt, 


co 


he (0) = a (0) +=\ [o (x, 0) p(x, 42 — s — 0) 
+ Pe (t, 0) p(t, s)} dt, 
ds (0) = B (0) ++\ P. 9 lo («5) 


+ @ (1, 4p? — s — o)] dv. (8) 
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Together, Eqs. (5), (6) and (8) relate p and pe to 
a and fp. 

The remaining two equations [determining the 
functions a(o) and B(c)] are obtained by 
averaging Eq. (4) over the scattering angles. If 
we denote by <A(s) >; and <A(s)>3 the ampli- 
tudes averaged over the scattering angles of the 
first and third channel respectively, then we obtain 


Cin (Ss) re V (S= 4st Cas) (9) 
<As (s)>3 = V (s — 4p?) / 5 {3 <A (s) > P 
+ 4Re <A (s)>3 <A (s) D1}. (10) 


Here the expressions appearing on the left sides 
of Eqs. (9) and (10) can be written as follows [see 
Eq. (9’) of Mandelstam!]: 


lo) 


Cha (9) 1 = a (8) +=) [Qi (6, 8) + Q (a, 91 1(G, 5) do, 
6 (11) 


(hs (s) 3 = B (8) +=\ Qs (6, s) 1 (a, s) do. (12) 


The function J(o, s) has the form? 


In(1+* Se) : 


Shy 


ea 

[ (9, s) a s— 4? 
In order to find <A (s)>1,3 we make use of dis- 

persion relations, following directly from Eq. (2): 


A (si, sa; ss) = D (si) + =| [Az (si, ©)  (G, Se) 
0 


+ As (si, 5) @ (G, s3)] do. (13) 


The functions A,(o) and A3(c) are given by 

Eq. (8) and stand for the imaginary parts of the 

amplitude in the second and third channel 

respectively: 

® (s1) = ho +2) @ (6, s1) a () do 
) 


foe) 
nia p (6, 6’)(Sp — 81) do do’ 
+5 i (6 + 5’ + 51 — 4p?) (6 — Sq) (6’ — 59) * 


Therefore 


(14) 


(A (s))1 = ® (s) +—\ 1 (a, s) [Az (s, 0) + As (s, 0)) do. 
j (15) 
Similarly 


A (si, S2; s3) = F (ss) + =| A1 (ss, 6) [p (G, si) + @ (G, 52)] do; 


(16) 
here A, is determined by Eq. (8) and 


F (3) = be +-\ 8(0) 6, 8) do 
0 
Po (6, 5’) (So — s) ds do’ 


2ay\ (6 + 6’ + 5; — 41?)(o — so)(o’ — so) * Cy) 


!) Sy — 4? * ys 
&i° ($4, Se, Ss) = pee a (S1, So, Ss) a' 
ot « 
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Hence 


Cr (s)ds = F (8) +2 ha (s, 0) L(G, 8) do. 


0 


(18) 


3. DISCUSSION 


Together, the four equations (5), (6), (9) and 
(10) determine the four functions a, B, p and pe. 
It is natural to try to solve the system of equations 
approximately, ignoring in the first approximation 
the contributions due to the functions p and pc 
in comparison with the contributions due to a and 


B. Instead of @ and B one may introduce the S 


wave scattering amplitudes a§” and aif?) in the 
isospin I =0 and 2 states respectively. 

A first approximation for p and pce then follows 
from Eqs. (9) and (10) (with only q@ and # on their 
right hand sides). The expressions for p and pe 
obtained in this manner are given in Appendix 2. 
Given p and pc we can obtain corrections to the 
S wave amplitudes, as well as P, D, etc., wave 
amplitudes. The S wave dominant solution found 
by Chew, Mandelstam and Noyes? is precisely 
characterized by the property that the P and 
higher waves are very small in comparison with 
the S wave. It is therefore clear that the above 
described procedure will lead in essence to the 
Chew, Mandelstam and Noyes solution and will 
differ from it only by corrections from higher 
order approximations. Should it turn out that it is 
the P wave (or any other wave with 7] > 0) thatis 
large then the functions p and pe cannot be ig- 
nored in our equations and it is necessary to solve 
the four equations with p and pc taken into 
account. 

APPENDIX 1 


We present here a derivation of the equations 
for the spectral functions that is different from 
that given by Ter-Martirosyan.’ Let us write 


ee 


ANE Sa, S3) 


ae AY? (S1, Se, S3). (A.1) 


The first term on the right hand side of Eq. (A.1) 
may be expressed in the form 
a Q: (6, 51) @ (6, ss) do 4+ — | Pri Si) @ (G, sz) do, (A.2) 


i) 


where 


jee) 


{ , 0 
Ort (o, S1) = aa \ ir (cca as Op ) [af (t) as (t’) 


0 
+ a3” (x) a3? (x) de dr’, 
P1(9, s1) =r \\rG t’; 0, 8) lay” (x) a”) (x’) 


+ a3” (1) af! (x) de dv’ (A.3) 


BOUVATIONS OR, THE SPECTR AL FUNCTIONS OF CHARGED PIONS 


and af) denotes the jump in s, of the function 


a! (S1, S2,_83). The arguments of the functions 


as) and af) are as follows: 


al — als, +, 4n2 — s — x), 
a(!) = al) (si, dM Sy ae v). 


Evaluating on both sides of Eq. (A.1) the jump 
in S) we obtain 


af’) (si, Se, 8s) = P; (Se, s1) + vy, (Se, 51); (A.4) 


VI(S2, 83) = 0 for sy = 16”. With the help of 
Eqs. (2) and (8) the functions ol), a) and an) 
are easily expressed in terms of p and pg. Then 
Kq. (A.4) for I= 0, 1, 2 takes on the form 


3p (si, Se) + p (sz, 1) + p- (si, S2) = Lo, (A.5) 
— p¢ (Si, Se) + p (Se, 1) = Li, (A.6) 
p (sz, Si) + P¢ (Si, S2) = Le, (A.7) 


where we have introduced the notation 


L; = a \\ Fle wy Ss, Si) Az (+) Az (¥') dv dv’ 


= 
a0; (sa, Si) ((ies= 1; 2, 3); 


Ao (6) = a (si, 6, 4p? — 1 — o) = 4a (oc) +8 (0) 


[3p (o’, o) + 9 (0, 0’) + pc(o, 0’) I@ (0’, 51) do’ 


[39.(0, o’) + p(0’, 6) 


Oe —38 Oe —38 


4 
ee 
+ 9(G, 0’)) 9 (0, 4x? — 1 — a) do’, (A.8) 


A1 (0) = a (si, 6) = a (0) — B (9) 


Lp (o’, o) — p(o, o’)1 9 (0’, 4v? — us — 9) do’," 
0 (A.9) 


il 


Ae (0) = al) (si, 6) =a (0) +8 (0) 
ac [p(a,0’) + pc(o, 0’)]@ (0',s1) do” 


0 
-- = \ [p (5, 0’) + p (0’, o)] @ (0", 4p* — 1 — 9) do’. 
é (A.10) 
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Subtracting Eq. (A.6) from Eq. (A.7) and making 
use of the symmetry of pe (sj, S,) we find for 
Pc (Sj, 82) an expression which coincides exactly 
with Eq. (5). Adding Eqs. (A.6) and (A.7) we get 
p(S2, S;) in the region s, = 16y?, sy < 16y”, 
whereas by subtracting Eq. (A.7) from Eq. (A.5) 
we obtain p (sj, Ss.) in the same region. From 
this point on it is easy to get the expression for 
p (Sy, Sg) which coincides with Eq. (5). 


APPENDIX 2 


Let us find the first approximation for p and 
Pc. We make use of Eqs. (5) and (6), with d4, A», 
A3 determined with the help of Eq. (8). Leaving in 
Ay, Ag and A3 only a(a) and B(c) we get 


Me. GS ax \\r (Hess), 5) (a (ea) 


0 
co 


+8 (2) B(x) dedr’ +S (IT (x, v5 5,9) 


9 


x {3a (1) a(t’) + 2a (x) [a (v’) +8 (v')]} de dv’, 


(A.11) 
pe(sss') =\\ iv 5, 8) 
+0 (t, 0/5 8’, s)} a (1) B (*’) dt dv’. (A.12) 
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The + d = 2N reaction is treated by a nonrelativistic meson theory of the ™N interaction 
in the P state. Dressed particle techniques are used to express the amplitude for this 
process in terms of the coupling constant and the P-wave phase shifts for ™N scattering. 
The energy and angle dependence of the calculated cross sections are in qualitative agree- 
ment with experiment. The maximum difference between the theoretical and observed cross 
sections for angles far from 90° and energies that are not too high is 30%. For angles close 
to 90° and energies much higher than resonant the calculated cross section becomes as much 


as two times as large as the experimentally observed one. Improvement of the results re- 
quires including the S state in the mN interaction, as well as high nucleon velocities. 


1. INTRODUCTION 


dias is much experimental material on the 

+ d= 2N reaction.! Progress in the theoreti- 
cal explanation of this reaction, on the other hand, 
is quite modest in scope. The best results are ob- 
tained with the phenomenological theory of Man- 
delstam.? He guesses the form of the resonance 
factor and uses three adjustable parameters, and 
in this way is able to give a relatively good ex- 
planation of the experimental data for incident 
pion energies from 0 to roughly 300 Mev. Investi- 
gations based on meson theory consider the reac- 
tion cross section close to threshold.*** The agree- 
ment with experiment obtained in this way is satis- 
factory. From the theoretical point of view, how- 
ever, these investigations are not very systematic, 
since the two-nucleon problem is treated in them 
phenomenologically, rather than in terms of the 
meson field. Furthermore, in the most interesting 
region, that of resonance, the cross section is yet 
to be studied. 

In the present paper the 7 + d = 2N interac- 
tion is treated by the dressed-particle method, by 
means of which the two-nucleon problem is re- 
duced to a calculation involving only single- 
nucleon matrix elements.” 

As with other authors, our description of the 
nucleon is not relativistic, and the Hamiltonian we 
choose is 


H= Ay, + Hy,+ lel + >; {ce (G2 + GP)+Herm. adj.}, 
k 


Gi) bah iV 40 fo 0 (R) 
2V 2k, 
Ss iO. 


eae toe 
we |(2®, k+i #s.7,), ets 
: + 


(1) 


Here Hn,, HN,, and H; are the kinetic energies, 
respectively, of the first and second nucleon and 
the meson field. The index k includes the meson 
three-momentum K and its isotopic spin coordinate. 
We use the system of coordinates in which fh =c 

= yp =1 (where yp is the pion mass). The rest of 
the notation is quite common and need not be ex- 
plained. We remark that the Hamiltonian of (1) de- 
scribes correctly the resonance interaction of 7 
mesons with nonrelativistic nucleons in the P 
state. As is known, there is no successful theory 
of the tN interaction in the S state, and we there- 
fore must neglect this interaction. 

The following approximations are made in the 
calculation. 

1. Terms describing two-meson and higher ex- 
change between the nucleons are dropped. Effects 
related to such terms increase rapidly with increas- 
ing distance r between the nucleons (as fast as 
and faster than e“™), and therefore for a system 
as weakly bound as the deuteron one may reliably 
treat them as small.* 

2. In calculating the single-nucleon matrix ele- 
ments, we drop terms that depend on the square 
and higher powers of the nucleon velocities and 
terms linear in the velocities of the nucleon in the 
deuteron. This latter approximation is probably 
justified because the nucleons move relatively 
Slowly inside the deuteron. As for neglecting the 
square of the nucleon velocities in the final state 
(in the 7 + d— 2N réaction), it cannot be justi- 
fied by simply pointing to low velocities, for they 
are of the order of 0.3 to 0.5. Essentially one 


*Clearly this is not equivalent to perturbation theory. 
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must assume that the matrix elements depend only 
weakly on these velocities. 

3. We neglect all ™N scattering phase shifts 
other than that for resonance (namely 633), Since 
there is no reliable way to deal with small phase 
shifts in the presently existing theory. 

4. From similar considerations, the outgoing 
nucleons are described by plane waves. The error 
involved is probably not large, because the nucleon 
energies are so high. 


2, TRANSITION AMPLITUDE 


In this section we shall briefly describe the 
derivation of the formulas for the transition am- 
plitude. The technical details are available in 
other works*! discussing the calculation. 

For the process we are dealing with, the transi- 
tion amplitude is of the form 


te U HRB) e& |e Bs). 


where V{~? is the incoming two-nucleon state with 
spins and momenta indicated by a, Wq p is the 
deuteron state with momentum P, q is the 7-meson 
momentum and spin, and E is the energy of the 
system. By using dressed particle techniques one 
can reduce the calculation of T to one involving 
single-nucleon matrix elements.® The final result, 
which is all we shall present here, is 


4 
P= Sie") = DKe, 


= (B | oi Be GE hee, Ki = = <p iN (Ge LE G’) ly , 


Key fa, p(¥); 


KY 


K2) = 238 iG. Ge 0) Ne Nes COGS” 
5 
Gr iy}, 
P 
KO = —<BI( Ge Ge ii, eee oe 10 Uy. 1 


1 — Poo 


(1) )y 
Theme Or +6P)|1>- @) 


Ki = _<lui 7 
Here ie (8) is the wave function of the incoming 
unbound nucleons, and fg, p(y) is the deuteron 
wave function. The variables £ and y include the 
nucleon momenta (p{pj and p;, py, respectively ) 
and spins. The remaining notation is the same as 
is usually used in the dressed-particle method. B28 
The first term in (2) gives the impulse approxima- 
tion, and the remaining terms arise from single- 
meson exchange. 

The calculation of the single-nucleon matrix 
elements in (2) is not particularly ueticuly, (see, 
for instance, Novozhilov and Terent’ev ") Some 
peculiarities arise in calculating K“, This is be- 
cause the denominator H,+ H, — Eg may vanish, 
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and therefore standard methods would lead to diffi- 
cult singular integrals over the ™N scattering 


cross section. A typical term in KS!) may be of 
By 
the form 
SS ee 2) We GOES SS 
= Gece “Hy + H,— E, — 10 Ga oe 
f==P 
NG: = Ss ia 
aii Fear in> > «Bo 1 Y2 


.(where f, is the spin and momentum of the first 
nucleon in the B state, and EB, is its energy, 
etc.) The second term is calculated in the usual 
way. The first one is subjected to the unitary 
transformation eS =EXp [i(6)— 12) 15] | V1) 
(where s is the total momentum and u is the 
momentum of the meson field), which transforms 
into 
1 Py 
jee E,,—E,— i0 


‘ns Gi | 


I Socket aC v1 )> 


where we have used the notation 


A = expl 


i(s —u) ry] A exp [i (s — u) ry]. 

The matrix element here depends only quadratically 
on the nucleon velocities in the 6, and y, states. 
Then according to our approximations, we may 
replace the 6, state by some other state By with 
the same spin,’but with another momentum which 
we Shall choose later. We note now that in our 
approximation we may write 


ee VE ee ae 


(do + Ey) = —qo Ey, 


and that 
1 
Hy = Go—> Ey 


GO 1 y) = cP * |y) — lan) 
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where |qy,)‘ is an outgoing state containing a 
single nucleon (spin and momentum y;) anda 
single meson (spin and momentum q). Of the 
two matrix elements obtained, the first, which 
contains no singular denominators, is calculated 
in the usual way, while the second gives the T 
matrix for mN scattering, but with neither energy 
nor momentum conservation. We now use the ar- 
bitrariness in the choice of Da and the explicit 
form of the T matrix for the P-wave ™N inter- 
action to achieve conservation, and thus the matrix 
element can be written in terms of the ™N scat- 
tering phase shifts. 

The final expression for Kgy is then 


— sh) {6 (pm, — Pp) 
fo (q) Jo oh ecemens 
x FU) (ot, 4 +45 Pi) + F (ay) \ Ph er ok — By + Ps 


2nV g 
sk [3kq — (eMk) (6q)] —(1 = 2} ; (3) 


Koy = 18 (p, +P, —4—P) ( 
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The resonance factor F(q)) is given by 


8 _fv(a) =| 
3 (20)? V% = 
Here q) and q are the energy and the magnitude 
of the momentum in the 7 -nucleon center-of-mass 
system. 


p!8sa(4o) sin 633 (qo) ee | ®) 
q°qu" (q) 


F (qo) = 


3. NUMERICAL RESULTS AND DISCUSSION 


We now take the absolute square of the ampli- 
tude T of Eq. (2) (dropping the 6 function, which 
gives total momentum conservation), sum over 
final spins, and average over initial. If we denote 
by Z the expression obtained in the laboratory 
system (P= 0), the differential cross section ob- 
tained in the center-of-mass system for the m + d 
= 2N reaction is 


do(m-+d—>2N) _ 8n4qol 
Bite) Sol YM + PZ 


ds(2N—->m-+d) _ 
dQ 


bol w 


2 do(n+d—>2N 

eg ogo ete) 
Here 7’ and 7? are the squares of the nucleon and 

™ momenta in the center-of-mass system for this 

reaction. 

As was mentioned in the introduction, the fg (f) 
we use are free-particle functions. For the deu- 
teron function we take the expression given by 
Hulthén and Sugawara,® which gives the probability 
Pp = 4% for the D wave, and a hard-core radius 
Ye = 0.306. The cutoff factor is chosen as v(k) 
=a’/(a* + k*) with a =7. The cross section de- 
pends weakly on a. 
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We have tabulated our theoretical results along- 
side the experimental’ ones for the 2p ~ 7° + d 
reaction for several values of 7 and scattering 
angle @ in the center-of-mass system. It should 
be emphasized that it is not possible for us to cal- 
culate in any reliable way the contribution to the 
cross section from the triplet state of the nucleons. 
This is because the most important part of this 
contribution comes from the S-state part of the 
mN interaction, and we do not include this. For 
this reason we tabulate the results both with and 
without the triplet-state contribution. 

As is seen from the table, the energy and angle 
dependence of the calculated cross section agree 
qualitatively with experiment. The total cross 
section exhibits a resonant behavior with a maxi- 
mum for 7 in the region of 1.5 to 1.8, which is 
supported by the experimental data. 

As for a quantitative comparison with experi- 
ment, we must emphasize that in view of the third 
of the approximations we make (see Introduction ) 
the calculated cross section can be considered 
reliable (assuming the other approximations valid) 
only where the resonant terms with the 633; phase 
shift are large compared to the small-phase shift 
terms we have not included. This is true only for 
angles far from 90° and energies below the reso- 
nance in the ™N scattering. Therefore it is only 
in these regions that our theory may attempt to 
reproduce the experimental results. 

Then excluding angles close to 90° and the 
point n = 2.05, we find that the theory deviates 
from experiment by at most about 30%. In our 


Differential and total cross sections for the 2p—x++4+4d reaction 


Diff ti i 
cine tye a. Total cross sections (Gir cm’) 
n/pc 6, deg theory theory 
not not 
including including] ©*periment including|including experiment 
oF do, of Sig 
| 
ae) | 2 0.256 0.239 | 0.312+0,031 
‘ 5 15 0.123 | 0:4145+0.018 | 0.454 0,116 | 0,156+0.016 
90 0.054 | 0.027 | 0;028+0.044 cue 
0 4,72 1.70 2,85+0,32 
45 45 4.47 0.87 4.70+0.22 1.32 0.92 + 
90 0.77 0.40 0.55+0,12 sae, 
0 5.14 5,07 5.55+0,52 
55 45 3:40 2.63 3,26+0.32 3.80 2.71 = 
90 oA 1.04 0.99+0.13 pS 
0 6.68 6.55 5,05+0,42 
i, 2 5.28 4,76 4,05+0,35 
f 5 4,15 3.35 3.09+0.30 4,63 3.44 + 
60 3.22 2.22 2.1440,24 | peaoes 
90 2.54 4.25 1,18+0.18 
me 2 5.41 5,03 2.73+0,22 
‘ 5 3.03 2.57 4,81+0.17 3,14 2,44 = 
90 1.30 0.59 0,86+0.11 tees | 
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opinion this is quite satisfactory when one recalls 
the approximations made. 

If all angles and energies are included, the theo- 
retical differential cross section differs from ex- 
periment by at most 100%. For the total cross 
section this figure is about 50%. Better results 
are obtained if one neglects the triplet state of the 
nucleons. Then, as the table shows, the total 
cross section differs from experiment by no more 
than 30% for all energies, and 10% at resonance. 

We note also that around 90° the cross section 
depends strongly on the choice of pp and re. We 
have chosen the values generally used, but they 
are almost definitely not the best ones from the 
point of view of obtaining agreement with experi- 
ment for our calculation. A final choice, however, 
can be made only after one takes account of other 
factors influencing the cross section, especially 
the S-state tN interaction and the low phase shifts 
in the tN scattering. For this reason we do not 
vary pD and rc in our calculation. 

In conclusion we wish to emphasize that our 
calculation is necessarily a first approximation, 
presenting only the roughest outlines of the mech- 
anism by which the 7+ d= 2N reaction takes 
place. A real improvement of the calculations 
will become possible only when we learn to in- 
clude the high nucleon velocities characteristic of 
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this reaction, i.e., when there exists a relativistic 
theory of strong interactions. 

The author expresses his sincere gratitude to 
Yu. V. Novozhilov for advice and discussion, and 
to R. Boikova and G. Dmitrieva for aid in the 
numerical calculations. 
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THE DYNAMIC EFFECT OF THE NUCLEAR VOLUME IN CONVERSION M1 TRANSITIONS 
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The corrections to the internal conversion coefficient for a M1 nuclear transition arising 
when the potential produced by the intranuclear electron transition current is taken into 
account are estimated for the transitions of K, LI, and LII electrons to the s,/, and pj/2 
states of the continuous spectrum. The calculations are carried out according to the 
harmonic vibrational model and the nonaxial rotator model (Davydov-Filippov model) of 


the nucleus. 
1. INTRODUCTION 


Ly the internal conversion of orbital electrons, 
the vector potential due to the electron current je 
of the transition 

A(t) = \j-(r) SERED ar’) (1) 
is composed of the potential Ajn(r), which is due 
only to the electron current je(r’) (where r’ = R)) 
distributed over the volume of the nucleus, and of 
Agx (r) due mainly to the extranuclear electron 
current Je(r’) (where r’ = R,): 


A (r) = Aw (rt) + Az (1). (2) 


Since the nuclear volume is small as compared 
with the volume of the atomic shell, we have | Ain | 
<« |Aex|. Since the quantity Ajy is determined by 
the probability of penetration of the conversion 
electron into the nuclear volume, the maximum 
potential Ajn is produced in M1 transitions of an 
electron of the type 84/2 — S4/. and py, — pi/2 
(e.g., K— sy, LI— sy, and LII— pip), while 
in these transitions the internal potential has the 
Nees 


order of magnitude 
ie aU Ze N21 
|e | Aex, v=[1-(&)]" 
In other M1 transitions of orbital electrons, Ajn 
is considerably less than the estimate given above, 
and its contribution to the conversion probability 
may be neglected. 

Usually, in the theory of internal conversion, 
Ain is not considered, and the conversion transi- 
tion probability is calculated taking only the po- 
tential Ag, into account. In that case, the proba- 
bility of the y transition in a nucleus, as well as 


the probability of the conversion transition, is de- 
termined by the same nuclear matrix element, 
which drops out from the internal conversion co- 
efficient, the latter consequently becoming inde- 
pendent of the nuclear structure. 

However, the potentials Aj, (r) and Aex (r) 
have a qualitatively different radial dependence, 
and the corresponding nuclear matrix elements of 
the operators of the interaction of the nuclear cur- 
rent jn with this potential (jNnAin and jnAex) 
are, in general, subject to different selection 
rules determined by the given structure of the ex- 
cited states of the nucleus. Therefore, in separate 
transitions, the contribution of Ajyp may be com- 
parable to that of Agy irrespective of the fact that 
Ain « Aex. In such cases, we are dealing with 
forbidden transitions inside the nucleus; the con- 
version probability is determined by several 
matrix elements, and the internal conversion co- 
efficient depends on the ratio of the contributions 
of the operators jnAjn and jnAgx, i.e., on the 
nuclear structure. 

This effect of the contribution of Aj, has been 
called the dynamic effect of the nuclear volume, 
and the corresponding changes in the internal con- 
version coefficient are called ‘‘anomalies.’’ 

It should be mentioned that an anomaly may 
also arise in the case of a strongly forbidden 
nuclear transition due to the potential Ag, only, 
i.e., where the matrix element of the operator 
jjAex is small as compared with its usual value 
for allowed transitions, while the matrix element 
of the operator jnAin has a usual order of mag- 
nitude. However, another type of forbidden M1 
transitions is possible if the matrix elements of 
the operators jnAex and jnAin are small as 
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compared with their values in allowed transitions. 
In forbidden M1 transitions of such a type, the 
internal conversion coefficient has its normal 
listed value, and is practically independent of the 
nuclear structure. 

Thus, the fact that an M1 transition is forbidden 
is a necessary but not sufficient condition for an 
anomaly in the internal conversion coefficient. 

The dynamic effect of the nuclear volume has 
first been studied for the independent-particle 
model by the author.! Church and Weneser? have, 
in a more general form, considered the correc- 
tions to the internal conversion coefficient in M1 
transitions and, in particular, have drawn atten- 
tion to the forbidden collective M1 transitions in 
even-even nuclei where one can expect an anomaly 
in the internal conversion coefficient. 

The vibrational nuclear model? and the rotator 
model*’* have recently been developed to describe 
the structure of collective excited states of even- 
even nuclei. The purpose of the present paper is 
to estimate the contribution of Ajy(r) to the in- 
ternal conversion coefficient within the framework 
of these collective nuclear models, and to compare 
these estimates for nuclei where both the rotator 
model‘ and the vibrational model are applicable. 

Henceforth, all quantities are expressed in 
relativistic units h=me=c=1, e? = st. the 
nuclear transition energy w and the energy of 
plectzene states €j are expressed in eis of 
mec’; and the nuclear radius Ry = 0.43 e? Al 
corresponds to Ry = 1.2 x 107A! cm in the 
usual units. 

In calculating the electron potentials, the for- 
malism of spherical vector functions® is used. In 
the wave functions of an orbital electron and of an 
electron in the continuous energy spectrum, the 
effect of finite dimensions of the nucleus is taken 
into account assuming, moreover, that the nucleon 
represents a uniformly charged sphere with 
radius Ry. The functions of the continuous-spec- 
trum electrons are normalized to the energy in- 
terval. 


2. POTENTIALS OF THE M1 TRANSITIONS OF 
K, LI, AND LIT ELECTRONS 


In the transition of an electron from an orbital 
state with energy €,, total momentum j,;, and 
total orbital momentum 1, = j, + A, to a continuous- 
spectrum state (€2, jy, A2), the potentials of the 
M1 transitions are found to be 


Aee(t) = te (LV EnCitiawVin (9) fr (wr) 8, (3) 


where 
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—- ( dr rp (wr) LS jsref irs ol Biodioal ; (4) 


Ro 

In the above, the contribution of the intranuclear 
electron current is taken into account in Agy(r). 
For a field A, this is identical to the contribution 
of the extranuclear transition electron current. 
GjjAj and FjjAj are the large and small radial 
components of the electron wavefunction in the 
ance: t= y; BIA and fjj,; are those for the 
range r’ > Rp; fy(wr) and h{!) (wr) are spherical 
Bessel and Hankel functions; Ch Bey is the Clebsch- 


Gordan coefficient. The coefficient B for transi- 
tions 84 /— Sy equals 6 = — V2, while, for 
transitions py/,— pyj, of an electron, B=+ V2. 

The internal potential of an M1 electron transi- 
tion may be represented by the series 


Ann(t) = ie DV 4Chun¥in() | Boo (A) ©) 
M x=1 
where all coefficients B.,,, are real. 

The series in kK converges rapidly, so that, for 
the estimate of the potentials, it is sufficient to 
limit ourselves to one term with k= 1. For the 
transitions K— sy, LI— s1/, and LII— pip, 
the required coefficients B3 are given by the 
equations 


BK > sy) =——2 ane |-(e1 + £2 —2) Rol A (K) A (sy, Ri, 
Bs (LI s,) = —— Bes + (e1 +82 —2) Ro] A (LI) A (sy,) RG, 
Bs (LI [3Ze* + (e1 + 2 + 2) Ro] A(LID)A (py,) Ro. 
(6) 
Neglecting the screening effect, we find the ampli- 


tudes of electrons in the K, LI, LI, s4/., and py/2 
states to be 


api 


= (+e) 7" 2ax/2p Y-1 Hf 
A(K) = —[arappay] 222) 'Ro exp (—22Rd, 


A (Ll) = gee eee “Lexp (s Ze 
A cin =—[aheeheiea] Ce) "a eno(—) 
A (sv,) ' | 
sk aa ete Lo (Me, 
A (p),) | 
= Bs i (2p)* | Pt ieee / p)| Ritexp (es a 
(7) 
where 
yaVISE  N=VIERH, p=VERL 


and p is the electron momentum. 
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3. GENERAL FORMULA FOR THE INTERNAL 
CONVERSION COEFFICIENT IN M1 TRANSI- 
TIONS OF THE NUCLEUS, TAKING THE 
DYNAMIC EFFECT OF THE NUCLEAR 
VOLUME INTO ACCOUNT 


Using Eqs. (3) and (5) for the potentials Agx 
and Ajp and the normalized potential of the M1 
quantum, we obtain a general formula for the in- 
ternal conversion coefficient (ICC), valid for 
nuclear transitions 1;M,— I,M, with an arbitrary 
transition energy w and an arbitrary selection 
rule 


2 | 
TC Cees <0? 1 
ow : | 
a S Baty < I2Mz | (CA eae (iv Y¥?m) |My> ; (8) 
SM CeMa| fr (Or) iy ¥2w) | M4 > 


x=1 


Neglecting the contribution of Ajj (r), we find the 
usual value of the internal conversion coefficient, 
as listed, for example, by Sliv® 


(ICC), = ne*|M |?/3w, (9) 


and hence we determine the absolute value of the 
integral 3 expressed in terms of the listed quan- 
tity (ICC), 


1M | = V 3w (ICC ),/me?. (10) 


It is important to note that the integral M isa 
complex quantity, and Eq. (10) only enables us to 
find its absolute value, leaving the phase gy unde- 
termined. Only in the case w <«< Ze’, where we 
can limit ourselves to the approximation hj (wr) 
~ 1/i(wr)’, is the integral ® real. In the general 
formula for the internal conversion coefficient ob- 
tained by Church and Weneser’ and afterwards 
used by Reiner’ in the analysis of the anomalies 
of the internal conversion coefficient in M1 trans- 
itions of odd deformed nuclei, the phase g of the 
integral M has been neglected. In transitions 
I, — I, of even-even nuclei, we have as a rule 
w* Ze* or w> Ze’, so that, in the analysis of 
the internal conversion coefficient in these transi- 
tions, it is necessary to take the phase ¢ into ac- 
count. 

Taking into account that, in the usual nuclear 
transitions, the condition wRy « 1 is always sat- 
isfied, and limiting ourselves to the first term of 
the series in k, we obtain a more convenient 
formula for the internal conversion coefficient in 
M1 nuclear transitions: 


B3y/  3ne eal 
1 +- BV scx? °X| , 


ICC,= (ICC), (11) 


where 
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<I2Mz2 | (r/Ro)? (in ¥}y) | 4Ma> 


= : (12) 
<IxMo | (r/Ro) (in ¥}m) |\41Mi> 


The quantities B; are determined by Eqs. (6) and 
(7). 


4. ESTIMATE OF X FOR M1 TRANSITIONS OF 
EVEN-EVEN NUCLEI IN MODELS WITH 
COLLECTIVE QUADRUPOLE EXCITATION 


Both in the vibrational nuclear model? and in 
the rotator model,*’® the transition current in the 
nucleus jy is determined in the hydrodynamical 
approximation by the flow velocity of the nuclear 
liquid 

V = 5 Didom¥ (1°Y am), (13) 
where Q are the parameters of nuclear defor- 


mations in the laboratory coordinate system: 
7 
R (3,q) == Ro! taty+ Qidam¥am |. 


m 


In this approximation for the ratio X, we have 


— <aMa| I Gp) Ma> 
<I2Mz || 1.My>? 


7 


(14) 


where 
R(S,¢) 
ney) =\dQ \ drr? oe Oars Camilo! ane (15) 
0 m 


Integrating Eq. (15) and retaining only the first 
term in a, which gives a nonvanishing matrix 
element of the M1 transition, we obtain for the 


operator Jt} the equation 


2v 2v Zz bp ee 
» ComiMCon,2u,%2m%ou, Aap (16) 


Mp2 
Equation (16) is valid for any model with a 
collective quadrupole excitation, and is valid. as 
long as the current jj is determined by the veloc- 
ity (13). In the rotator model, the operators Q m 
and qd», are acting on the angles of orientation of 
the deformed nucleus in space, while, in the vibra- 
tional model (harmonic or anharmonic), Qn, 
and Q@,, are expressed in terms of phonon crea- 
tion and destruction operators. However, inde- 
pendent of the actual choice of the operators Q ym 
and a», we find the ratio X for the collective 
models to be X = *4. 


4 (x 3 5 ¢ 
Jo) es) 2 Riess, 


5. CONCLUSIONS 


1. For collective M1 transitions in even-even 
nuclei, the ratio of the matrix elements of M1 
transitions is X = *4, independent of the actual 
model used. 


2. Since Ain * Ze” (RoZe”)?Y"1A,, and 
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X = °4, the correction to the internal conversion 
coefficient in collective M1 transitions of even 
nuclei has an order of magnitude of 

Ze* (RyZe’)?Y"1, i.e., ~ 1%, and consequently no 
anomaly, as compared with the listed values of 
(ICC) , should be observed in the internal con- 
version coefficient of collective M1 transitions. 
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Using dispersion relations, we give an elementary derivation of the inequality restricting the 
charge, which was found by Ruderman and Gasiorowicz.” The maximum charge corresponds 
to our notion of a composite particle. A field-theoretic nonrelativistic model is treated; it is 
shown that the physical (renormalized) charge tends to its maximum value when the bare 
charge increases without limit (for a fixed mass of the particle). The scattering then cor- 
responds to the theory of the deuteron. In this same model, with an unstable particle, as the 
charge increases without limit the scattering tends toward zero. 


1. INTRODUCTION 


lr a system of two particles A and B is capable 
of transforming into a stable particle D, the in- 
teraction A + B — D is characterized by a 
‘‘charge’’ g. The mass of D determines the posi- 
tion of the pole in the amplitude for scattering of 
A by 3B: 

From the definition of the physical charge g, 
the pole term is 
re mg? g maMp 
i 2n (E,p— Mpc?) ee 2n (m, + mp) 


(1.1) 


where E’,p is the energy omitting the rest mass, 
and Q is the binding energy of D. On the other 
hand, as was first shown by Heisenberg,! the resi- 
due at the pole of a bound state can be expressed 
in terms of the constant in the asymptotic form of 
the normalized wave function: 


p(r) Ce" f Qn V2r (1.2) 
for r— 0, where k =v 2mQ, 
Res A = —|C|?/ 4am. (123) 


This relation holds also when the state of the phys- 
ical particle D is a superposition of the ‘‘bare’’ 
particle Dy and the ‘‘cloud’’ A+B, which for the 
case of an S state is described by the function 
y(r). 

If the interaction is local, expression (1.1) holds 
for any r> 0, and the normalization condition 
( including the amplitude for the bare particle Dy) 
gives: 


Vip do =|CP/ 4a <1, (1.4) 


By using (1.3) and (1.1), Ruderman and Gasiorowicz? 


then obtained the inequalities 
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—Res A<x/m=V2Q/m, 
g? <Qnx / m= = 2n V 2Q/ m3 (1.5) 


(we give their formulas for the simplest case of 
an S wave and zero range of interaction). 

Exact equality in (1.5), upon which Landau? in- 
sists, corresponds to the case where the particle 
D consists entirely of A +B (so that i |» |?dv 
= 1), i.e., D is a composite particle with local 
interaction of A and B. There do exist in nature 
weak interactions, whose charge is several orders 
of magnitude less than its maximum value. At the 
present time, theory is not in a position to predict 
the fact that there exists no interaction intermed- 
iate in charge value between the weak and the 
electromagnetic interactions, on the one hand, and 
the strong interactions (m™ and K-mesonic inter- 
actions ) on the other. Thus Landau’s statement 
should be regarded not as a theoretical derivation, 
but rather as a hypothesis. 

The inequalities (1.5) can be derived by means 
of dispersion relations, without using any pictorial 
representations of the cloud A+B (cf. reference 
1 and the second section of the present paper). 

In Sec. 3 we treat the properties of a system 
with the maximum residue. In the real case of 
two particles whose interaction is described by an 
attractive potential U(r), the inequality (1.5) is 
violated. The residue A is greater than k/m, for 
example in the case of the deuteron the residue is 
1.5 times greater than k/m. 

A proof of this and an explanation of the viola- 
tion in the language of dispersion relations is 
given in Sec. 4. 

Finally, in Sec. 5 we give the results of a com- 
putation of a nonrelativistic field model with three 
elementary particles A, B and D; fora given 
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physical (renormalized) mass of D, we give the 
expression for the physical renormalized 
g, satisfying the inequality (1.5).. For the case of 
a Single channel D= A+B, and for increase to 

infinity of the bare (unrenormalized) charge, g? 
tends to its upper limit. The presence of several 

channels does not change this conclusion. 

In Appendix I we present the computations 
whose results are given in Sec. 5. In Appendix II 
we consider the case of an unstable particle D; in 
this case, when the bare charge goes to infinity, 
the pole (which is on the second sheet of the com- 
plex energy plane) goes out to infinity, and the 
scattering amplitude tends to zero; in the limit of 
strong interaction, unstable particles do not have 
to be considered. 


2. DISPERSION RELATIONS 


Let us consider the elastic S-scattering of 
Spinless particles A and B; in order to fix the 
notation, we write some familiar formulas: 


1 
to Dae 


e—tkr 


t S(k)e*") as r—-oo; 


A =(S — 1)/ 2ik, h=—1/ A. 

If we assume that A is an analytic function in 
the complex E plane, with a cut along the positive 
real axis E> 0, with poles for E <0, and with no 
singular points at infinity, then from the unitarity 
condition Im A =k|A|? it follows that h is an 
R-function* and has the form 


h(E) =a2+iV 2mE + BE Sree : (2-2) 
since it is easily shown that, for example, the 
functions E™, 1/(T, + E)” where n = 1, and 
In (E — E,) are not R-functions. In Eq. (2.2), a, 
B, Rn and Ty are real and, in addition, B, Rn 
and Ty are positive. 

On the negative real axis 


h(E) =a—V2m|E|+8E Sree: (2.3) 


If h(E)) = 0, where Ep) is real and negative (EK 
= —Q), then to this Ey) there corresponds a pole 
OLA: 


A = (2.4) 


Ze 4 
de) pa 6 BO” 


It is obvious that 


dh m 


m 


R, 
Dit Ep V (2.5) 
and consequently the residue of A at this pole is 


[Res A|ze_-o <V2Q/m =%/m. (2.6) 


charge 


(2:1) 


Thus the residue of A at the pole corresponding 
to the bound state is negative, and its absolute 
value is below an upper limit which depends only 
on the position of the pole. 

From Eq. (1.1) we see that the dispersion rela- 


tions give a definite upper limit for the interaction 
constant, 


g? < 20x | m?. 


(2.7) 


This upper limit depends only on the masses of the 
particles A, B, and D. It is easily shown that the 
presence of inelastic processes only lowers this 
upper limit. 


3. PROPERTIES OF A SYSTEM AT THE 
MAXIMUM OF THE RESIDUE 


For a given location of the pole, i.e., for a 
fixed value of Q, the maximum value of the resi- 
due is reached for B= Ry = 0. Consequently, at 
the maximum of the residue, using the fact that 
h(—Q)=0, the expression for h reduces to 


h=atiV2mE =V 2mQ +iV 2mE =x-+ ik, 


k=V 2mE. (3.1) 


This expression for h corresponds to the classical 
theory of Bethe and Peierls for the neutron-proton 
triplet scatterihg, in which the whole scattering is 
determined by the binding energy of the deuteron. 
In other words, at the maximum of the residue we 
get an expression which corresponds to the scat- 
tering by a singular potential well of small radius 
and large depth, at whose boundary, for r= 1, 

ry — 0, we get the condition 


d\nrwp /dr = — x (3.2) 
for the wave function. 
Actually, we have from (2.1): 
ee 4 V 2mQ —i V2mE 
Tee am(E = Oe a 
Sent en (3.3) 


Rp we 


According to the expression (3.3) for A(E), the 
residue at the pole E=-— Q is 


ResA=—V 2Q/m=—x/m. (3.4) 
From (1.3) it follows that 
| C (nas 4. (3.5) 


This value of | C|? is distinguished by the fact 
that if we substitute it into the asymptotic expres- 
sion for |w~|* and integrate over all space we get 
unity: 
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(| pedo = 1. (3.6) 
It is obvious that for a local interaction | C |? 
cannot in actuality exceed the limit corresponding 
to (3.5). It is however not a trivial point that this 
assertion is already contained implicitly in the 
arguments leading to (1.5) and (3.4). 


4. POTENTIAL SCATTERING AND DISPERSION 
RELATIONS 


In the preceding section it was shown that the 
maximum possible value of the residue of A cor- 
responds to scattering by a singular (i.e., essen- 
tially local) potential with a bound level at a given 
energy E=—Q. Let us now consider a potential 
well of finite extension rj, which has a bound level 
with this same energy E = — Q. Outside the well, 
where r > frp, the wave function can be written in 
the form of (1.2). But inside the well it is obvious 
that 


Cee Pony Ir. (4.1) 


Consequently, normalizing the function, we get 


| =\lppPdv<|CP/4ax, [CP > 4x. (4.2) 
Thus, for scattering by an extended potential well, 
the result (2.7) which is a consequence of the dis- 
persion relations, is violated. 

From this it is clear that in the preceding argu- 
ments, which led to (1.5) and (2.7), the assumption 
of analyticity (absence of singular points at infinity ) 
implied locality of the interaction. Nonlocal inter- 
action necessarily results in such behavior of the 
functions A and h at infinity which violates the 
relations of Sec. 1 and 2. We note that in a rela- 
tivistic theory the scattering amplitude is given on 
a plane with two cuts; on the right cut the sign of 
the imaginary part of the function coincides with 
the sign of the imaginary part of the argument, 
while on the left cut the sign of the imaginary part 
of the function is not determined. As a result the 
scattering amplitude cannot be an R-function, and 
inequality (1.4) may be violated. In particular, 
this inequality is violated for the deuteron. 


5. INTERACTION WITH AN INTERMEDIATE 
PARTICLE 


Let us consider in more detail a model of scat- 
tering according to the scheme A+B— D— A’ 
+ B’, with a given mass of the particle D. Bas- 
ically such a model is close to the familiar Lee 
model.® The only difference is that, since we are 
not considering antiparticles, we must require a 
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consistent nonrelativistic treatment of the prob- 
lem.®’ One then introduces into the theory the 
mass p and charge f (interaction constant ) of 
the ‘‘bare’’ particle Dy, and the concept of the 
wave function a of the bare particle Dy. In such 
a model the only divergent quantity is the bare 
mass p, and one can in an elementary fashion 
carry out the renormalization of the charge and 
mass, and compute the scattering A+ B-— A’ +B’ 
as a second-order process. 

The computation is presented in Appendix I; 
here we give only the results.* We fix the re- 
normalized mass of the physical particle D ac- 
cording to (1.1), so that the position of the pole in 
the scattering amplitude as a function of the en- 
ergy E of the particles A+B is fixed. The re- 
sult expressed in terms of the bare charge f is 


h=x + (2n/ mf?) Q +iV 2mE + (2n/ mf?) E.~ (8.1) 


This form of h agrees with the general formula 
(2.2). 
We get the corresponding A(E) by separating 
out the pole at E = — Q: 
mf? | 2a 4 


: gee 
1+ m2pt]n(VY2mQ—1V2mE) E+ Q 2) 


We obtain the residue by making the substitution 


V 2mE >t) 2m0.= ix for, FS 0 (5.3) 
in the denominator. We have 
Res A = — mf?/2n (1 + m?f?/20x?). (5.4) 


We then see that the model with the D particle 
actually leads, in agreement with (1.5), to 


| Res A|— > x/m =|Res Almas aS [27-> ec. (5.5) 


(To save space we write f* in place of |f|*.) 

The scattering amplitude A as a function of the 
complex variable k = ¥ 2mE in formula (4.3) has 
another pole in the lower k halfplane at 


k= —i(x+ mf/n). (5.6) 


This second pole does not fall on the sheet in the 
complex E plane which we are considering. 

The wave function of the physical particle D 
can be written as a superposition of the bare parti- 
cle Dy and the cloud A+B. The normalized func- 
tion has the form 


*In Appendix II we give the formulas for the case of an un- 
stable particle (cf. reference 7). In that case A has two com- 
plex conjugate poles on the second energy sheet, and no pole 
at all on the sheet considered here. There is then no limit in 
which the formulas go over into the familiar expressions for the 
singular scattering from a virtual level (i.e., into formulas 
like those for the singlet n—p scattering). 
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so that the constant C, which characterizes the 
asymptotic behavior of the wave functions, is 


mf V 2 


C= eh Se 
Vit m2f2/20x 
Dm2f2 
Gute 2m*f Ee 4 
[EWS apercgerr rs SUNS Ab (5.8) 


in agreement with (1.3). 
The renormalized coupling constant (charge) g 
characterizes the interaction of A+B with the 
physical particle D, unlike the bare charge f 
which characterizes the interaction of A +B with 
the bare particle Dy. We find for g: 


5S 


S=f/V 1+ mf?/2nn < V 2nx / m, 


where equality is reached for f — ~. In a local 
Hermitian theory, |f|? > 0 and this limit for g 
cannot be exceeded. 

Formulas (5.5) — (5.9) make clear the physical 
meaning of the maximum value of | Res A| and 
the coupling constant g, which we obtained earlier 
from the dispersion relations. These limiting 
values are attained when the bare constant f in- 
creases without limit. Then the fraction of bare 
particle D, in the physical particle D tends to 
zero, and in the limit the physical particle D 
‘‘consists”’ entirely of A+B. Thus the limiting 
value of Res A corresponds to the transition to a 
composite model for the particle D, consisting of 
locally coupled particles A and B. 

As we See in particular from (5.1) and (5.2), in 
the limit as f? — ~, the theory of the scattering 
asia second order process A + B — D — A’ +B’ 
gives results which are identical with those for 
potential scattering by a singular potential with a 
fixed position of the discrete level at E=-—Q. A 
measure of how close one is to the limit is the 
closeness to unity of the fraction of A +B inthe 
amplitude for the physical particle D; at the same 
time the fraction of Dy) in D tends to zero. Es- 
sentially the particle Dy) as such drops out, and 
only plays the role of a carrier of the local inter- 
action coupling A and B into the physical particle 
D: 

The condition for being close to the limit can 
be expressed as 


f2S> Qnx | m? = 2n V 2Q / mi. 


Thus we see that the closer the pole (i.e., the 
smaller the value of Q), the sooner (i.e., the 
smaller the value of f) we get the limiting rela- 
tions characteristic of the composite model. 


(5.9) 


(5.10) 
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APPENDIX I 


SOLUTION OF THE EQUATIONS FOR THE CASE 
OF A STABLE INTERMEDIATE PARTICLE 
We try to find a wave function of the form 

® = aD,|0> +4 (r) A*Bt 0). (It) 


We choose as the zero of energy the rest energy 
of the particles A and B: (ma +mgBp)c?. The 
Schroedinger equation for a stationary state with 
energy E has the form 

Ea ae =p ry (p), 


Exp (r) = — (1/2 m) Arp (r) + fad (1). 


(I. 2) 
(I.3) 


The quantity p is introduced in (I.2) as a cutoff 
radius; after mass renormalization, we let p — 0. 
We find a solution corresponding to a bound 

state with energy E = —Q = — x¥/2m: 


ap (r) = Ce-*r / 2n V 2r, 


Aw = u«rp — (40/ 2x V 2) Cé (1). (1.4) 
Substituting in (1.3), we obtain 
=m Vi 2an (1.5) 


Strictly speaking, if we take #(p) in (1.2) to be 
completely general, so that 


fii Se 


\v () K (7) de, (KO a= * 
we should accordingly change the form of the 
source term in (1.3), replacing 6(r) by 

Ove (Ge p)/4mp” or by K(r)[64(x — pp) is the one 
dimensional Dirac function, and not the three-di- 
mensional 6(r) for which i 6(r) dv=1]. How- 
ever it is easy to see that these corrections are 
of higher order in p than those retained in (I.2) 
since, for example, when we replace 6(r) by 

04 (eee p)/4mp? the solution has the form 


i > (0; 
Pek i. 


ap (r) = Ce—r /2n V 2r, 
p(n) = Fler — ee) /2n V2 1, 


We substitute this solution in (I.3), in which 6 (Tr) 
has been replaced by 6,/4mp* and use #(p-— 0) 
=7%(p+0). We find 


Mp |r=e = [4p / dr) 04-0 — (dtp/dr) po] 1 (r — p). 


Expanding in powers of the small quantity xp, we 
find that there are no corrections of order xp, 
while we neglect the correction of order (kp)?. 
This gives the result (1.4) and (1.5), which is the 
solution of (I.3) with 6(r). 

We expand 7(r) in powers of p and drop terms 
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~p. Substituting in (1.2), we find 


— Qa= — (2/2m)a = pa — (fomal2n) (1/p — x), (1.6) 
w= Pm/2up — Pmx/2n — ¥?/2m. (I. 7) 
Normalization of the bound state, a? + ” | ~ |"dv 


= 1, gives the value of ap (where the subscript b 
denotes a bound state ): 


ay =1/V 1+ n2P/2nx. 


The complete expression for the wave function is 
given in (5.7). 

We now go on to the scattering problem. We 
look for a solution of Eqs. (I.2) and (1.3), with 
E = k’/2m, in the form 


(1.8) 


© = aD,| 0) +s. (—e-*" 4 Set) A*B*0). (1-9) 
Substituting such a y~ [cf. Eq. (I.1)] in (1.2), we get 


iat = ee ih a=! 6 +1), (I. 10) 
Equation (1.3) gives* 
0= (xt/mik) p= —- S) 6 (r) -e fad (r), 
a = — (n/fmik) (S — 1). (E11) 


We substitute the value of a from (I.11) and 
the value of uw from (1.7) into (I.10). Then the 
terms in p ! cancel, which means a renormaliza- 
tion of the theory for p —~ 0, p— ©, but the re- 
sults concerning scattering tend to a limit which 
is independent of the cutoff radius as p—~ 0. At 
the same time the bare mass wu of the bare par- 
ticle Do is eliminated from the equations, and the 
result contains the quantity x which depends on 
the energy (mass) of the physical particle D. 

After an elementary computation we find 


WepS 86 ee 2 2 
(Sie arn aa 


(I. 12) 


from which we get the limiting formulas (5.1) and 
(5.2). 

We determine the coupling constant g of the 
particles A and B to form the physical particle 
D by taking the product of the coupling constant 
f to the bare particle Dy and the amplitude a of 
the bare particle Dy in the physical particle D. 
Using (I.8), we get (5.9). 


APPENDIX II 


SOLUTION OF THE EQUATIONS WITH AN UN- 
STABLE INTERMEDIATE PARTICLE AND COM- 
PARISON OF THE SOLUTIONS WITH THE CASE 
OF SINGULAR SCATTERING. 


We shall assume that the nonstationary Schro- 


*The argument for the use of (E.3) with 5(r) is also valid 
for this case; we drop corrections of order k?p?. 


GRIBOV, ZEL’DOVIGH and (Pie. © NiO 


dinger equation has a solution which has an ex- 
ponential time dependence, i.e., ~ etEot with a 
complex Ej, characterizing the fact that the spa- 
tial part of the solution describing the particles 
A and B contains only an outgoing wave, i.e. 

yr r-telkor, Then ky also turns out to be com- 
plex. For such an exponential solution, even 
though it is not stationary, we can again use Eqs. 
(1.2) and (1.3). 

The general behavior of the solution is the same 
as for the case of a stable D. We assume that the 
properties of the physical unstable state and Eo 
and ky are known (Ey = k? /2m), and by using the 
equations we express the nonphysical value of the 
bare mass p in terms of the physical complex Eg, 
the charge f and the cutoff radius p. We then go 
on to the scattering problem, i.e. to the problem 
with arbitrary real positive k, with incoming and 
outgoing waves, and find the scattering amplitude. 
We use the value of expressed in terms of Ep, 
f, and p; as before, the terms in 1/p vanish, the 
computation gives a definite limit as p — 0 and 
Pee 

However we must make two remarks. The re- 
sult for our case cannot be obtained by formally 
replacing x by — iky in the corresponding formula 
for a stable particle, since the bare mass pw, even 
though it is an unphysical quantity, contains a 
term in 1/p, so that u — ~ when p — 0; onthe 
other hand, pw must be real in order for the Hamil- 
tonian to be Hermitian and to guarantee unitarity; 
the formal replacement of k by — ik in (1.7) vio- 
lates the reality of wp. 

The second remark is purely methodological. 
It is simply that it is convenient to choose ky = v 
— iw as the starting quantity, and express the an- 
3wer in terms of the positive real quantities v and 
Ww. 

So for an unstable state, 


) (r) = Celrter On 27; Eo = (0* = w*) / 2m — wi fim. 


(II. 1) 
We substitute (II.1) in (1.3), after which the terms 
Eoy and — (A/2m)~% again cancel and we once 
more obtain the relation (I.5) between C and a. 
In analogy to (1.6), we have 


p (Pp) = — (fma / 2x) (1 /p + w + iv). 
Substituting (II.2) in (I.2), we obtain 


(II. 2) 


p = Ey + (fm /2n)(1 /p + w + iv) 
= (v? — w®) / 2m — vwi | m + (f?m/ 2x) (1 /e+w- iv). 
(II. 3) 


In contrast to (1.7), this equation is complex. Since 
wu. is real, by treating the imaginary part of (11.3) 
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we immediately get 


w = fm? / 2x. (II. 4) 


The problem with a stable particle D was 
characterized by two parameters Q(or x) and f. 
At first glance, it seems that the problem with an 
unstable particle is characterized by three quan- 
tities: v, w and f; but the relation (II.4) leaves 
us with two parameters. To shorten the formulas 
we shall express f in terms of w in all succeeding 
work. In particular 

SOP ee 


1. ae Le 
Zc0 me 


eit 


v+tw?  w i 
2m ie 


w= 


(II.5) 


2m 


Now let us turn to the scattering problem. 
Equations (1.10) and (I.11) are still valid, the only 
change being that we use (II.5) for p and express 
f in the answer in terms of w according to (II.4). 

Elementary computations give 


ik (1 + S)/(1—S) = (Rk? —v? — w?) / Qu, (II. 6) 

S = (k — 0 — iw) (k + v — iw) /(R— 0 4+ iw) (k + 0-4 iw). 
(II. 7) 

The function S, and consequently the scattering 
amplitude also, has two poles in the k plane, be- 
low the real axis at k=+v-—jiw. There are no 
poles in the upper half of the k plane and on the 
first sheet for E. We also give the function 


h = ik + k?/2w — (v? + w?) / 2w 
= iV 2mE:+ 2nE | mf? — xv? / m?2j? — mf? / 4x. (1.8) 


For E < 0, all the terms in (II.8) are negative, 
and h has no zeros. It is curious that the model 
gives no pole terms in h. 

It is obvious that for a y of the form of (2.1), 


d\nry /dr =ik(S + 1)/(S—1). (II. 9) 


Consequently the expression (I.12), which refers 
to a stable particle in the limit as f? — 0, gives 


dinry/dr=—x, (II. 10) 


in accordance with the classical Bethe-Peierls 
theory. In the case of an unstable D, the expression 
(II.6) gives 


dinnp/dr =v? / 2w + w/2—k?/ 2a, (II.11) 


which, for real v and w and positive w, cannot be 
transformed to the form 


oe 0 (II. 12) 


which would correspond to scattering by a singular 
potential with a virtual level (like the singlet neu- 
tron-proton interaction). In other words, for the 
case of an unstable particle the computation gives 
two poles in the k plane which are located sym- 


dinrp/dr=%, 
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metrically with respect to the imaginary axis, and 
below the real axis. 

A singular potential with a virtual level corre- 
Sponds to a single pole on the imaginary axis and 
below the real axis, at k = — ix, [cf. Eq. (II.12)]. 
Even if we could make the two poles for the un- 
stable particle fuse and appear at the same point 
k = — ix, there would be a second order pole at 
this point, and the formulas would still not coin- 
cide with those for the singular potential, where 
the pole is of first order. 

In the case of a stable particle, both poles lie 
on the imaginary axis and do not coincide, so that 
one of the poles can be moved to infinity while the 
other remains fixed; in the case of an unstable 
particle this cannot be done because of the condi- 
tion of symmetry of the poles with respect to the 
imaginary axis. As we see from (II.4), w— © in 
the limit as f? — ©; substituting in (II.7), we get 
S=1 for any finite k and v. Thus the theory with 
an unstable particle has no reasonable strong 
coupling limit. This constitutes the difference be- 
tween it and the theory with a stable particle, which 
in the strong-coupling limit goes over into the 
theory of the deuteron. 

In the present work the relation of the limiting 
value of g to the particle mass and to the concept 
of a composite particle has been investigated on 
an elementary nonrelativistic example. The se- 
cret hope of one of the authors is that perhaps, by 
using the dispersion relations, it may be possible 
in the future to succeed in giving a sensible formu- 
lation of the theory of composite particles (of the 
Fermi-Yang type®) in the relativistic case. 
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CALCULATION OF THE ELASTIC SCATTERING CROSS SECTIONS FOR 5.45 Mev PROTONS 
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The differential cross sections for the elastic scattering of 5.45 Mev protons from the sepa- 
rated isotopes Cr®2®3, C09, Nj58»60+62564 764968 and Cu® have been calculated with the help 
of the complex optical model potential. The real part of the potential was chosen in the Saxon 
form and the imaginary part in the Gaussian form. Satisfactory agreement with the experi- 
mental data has been achieved for isotopes whose (p,n) threshold is below the energy of the 
scattered protons. It has been impossible to make the optical model calculations consistent 


with the experimental data for isotopes whose cross sections increase at large angles. 


Whe purpose of the investigation of the elastic 
scattering of nucleons from nuclei with the help 

of the optical model is the determination of the 
parameters of the nuclear potential. Such inves- 
tigations have been carried out by many authors;!~9 
they have led to an explanation of the basic regu- 
larities in the behavior of the angular distribution 
of the elastic scattering as a function of the optical 
model parameters. However, the calculations that 
have been carried out so far have mainly been con- 
cerned with the analysis of the experimental data 
on the elastic scattering of nucleons from targets 
which contain a natural mixture of isotopes. 

In the present paper we report an analysis of 
the experimental data on the elastic scattering of 
5.45-Mev protons obtained by Klyucharev and Rut- 
kevich.* Analogous calculations by the authors for 
the proton energy 6.8 Mev have been reported ear- 
lier.’ The difference between the present calcula- 
tions and the earlier ones consists in the fact that 
we did not include the spin-orbit interaction for 
the energy 5.45 Mev. 

The potential used in the calculation was chosen 
in the form 


V (r) = Veoul(r) + Vof (r) + iWog (r), 


where Vcoyj(r) is the potential of the Coulomb 
field of the nucleus; Vy) and Wy, are the real and 
imaginary parts of the nuclear potential, respec- 
tively; f(r) and g(r) are the form factors of the 
real and imaginary parts of the nuclear potential: 


fa —1 iP = 
f= [iree(s*)f" e=ean[-*)] 
(2) 
In accordance with the results of a number of in- 
vestigations, ®»! we assume that, for a given proton 


(1) 


6(0)/6(0) Rutherford 


FIG. 1. Results of the cal- 

culation for Cr5?,53 at Ep =" 
5.4 Mev. The points indi- 
cate the experimental da- 
ta with account of the sta- ~ 
tistical errors. 


Gc.m. 


energy, the Gaussian form is more reasonable 
physically for the imaginary part of the potential 
than the Saxon form. This is why we have chosen 
the form (2) for g(r) in the calculations. 

In the determination of the optical model pa- 
rameters, one usually attempts to obtain the same 
set of parameters for several neighboring nuclei 
if the energy of the scattered nucleon is given. In 
the present paper, we choose as the basic crite- 
rion for the comparison of the calculated curves 
with the experimental ones the coincidence of the 
position and the depth of the minimum of the curve 
representing the ratio of the differential elastic 
cross section over the Coulomb cross section. 
The results of the calculations are shown in Figs. 
1 — 3, where we also indicate the experimental 
data of Klyucharev and Rutkevich.! In the table 
we give the parameters for the calculated curves. 
These sets of optical model parameters for the 
elastic scattering at 5.45 Mev were obtained by 
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FIG. 2. Results of the calculation for Ni5?,°°,2,54 at Ep= 5.4 


Mev. The points indicate the experimental data. 


the method of least squares and also by empirical 
methods. 

It follows from previous calculations,**® that 
the form of the differential elastic cross section 
curve depends practically only on the product 
Vorz. The position and the depth of the minimum 
of the curve depend not only on the values of the 
parameters Vp and rg, but also on the values of 
the parameters a, b, and Wo. However, it was 
not possible to make the minima of the calculated 


curves agree with those of the experimental curves 


for different nuclei by varying only the parameters 


a, b, and Wy. We therefore also had to vary some- 
what the value of rp or Vp. In particular, if we fix 


the value of ry for all nuclei, we must vary the pa- 
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0(0)/6(6) Rutherford 


FIG. 3. Results of the calculation for Co’, Cu®S, and 
Zn°*,°* at Ey = 5.4 Mev. The points indicate the 
experimental data. 


rameter Vo. It is seen from the table that the var- 
iation of the value of Vy) reaches 5% even for the 
isotopes of one and the same element (for exam- 
ple, Ni or Zn). 

We may conclude from our earlier calculations 
that the character of the dependence of the angular 
distribution on the parameter b is similar to that 
of the dependence on the parameter Wp. 

In order to minimize the ambiguities in the 
choice of the parameters, we have fixed the value 
of b at b=1.2. With this value of b the values 
of W, that we obtained were close to the values 
obtained by an analysis of the elastic scattering of 
neutrons.® 

We did not include the spin-orbit interaction in 
the present calculations, because in the absence 
of polarization data it was not possible to get any 
idea of the magnitude of the spin-orbit potential. 
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+The potentials are given in Mev and the linear dimensions in 10 


at 
S cm. 
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It is seen from the calculated curves shown 
above that we did not obtain complete agreement 
between the theoretical and experimental cross 
sections. In the case of nuclei for which the cross 
section increases strongly at large angles, no 
choice of optical model parameters led to a satis- 
factory agreement between the cross sections for 
all measured angles. However, we call attention 
to the fact that the agreement between the theoret- 
ical and experimental cross sections is good for 
the nuclei Cr°?, Co®?, Ni®4, and Cu®, i.e., for 
those nuclei whose (p,n) thresholds are consid- 
erably below the energy of the scattered protons. 
For those nuclei, on the other hand, whose (p,n) 
thresholds lie above the energy of the scattered 
protons or close to them, the cross section in- 
creases sharply at large angles, and we did not 
succeed in fitting the calculated curves to these 
cross sections. 

We quote here the (p,n) thresholds for the 
elements under consideration:° 


Cr® crss Go®* INES ING NI) Gne! Zin eS Zn 


Ethreshoia, Mev 5.52 1.44 1.87 6.72 4.69 2.50 2.18 8.12 3.45 


Since the optical model does not take into account 
the compound elastic scattering (which cannot be 
distinguished experimentally from the ‘‘pure elas- 
tic’’ scattering), one may assume that the dis- 
agreement is due to a large contribution from this 
type of scattering. Considering the (p,n) thresh- 
olds for the above-mentioned nuclei, we may as- 
sume that, as long as the (p,n) reaction channel 
for the decay of the compound nucleus is closed, 


the decay will proceed mainly through compound 
elastic scattering, the other channels playing only 
a minor role. This conclusion was reached by 
Preskitt and Alford,!® who showed that the agree- 
ment between the theoretical and experimental 
elastic cross sections at large angles for chro- 
mium and vanadium can be improved by taking the 
compound elastic scattering into account. 
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USE OF INDIRECT TRANSITIONS IN SEMICONDUCTORS FOR THE DETERMINATION OF 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1203-1209 (April, 1961) 


The conditions for formation of negative temperature states in semiconductors have been 
obtained for indirect transitions of non-equilibrium carriers in the following two cases: 
a) indirect recombination of free carriers and b) indirect recombination from exciton 
states. Possible mechanisms of absorption of radiation are considered and the conditions 
for appearance of a negative absorption coefficient are derived by taking these processes 


into account. 
INTRODUCTION 


Ar the present time, three different methods have 
been suggested to obtain states with negative tem- 
perature in semiconductors.!~3 

The pulse method of obtaining such states! is 
based on the essential difference in the recombina- 
tion time and the slowing-down time of non-equilib- 
rium carriers inside the band.* The conditions for 
the appearance of states with negative temperature 
in this method are: a long lifetime of non-equilib- 
rium carriers, high densities of excitation, and low 
temperature of the specimen.’ All this strongly 
limits the selection of superconducting materials 
and produces a series of technical difficulties. 

A method was suggested by Lax? of obtaining 
states with negative temperature in superconduc- 
tors, based on the non-equidistance of the Landau 
levels in strong magnetic fields. The compara- 
tively short relaxation times of the non-equilibrium 
carriers for these levels makes difficult the pro- 
duction of states with negative temperature by this 
method. 

In the present paper a method of producing 
states with negative temperature in semiconduc- 
tors, which was earlier suggested by the authors,? 
is investigated in detail. To accomplish this 
method, as will be shown, comparatively low ex- 
citation densities are required. 


1. CONDITIONS FOR ESTABLISHING NEGATIVE 
TEMPERATURES FOR INDIRECT TRANSI- 
TIONS 
Indirect transitions in semiconductors repre- 


sent a recombination process or the formation of 
current carriers — electrons and holes — with si- 


multaneous emission or absorption of a photon and, 
phonons. The long wavelength edge of the absorp- 
tion band for interband transitions in certain semi- 
conductors (for example, in germanium and sili- 
con) corresponds to precisely such processes, 
owing to the structure of the fundamental bands.**? 
In these semiconductors, the minimum energy in 
the conduction band and the maximum energy in 
the valence band correspond to different values 

of the quasimomentum of the electron. It is ob- 
vious that the longest wavelength radiation corre- 
sponds to a transition of the electron from the 
minimum of the conduction band to the maximum 
of the valence band with the emission of a phonon.* 
The simultaneous absorption of a photon and a 
phonon is opposite in behavior to the process 
mentioned above. 

If the temperature cf the specimen is sufficiently 
low, and the phonons necessary for the inverse 
transition are absent, then the absorption of the 
long wavelength radiation under consideration 
will be small. Therefore, one can expect in this 
case that for comparatively small increase in the 
carrier concentration (in comparison with the 
equilibrium value) the occurrence of a state with 
negative temperature relative to the given transi- 
tion is possible. 

We shall consider this process in more detail. 
The number of transitions per unit time with si- 
multaneous emission of a photon and a phonon is 
equal to 


+ = W(n, + 1) (@ +1) Felee) PrlEn), (1) 


*We shall not consider many-phonon processes since their 
relative probability is small. 
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where W is the transition probability, ny and 
are, respectively, the number of photons and pho- 
nons in the given state, fe(€e) and fp(ep) are 
distribution functions of the electrons in the con- 
duction band and of the holes in the valence band. 
The number of transitions with absorption of a 
photon and a phonon is equal to 


=Wro li — fley) 1 fe.\. (2) 


The energy of the electron €g and of the hole €p 
are connected by the law of conservation of energy 
with that of the photon hwy and of the phonon hw 
through the equation 


ifr 


(3) 


hw, 


ee tent A 


h WF — 0, 


where A is the minimum width of the forbidden 
band. In the state of thermodynamic equilibrium, 

I* —I~ = 0, which holds if we insert the correspond- 
ing thermodynamic equilibrium distributions for 
ny, yg, fe and fp in (1) and (2). 

In order that the system be in a state with nega- 
tive temperature, it is necessary to disrupt the 
thermodynamic equilibrium so that the induced 
emission exceeds the absorption, which leads to 
the condition 


(p+ fea (es) fn (€n) —@U —fn (€n)] (1 —fe (2) he 0. 


Taking the temperature of the lattice equal to 
T° K, we get from (4) 


he (€) he (En) [1 ae fh (€,)J—1 {1 a, fe (e2)} + = é (5) 
In the case in which there is no degeneracy of the 
free carriers, Eq. (5) is simplified: 


fe (&e) Tn (En) 


The electron and hole distribution functions which 
enter on the left side of Eq. (6) can be found by so- 
lution of the kinetic equation with account of the 
production of carriers by an external source, by 
the process of their slowing down, and by recom- 
bination. The slowing down of non-equilibrium 
carriers has been investigated previously,‘ where 
it was shown that the time for establishing thermal 
equilibrium between the lattice and the non-equilib- 
rium carriers is small and, for germanium and 
silicon, has a magnitude of the order of 107!%sec, 
which is significantly less than the lifetimes of 

the non-equilibrium carriers in these materials. 
Therefore, it can be assumed that the electrons 
and holes inside the corresponding bands have a 
Boltzmann distribution (no degeneracy) with a 
crystal temperature T. Carrying out integration 
on the left side of (6) over the range ~kT of en- 
ergies of electrons and holes, we get the following 
inequality for the concentration of electrons n and 
of holes p: 


(4) 


—ho/kT 


Ss ge hOPRT (6) 
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(7) 


fp > tettPette or; 


where 

‘m,RT \*/2 a aes 5 Beak 
nete= 2 (552) 248-10" (T 7), pore =2( seas 
(We note that we have ngpo = NeffPeffe O/ kT for 


the equilibrium values n =nNp, Pp = Po). The con- 
ditions (7) are easily established in germanium 
and silicon at a temperature of T ~ 10°K, since 
they require that np > 10” (hw¢ ~ 0.03 ev). 

We now consider the conditions for the genera- 
tion of a negative temperature for indirect transi- 
tions from exciton states. The density of electrons 
Vy in the state of thermodynamic equilibrium can 
be determined from the condition® py, =e + uh = 0 
(Hy--Hes Mh are the chemical potentials of excitons, 
electrons and holes, respectively ), which leads to 
the expression 


Seu! (8) 


Vo = Veff: €XP = Sars 


or, if there is no degeneracy of free carriers, 
Vo/ NoPo = : (m,/ memy)"? (2uh? / RT) Geos 

where U,, is the binding energy of the exciton 

(U, >0), m, is the effective mass of the exciton, 

and vegp = (m,kT/2mh?)/?. The conditions for the 

production of a negative temperature for the indi- 

rect transition from the exciton state leads to the 

inequality 


Vv > Vere AOpeT, (9) 
Assuming that the additional carriers formed by 
the external source are in thermal equilibrium 
with the crystal lattice and with the exciton states 
of electrons and holes (which is valid, inasmuch 
as the probability of formation of an exciton is 
large in comparison with the probability of its re- 
combination), we get for the non-equilibrium con- 


centration of excitons 
V = Vert. (PN / Petpnett) eUv/*7. (10) 


In this case, the condition for formation of a nega- 
tive temperature takes the form 


which practically coincides with (7). 


ho; + U. 
kT 


pn > Pestlete exp {— (11) 


2. INDIRECT INTERBAND TRANSITIONS AND 
ABSORPTION OF RADIATION BY FREE 
CARRIERS 


As was noted earlier,® the condition for forma- 
tion of a negative absorption coefficient in a me- 
dium which is in a state with negative temperature 
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relative to the transition under consideration is 
that the radiation induced by a light quantum prop- 
agating in the medium exceed the absorption of 
this quantum by the other levels of the system 
which are in a state with positive temperature. 
The probability Wij of indirect recombination 
of an electron in the state i with a hole in the state 
j with radiation of a photon was considered by 
Dumke.’ This probability takes into account both 
the absorption of the phonon and its emission; 
however, it is evident that at the lattice tempera- 
ture for which kT <« hwy the probability of transi- 
tion with absorption of the phonon hw ¢ is small. 
The total number of radiative transitions in a 
unit volume of a crystal with emission of a light 
quantum of frequency wy, per unit time is equal 
to 


dn/dt = OL Wife (&) Fa (€))- (12) 
= 

Summation in (12) should be carried out only over 

such values of i and j which are consistent with 


the conservation of energy: 


&; +e, + A= ho, (13) 


- huis. 


Proceeding to a continuous spectrum, and taking 
into account radiation in this case for the range 
of frequencies from wy; to wy + Aw we get the 
following expression for the number of quanta N 
radiated as a result of induced transitions per unit 
time in a unit volume of the specimen: 

(SE) = ntido (Wier, ©) feled) fale) 9 (ed 0 (2) des, 

(14) 

where p(€) is the density of states per unit energy 
interval, ny the average number of quanta per ra- 
diation oscillator with frequency wy, and 
o+Aw 

\ nr p(w) dw = n; p (w) Aw. 


Ww 


N= 


In Eq. (14), €j takes on the values determined by 
Eq. (13). In the absence of degeneracy, and if the 
electrons and holes inside the corresponding bands 
are in thermal equilibrium with the lattice, but 
have non-equilibrium concentrations n and p, in- 
tegration in (14) gives 


ae = nW i; 2pp Cue, 2 m Che) hAw 
La 


ae y (15) 
df RT r (3) 


where Wj; is the mean value of the transition 
probability and 


7 (hv; SLO} —— A)/RT. 


The question of the line shape of spontaneous 
emission of a system which has the form 
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/ hoo, 7 Op — A 2 ( 


ha. =- ho;—A 
J] (a) = : One p RO; | 


as i a 


er 
is solved by Eq. (15). 

Thus the maximum intensity of spontaneous ra- 
diation corresponds to the frequency determined 
by the condition 


hwy = A + 2kT — Rw, 


and the width of the spontaneous radiation line is 
~KT. 

Absorption of radiation in the case that we have 
considered will be principally determined by the 
absorption by free current carriers, whose inves- 
tigation has been treated in a number of works.!9-!@ 
The change in the number of quanta per unit volume 
as a result of absorption by the free carriers is de- 
termined by the equation 


(dN/dt)- = — xcN, (17) 


where c is the velocity of light in the material, and 

the absorption coefficient x is equal to k =nog 

+ pop, (Gg and op are cross sections for the ab- 

sorption of the photon by the electron and hole). 
The condition for the formation of a negative 

coefficient of absorption gives 


(dN/dt)+ > (dN/dt)-. (18) 


If we substitute here value (dN/dt)* from Eqs. 
(15) and (17), the condition for the appearance of 
a negative absorption coefficient takes on the form 


W,hi2npe—Yy?/8kRTD (no. += po,) > 4, (19) 


where A isthe wavelength of the radiation in vacuum, 
and D the dielectric constant of the material. One 
can express the averaged probability Wij in terms 
of the spontaneous radiation lifetime TR relativeto 
the indirect transition at the temperature of inter- 
est to us: 


tr: = Wi (no — po). (20) 


In the case in which no, > pop, the condition (19) 


gives 


p > 8kTDo,/hite—¥ y?W,;. (21) 


For nde < pop, we must make the substitution 
p—n, de — Oh in (21). An estimate made by 

Eq. (21) for germanium at id ~ 10-4 em, D~ 10, 

T~ 4°K, TR ~ 0.75 sec™* (for n~ 2.4 10% cm~’), 
Ta ~ 10! cm?,!! gives the condition p > 5 x 104 
cm? forthe concentration of non-equilibrium car- 
riers. If it is assumed that the absorption coeffi- 
cient of the generated light is ~ 103 cm~! and the 


*The quantity tp was given in reference 9 for T ~300°K; 


it is more correct to take Tr at 4°K. 
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lifetime of the non-equilibrium carriers is ~ 107" 
sec, the inequality given above will be satisfied 
for an excitation density i> 5 x 10!° quanta/ cm?2- 
sec, which is practically attainable. However, the 
lifetime for such high excitation densities will be 
much less than 107‘ sec, which requires high exci- 
tation density, and consequently, difficulties of 
cooling the specimen arise. Therefore, from our 
point of view, a more appropriate method of ob- 
taining the negative absorption coefficient lies in 
processes connected with indirect transitions from 
exciton states. 


3. INDIRECT TRANSITIONS FROM EXCITON 
STATES 


We now consider the condition of formation of 
a negative absorption coefficient in the case of in- 
direct transitions from exciton states, when the 
criteria for generation of a negative temperature 
(9) are satisfied. In this case, the absorption of 
radiation takes place as a result of ionization of 
the exciton by the photon into an electron and hole 
(absorption by impurities and by the lattice will 
be considered later). 

Let the lifetime of the exciton relative to radia- 
tion decay in the range of radiation frequencies 
from wy, to wy + Aw be equal to t. Then the 
number of quanta N produced by induced radia- 
tion per unit volume is determined by the equation 


(dN jf dty" = nav] *. (22) 


On the other hand, the number of quanta absorbed 
per unit volume of the specimen is equal to 


(dN / dt) = —conN, (23) 


where og; is the cross section for ionization of an 

exciton by the photon. The conditions for produc- 

tion of a negative absorption coefficient lead to the 
inequality 


6; << A? / 4DAot. (24) 


Numerical estimates for this case in silicon! at 
A~ 1074*cm, D~ 10, Aw~ 10! gsec™! and + ~ 1075 
sec give 


6; << 0.25-10716 cm”. (25) 


The photo-ionization cross section of the exci- 
ton* is evidently less than the quantity on the right 
~ *The exciton photo-ionization cross section can be estimated 
from the formula for ordinary photoeffect in the atom.** In this 
case, the inequality (25) is satisfied by a wide margin. Evi- 
dently, the more probable process is the photo-ionization of the 
exciton with emission of a phonon, a process whose cross sec- 
tion is equal in order of magnitude to the cross section of ab- 
sorption by free carriers. 
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side of the inequality (25), so that the conditions for 
producing a negative absorption coefficient in tran- 
sitions from exciton states are satisfied in this 


case. 
It is easy to estimate the role of absorption of 


radiation by impurities and by the lattice. Actually, 
the number of quanta absorbed per unit time per 
unit volume is equal to 


(dN /dt) = —cx-N, (26) 


where Kg is the coefficient of absorption of radia- 
tion by the lattice and by impurities for wavelengths 
corresponding to the indirect transition. To obtain 
a negative absorption coefficient from (22) and (26), 
we shall determine the condition for the concentra- 
tion of excitons: 


v > 4DAatA ?x¢. (27) 


A numerical estimate by means of the values of 
parameters used in (25) gives 


y > 4-101... (28) 


The width of the radiation line of the exciton, 
Aw, which enters into the expressions (24) and 
(27), is determined by the temperature of the spe- 
cimen and is of the order kT. Upon lowering the 
temperature, Aw is decreased, which improves 
the condition for obtaining a negative absorption 
coefficient. 


CONCLUSION 


The investigation carried out above shows that 
the methods considered in the present research 
for obtaining states with negative temperature 
arise in the case of comparatively low concentra- 
tions of non-equilibrium current carriers, which 
is connected with a significant decrease in the 
probability of absorption at low temperature in 
indirect transitions. The concentrations of car- 
riers necessary for the production of the negative 
temperature can be obtained relatively easily by 
experiment. The low concentrations of carriers 
make it possible to expect the possibility of ob- 
taining negative temperatures in semiconducting 
specimens not only under pulse conditions but also 
in continuous operation. 

The production of states with negative tempera- 
ture can evidently also be observed in the absence 
of amplification of the light passing through the 
specimen (when the probability of absorption of 
quanta by free carriers exceeds the probability 
of induced radiation) by the narrowing of the width 
of the spectral line as a consequence of regenera- 
tion. The total amplification of radiation of quanta 
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passing through the specimen can in principle al- 
ways be obtained for certain concentrations of car- 
riers, inasmuch as absorption by free carriers in- 
creases linearly with concentration, while radia- 
tion is proportional to the square of the concentra- 
tion. However, the concentrations of free carriers 
necessary to obtain amplification of radiation ap- 
preciably exceed the concentrations necessary for 
formation of negative temperature. Therefore the 
creation of such concentrations requires additional 
investigation of the problem connected with the 
cooling of the specimen at high intensity of excit- 
ing radiation, although this difficulty is not one of 
principle, inasmuch as a changeover to pulse exci- 
tation with sufficiently short pulses is always pos- 
sible. 

To obtain amplification of radiation for exciton 
transitions, lower densities of excitation are re- 
quired because of the significant increase in the 
radiation probability which removes the difficul- 
ties associated with heating of the specimen. 

The shape of the line obtained in Sec. 2 shows 
that its figure of merit is of the order of hwy/kT 
and has a value of ~ 10? for a temperature of T 
~ 10°K. Using a magnetic field, one can change 
the frequency of radiation by an amount of order 
Aw x eH/mc," which, for example, at fields of 
H ~ 104 oe amounts to 10 percent of the frequency 
of radiation for germanium. Thus, a change in the 
magnetic field can be a very useful method for 
changing the frequency of quantum generators and 
amplifiers using indirect transitions in semicon- 
ductors. 
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The first two terms of the expansion in powers of the gas parameter of the momentum dis- 
tribution of particles in a non-ideal Fermi gas are obtained, using a perturbation method. 


A number of authors!~‘ have calculated the en- 
ergy spectrum and the ground state energy of a 
dilute Fermi gas to second order in an’/3, where 
n is the number of particles in unit volume, and 

a is the S-wave scattering amplitude. (The condi- 
tion an’/? ~ a/A « 1, where A is the de Broglie 
wavelength, allows one to include S scattering 
only. ) 

The momentum distribution function of particles 
is also of interest. It can be determined from the 
mean value of the operator giving the number of 
particles 


n (p) = Ap" | apsaps |*p>, (1) 


where ~ is the wave function of the system of in- 
teracting particles, while aps and apg are the cre- 
ation and annihilation operators of particles with 
momentum p and spin s. 

We calculate n(p) to the second order of per- 
turbation theory in the small parameter an’/?. We 
write the particle interaction Hamiltonian in the 
form 

Vi= U Zapp Ope, YO pe Ap," (2) 


(The summation is made with account of momen- 
tum conservation). The constant U is related to 
the scattering amplitude by 


U = 4nah?/m. (3) 


We write down y from perturbation theory, up 
to second order terms:? 


VinyV 0 
a bo + 2i5F ae JB =e ve + DEH) bE) 


VooV i0 5 Vig i? 
DEEP Y +h Sacer (4) 


where jo, and y; are, respectively, the wave func- 
tions for the ground and excited states of an ideal 
gas. 


The substitution of (4) into (1) gives for n(p) 


4U?m-? 


fn (p) == (20h)> \ dp, \ dp» 
Pi<Po Pe Pe 
( 5 (p1 + Pp — P2 — Ps) 
x \ dps a 9 ° 2 ’ iP|}<Po; 
pie (27 sip Coe Lomo) 
4U*m?— ( 
n(P) = ona \ dp, \ dps 
Dix Po P2e<Po 
‘ 6 (pi + ps —P — Ps) = 
( dps 5 ; B “ = es ) 1P| “Po 
oe (Pi Pa eee 


where py is the limiting Fermi momentum. 

We consider the case p< pp. Integration with 
respect to p3 and the substitution s =p; +p =D)», 
+P3, 4 =P2—P3 gives 


2U2m? ( ‘ 2}-2 
mine \ 4s \ dq [(s — 2p)? —- g*}, 


| — 
where the integration range with respect to s is 
given by the conditions |s—p|< po, 8 < 2p 9, and 
the integration range for q by the conditions 
|8-—q|> 2p, |S +q|> 2p. Since the final result 
depends only on p, we can average our expression 
over the directions p. This greatly simplifies the 
further integration over s and q. 

Finally, for p < pp we obtain 


3na® 


n(p) =1—3-( E 
oul xy/s 


in = ee 


(2 — x2)""2 —x | 


i; Swany 8) 2? == (10 Sin 2h 


steel 


? ee 


where x = p/po, n = mp3/3 (ah)?. 
Similar calculations for p’> py lead to the ex- 
pressions* 


ana x—1 
a () [(7x° 3x — 6) In => + (7x4 — 3x +2) In2 
21055 43079-3049 (ey, (In (ea tare 
CES ee 
ee eestile teh Carre 


In 


2 In — | ox V2 
1— (2 — x2)" re Pay 


a 
*arctg = tan—? 
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fe 3nad\ 2 |) : . y= — 
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(Oa On 24 — 4 (0 2)" | areig 
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2 / 3na3 x+1 we 2 Aiea cy. ae x 
=.) |2 In 2x + (x? — 2) | 2arctg 5 


TT , ile x—1 


— arctg z. 
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We quote the values of the function n(p) at sev- 
eral points: 


n (0) = 1 —2(3na¥/x)"*(1— Lin 2), 


n (pp — 0) = 1—2 (Bna*/n)* (+ + In2\, 


n{p, +0) = 2 Gnai/x)" (in2 = z) 
(oy =n 4/95} (3na3/n)° as poo. 


In agreement with Migdal,® we find that the dis- 
tribution function undergoes a discontinuity at p 


=P. The size of the jump at this discontinuity 


n (py —0) —n (py -- 0) == 1—4 (3na%/n)"* In 2 


agrees with calculations made by Galitskii* by 
another method. 

In conclusion, the author expresses his sincere 
gratitude to A. A. Abrikosov for suggesting the 
problem and for interest in the work. 
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The magnetohydrodynamic equations are considered for a plasma without collisions. Dissi- 
pation due to the absorption of magnetohydrodynamic and magneto-acoustic waves by elec- 
trons is taken into account. The resultant equations are applied in the analysis of the 
smearing out of a packet in the plasma. It is shown that under the conditions assumed, when 
the spatial dimensions considerably exceed the Debye and Larmor ranges, stationary shock 
waves with a width much smaller than the mean free path cannot exist. 


INTRODUCTION 


ly the description of processes in rarefied plasma, 
when the mean free path is large in comparison 
with all characteristic dimensions, frequent use is 
made of the equations of magnetohydrodynamics. 
It can be shown that such a mode of description of 
the plasma without collisions, as was shown, for 
example, in the work of Ginzburg, ! can be com- 
pletely justified for problems in which the thermal 
motions of the particles of the plasma is unimpor- 
tant. Under conditions in which the thermal mo- 
tion becomes important, the kinetic approach is 
usually employed, which is based on the utilization 
of the kinetic equation and self-consistent interac- 
tion.? Such an approach is obviously incomparably 
more difficult than the hydrodynamic one. There- 
fore, in a number of researches,*’* attempts were 
made, on the basis of kinetic considerations, to 
develop the possibilities of application of magneto- 
hydrodynamics to a plasma without collisions. In 
this case, it was shown that the hydrodynamic de- 
scription is not possible in the general case; 
therefore, use of the kinetic consideration is nec- 
essary. On the other hand, the possibility of ap- 
plication of magnetohydrodynamics to the special 
problem of plasma remains, and, for example, in 
the work of Chew, Goldberger and Low (CGL),° 
hydrodynamics is considered for the case in which 
the dissipation effects can be entirely neglected. 
The value of the absorption of sound or mag- 
neto-acoustic and magnetohydrodynamic waves in 
the plasma can serve as a measure of the dissipa- 
tion processes. In an isothermal plasma, sound 
waves cannot propagate." Accordingly, weakly 
attenuated magnetohydrodynamic waves can exist 


in an isothermal plasma only for rather large 
fields, when the role of thermal motion of the par- 
ticles reduces to a small correction.’ On the con- 
trary, in the case of a non-isothermal plasma, 
when the temperature of the electrons is signifi- 
cantly greater than the temperature of the ions, 

the acoustic vibrations are shown to be weakly 
damped.® In such an isothermal plasma there are 
in the corresponding case weakly damped magneto- 
acoustic waves even in the case of fields for which 
the magnetic pressure is comparable with the pres- 
sure brought about by the thermal motion of the 
particles of the plasma [see references 10 — 12, 
and especially reference 13]. 

In the present article we consider the magneto- 
hydrodynamic approximation for a plasma without 
collisions under the condition that the temperature 
of the electrons is much greater than the tempera- 
ture of the ions, In the first section, a derivation 
is given in the linear approximation of the equations 
of magnetohydrodynamies for such a nonisothermal 
plasma, with account of dissipative processes. 
Dissipation in a plasma without collisions is 
caused by absorption of waves originating in the 
plasma by the charged particles.“ Because of the 
fact that the thermal velocity of the electrons in 
our problem is large in comparison with the veloc- 
ity of the magneto-acoustic waves, the dissipative 
terms in the hydrodynamic equations that we have 
obtained are non-localized in space. 

In the second section, the system of hydrody- 
namic equations that has been derived is used for 
the investigation of the law of Spreading out of the 
wave packet (discontinuity of small intensity) in 
a plasma without collisions. In this case, in con- 
trast with the usual hydrodynamics where the 
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width of such a discontinuity increases as the 
Square root of the time, the width ina plasma 
without collisions is shown to be proportional to 
the time. The third section is devoted to the 
problem of the possibility of existence of stationary 
discontinuities (shock waves) in a plasma without 
collisions. Since the dissipative effects are taken 
into account only in the linear approximation, the 
problem, strictly speaking, is one of shock waves 
of low intensity. The nondissipative terms of the 
equations of magnetohydrodynamics are obtained 
in the nonlinear approximation. 


1. THE EQUATIONS OF MAGNETOHYDRODY- 
NAMICS FOR A NONISOTHERMAL PLASMA 
WITHOUT COLLISIONS, WITH ACCOUNT OF 
THE THERMAL MOTION OF THE ELECTRONS 


In the frequently encountered case of noniso- 
thermal plasma of electron temperature much 
higher than the ion temperature, one can neglect 
the thermal motion of the ions in a wide range of 
problems. Furthermore, neglecting collisions, 
we can use for description of the ions the equation 
of continuity 


dolat + div pV =0 (1.1) 


as well as Newton’s equation 


dV AV oe pee 
) == 92 9 (V Lt ) ve qi iE Ciera [VB] . (1.2)* 


at POE 


Here p = mass density, q; = charge density of the 
ions, V(r, t) determines the distribution of ve- 
locity of the ions; finally, E and B are the inten- 
sities of the electric and magnetic fields. 

The thermal velocities of the electrons are not 
small. Therefore it is necessary to make use of 
the kinetic equation for the electrons. For elec- 
trons of a plasma without collisions, we have the 
following kinetic equation with self-consistent 
field: 


(1.3) 


o a ele = {vB} } 2 = 0. 
Magnetohydrodynamics holds only for low fre- 
quencies in comparison with the Larmor frequency 
of the ions. In this case, the question is one of 
the frequencies in a system of coordinates con- 
nected with the ions. Then, rewriting Eq. (1.2) in 
the form 


M dv 
e, at z 


1 
lf = ~ [VB] i 


where M = mass and ej = charge of the ions, we 
can show that the last term of the right side is of 
the order of the ratio of the change of the charac- 


*[ VB] = v x B. 
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teristic frequency to the Larmor frequency of the 
ions in comparison with the first term. If we 
neglect terms of such an order of smallness, we 
have 


B= — | VBiire: (1.4) 
Substituting such an expression for the field in the 
equation c curl E= — 0B/dt, we get 


OB / ol = rot | VB}. (1) 


Equation (I) corresponds to that usually employed 
in the magnetohydrodynamics of an ideal liquid. 
Neglect of collisions makes the conductivity ac- 
tually infinite in our case. The second equation 
of magnetohydrodynamics is not needed in the 
derivation: this is 


divB = 0. (II) 


Furthermore, assuming the plasma to be suf- 
ficiently dense, so that the Langmuir frequency 
can be taken to be many times the frequencies 
considered, we can neglect the displacement cur- 
rent in the field equations, which then take the 
form 


j = (c / 4x) rot B, Gg =, (5) 


Here j = current density and q = charge density 
of the plasma: 


j=qV+e\vidp, g=q-+e\fdp. (1.6) 
We note that when we neglect the thermal mo- 
tion of the electrons, we can use for their descrip- 
tion an equation which is similar to (1.2). In this 
case, the equation of motion of the liquid can im- 


mediately be obtained in the form 


edV / dt = — (4x)? [B, rot B]. (1.7) 


For the problem in which we are interested 
—namely, of obtaining a magnetohydrodynamic 
theory that takes into account the thermal motion 
of the electrons, it is necessary to determine the 
electric field by means of Eqs. (1.3) and (1.5), and 
to eliminate it from Eq. (1.2). We thereby obtain 
for the liquid (plasma) an equation of motion 
which takes into account the effects produced by 
the thermal motion of the electrons, and therefore 
generalizes Eq. (1.7). 

We note that the desired equation for the elec- 
tric field should really be computed with account 
of terms of the next order of smallness in com- 
parison with those kept in Eq. (1.4). Below, we 
shall limit ourselves to obtaining an equation of 
motion of the liquid only for the case of plasma 
states which are slightly different from the ground 


state. 


*rot = curl 
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In the system of reference in which there is no 
constant drift of the electrons, we shall take for 
the distribution function of the ground state the 
Maxwellian distribution:* 


fo{p) = N- (QumxT)”? exp {— p?/2mxT}. (1.8) 


We can then write the equation for the non-equili- 
brium contribution 6f to the electron distribution 
function: 


Bi yh + f (yp = — ees, (1.9) 
The solution of this equation has the form 
i (p, r, 0) ee di’ \ dr'E ( (hE Oiraed 7 tp) (1.10) 
where 
@ (r,t p) = fotp) pa wi \ dker** euee ae = eel sin Q.t 
ee ce Q, t}ex xp {ik, one {ees Oil 
2 PB oy [Bo [PBol} i, oe (Tor) 
mBy mQ, BE 


0 


Here Qe = eB,/me is the Larmor frequency of 
the electrons. Under the assumption that w is 
small in comparison with the Larmor frequency 
and w/k is small in comparison with the thermal 
velocity of the electrons, we have the following 
expression for the Fourier components of the cur- 
rent density of the electrons: 


ie (o, k) — — £20 © Bo(BiE) Fv Bo IER], ®t fo Bo (BuE) 
Lea Se 4m y2 (kBo)? 4m Q, (KBo) | Ta lah (kBo)? 
jg BoMIBok1E) —;,, [Bok (BoE) , 5 % [kBo} ({kBo] EL 
H Q, (kBo) Bo Q, (KBo) By | oO? BS ; 
(1.13) 


Here Q; = eiBy/ Mc is the Larmor frequency of 
the ions, woj =V47ej2Nji/M is the Langmuir fre- 
quency of the ions, vg = vylej /e| (KT/M) and, 
finally, 


t(k) = -\ dt exp | a a) (fe iwi} =) $eqh : 

z (1.183) 
To obtain the relation (1.12), account was taken of 
the fact that the total charge of the plasma van- 
ishes: ejNj + eNe=0. We note that because of the 
assumptions we have made, the component of the 
right side of (1.12), which is proportional to T(k), 
is shown to be small. 


*Frequently, distributions with different temperatures are 
taken parallel to and transverse to the constant magnetic field. 
In this case, such a state can generally be unstable.°,'* We 
take this opportunity to thank Kitsenko and Stepanov for making 
their work’* available to us before publication. 
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With the aid of Eq. (1.12), and also by bearing 
in mind Eq. (1.5), we find the following expression 
for the electric field: 


| (diss) 
= ee By! = (eh 


Sei me 


200p 


eN.E (r, t) = (1.14) 


where 6p is the non-equilibrium contribution to 
the mass density and 


Pod. % 0’ 
ten as 2) [Os] (a) Ba 
[Bo [Boa ]] gt lara —ryVatr, ). (1426) 
Here 
Q (1) = gaa lett dkr(k). (1.16) 


Substituting (1.13) in (1.2), and taking into consid- 
eration the first of Eqs. (1.5), we get the desired 


equation of motion of the material: 
dV 4 2 


2 0 dp 1 (diss) 
= | 
rT ae By] — Us 5- te Ee 


(III) 


Without account of the dissipative force F{iSS), 
Eq. (III) corresponds to the equation of motion of 
an ideal liquid in magnetohydrodynamics with an 
isotropic pressure tensor (see reference 3). 

The dissipative force in Eq. (II) has essentially 
a nonhydrodynamic form. Actually, the presence 
of F(diss) makes (III) an integral equation. The 
situation here is quite similar to that which takes 
place in an analysis of sound absorption in metals 
when the electronic mean free path is much 
greater than the acoustic wavelength and the spa- 
tial dispersion of the tensor of the elastic moduli 
becomes appreciable. Such a peculiarity of the 
dissipative force is brought about by the fact that 
the processes of absorption in the plasma which is 
under analysis are brought about not by the colli- 
sions of particles with one another, but by radia- 
tion (Cerenkov or bremsstrahlung) and absorp- 
tion of waves in the plasma by electrons. 

In the case in which the gradients are parallel 
to the constant magnetic field B), Eq. (III) goes 
over into the equation of motion of the material in 
the absence of a field: 

dV % «Sp 


=—— a | 
dt Po or 


Us 5: oN ar! Qn ieat) CIVAV ATL) a (Letr) 


Here Q) is determined by Eq. (1.16) with replace- 
ment of the quantity |k-B,)|/By) by |k| in T(k). 
The kernel Q(r), or Qp)(r) in the absence of 
a magnetic field, decreases slowly with increase 
in r. This is associated with the fact that T(k) 
has a singularity at k= 0. The appearance of this 
Singularity is connected with the fact that in our 
consideration the characteristic dimensions of the 
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Spatial inhomogeneities of the particle distribution 
are taken to be small in comparison with the mean 
free path. In particular, this applies fully to the 
kernels Q and Qo. 

If we were interested in values of r comparable 
with or larger than the mean free path, then we 
could use the expression 


co 


t, (k) =| dt exp | ae (Se) ? 


2m \ Bo 


vi} (1.18) 
0 
for estimates in this case, in place of (1.13). Here 
v is the electron collision frequency (variation in 
the frequency w is neglected). In contrast to 
T(K), which increases without limit as k — 0, the 
expression for 7,(kK) increases only to such a 
point that kl > 1, where 1 = p-!VkT/m is the mean 
free path. In the case in which ki « 1, the func- 
tion T; becomes constant and is equal to 1/p. 
Therefore, we can use the following simple formula 
[which approximates 1T,(k)] for an estimate of 
the role of collisions: 


(tied 


Bo m 1 


1s 


(1.19) 


Such an expression can also serve, if the necessity 
arises, for the analysis of the singularity of the 
function 7 at k=0. 

Such a simple approximation for Eq. (1.17) 
leads to the following expression for the kernel: 


1 m d - 
(2n)"2 Ve ap Ko(r/l), 


where | = 1/2/m and Ky is the MacDonald func- 
tion. For the one-dimensional case, in which v 
does not depend on the coordinates y and z, but 
only on x and t, it is necessary to integrate the 
kernel (1.16) over y and z. In this case, we get 


(1.20) 


—— oa m Bo CG Bo 
Q (x) Ko ( 1 eae |) 


2nxT | Bo, | 


hae 4121) 


2. SPREADING OUT OF THE WAVE PACKET 


We shall use the equations of magnetohydrody- 
namies which were obtained in the previous sec- 
tion for the analysis of the problem of the spread- 
ing out of the wave packet, with the purpose of 
applying these results to the dissipation of low- 
intensity shocks in a plasma. 

We begin our consideration with the case of a 
plasma without a constant magnetic field. We then 
have, by Eqs. (1.1) and (1.17): 


076 D 1) 08p (r’) 
Te — of Abp + of A | dr’ Qo (r — FG. (2.1) 


Assuming that the values of 6p and its time de- 
rivative are given at the time t = 0, we get, in the 
one-dimensional case, 
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Oiee ery == om yee — LAN es =) A ee Nil 


2u,t + x’ — x 


(0,wt)? + (u,é + x’ — x)? 


- §9(0, x’) | 


20,6— x’ + x 
(v,wt)? + (o,f — x’ + =| 


Z=|e;/e|. (2.2)* 


Let 06p/0t = 0 at the initial instant of time, and 
let 6p be different from zero and constant in 
X4<X< xX). Then 


bp (4, x)= SEA (ww — x) —A 


(0 
OT (x1 = x) 


+A (x — x2) — A (x — x1) 


| 2 1 Mose)? + (ost + a 091 (loot)? + of — 4 + 
v2" [Ow + 0f— m+ a] ware ta aa Sf 
(2.3) 


It is then clear that the packet spreads out accord- 
ing to a linear law. That is, the width of the packet 
is proportional to the time. The spreading rate is 
equal to wv,. The latter quantity is none other 
than the ratio of the damping decrement of a sound 
wave in a plasma without collisions to the wave 
vector. Neglecting the small term proportional to 
w in (2.3), we can show that the shape of the packet 
is determined by a combination of arctangents of 
the form A(Ax). 

The same analysis for the case of a plasma in 
a constant magnetic field (without account of small 
terms ~ w) leads to a similar shape for the 
Spreading packets, with only this difference that 


the velocity of magnetohydrodynamic waves 
0% =F ((u8 + 0%)  [(02 + 04) — 404e8 cost a]"#} (2.4) 


replaces Vg (here, v's = Bj/4mp, is the Alfvén 
velocity and a is the angle between the constant 
magnetic field and the x axis), and also 


(cos2a—y)cos2a | 1 
V1+ y2— 2ycos2a f | cosa|’ 


w= 5 {1 + 
(2.5) 


appears in place of w. 

The quantity w, is the ratio of the damping de- 
crement of the magnetoacoustic wave to the fre- 
quency (see reference 13). Knowledge of the decay 
law of the packet in ordinary magnetohydrodynamics 
of liquids makes it possible to determine the width 
of the weak shock wave (see reference 17).1 In 
this situation, a stationary discontinuity can arise 

+We take this opportunity to thank E. P. Sirotina and S. I. 
Syrovatskii who acquainted us with their research prior to its 


publication. 
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only when the rate of spreading out of the jump is 
comparable with the rate of overflow. The latter 
does not depend on the width of the jump and is de- 
termined by the properties of the medium before 
and after the discontinuity. On the other hand, the 
rate of smearing out in ordinary hydrodynamics 
is determined by the width of the discontinuity (it 
is inversely proportional to the width), which 
allows us to find the value of the stationary width. 
In our case of magnetohydrodynamics of a plasma 
without collisions, the rate of spreading out does 
not depend on the width of the packet (at least, 
from the point where it is small in comparison 
with the mean free path). Therefore, the equality 
of the rate of overflow with the rate of spreading 
out, on the one hand, does not determine the width 
of the shock and, on the other hand, it is possible 
only for a single, completely determined rate of 
overflow. Consequently, if the stationary shock 
wave is possible, it is only in the case in which 
the rate of overflow is equal to wyvy. The possi- 
bility of the existence of a stationary discontinuity 
in this case is doubtful, inasmuch as an arbitrary 
shock width remains. However, for sufficiently 
long development, the discontinuity becomes wider 
than the mean free path. In this case, as is shown 
in ordinary hydrodynamics, conditions arise under 
which the discontinuity can become stationary. 
The next section is devoted to the problem of the 
possibility of existence of stationary discontinui- 
ties with a width less than the mean free path. 


3. SHOCK WAVES IN A PLASMA 


For the investigation of shock waves in a plasma, 
one must start from equations which take nonlinear 
effects into account. Therefore, the problem 
arises of the derivation of the nonlinear equations 
of magnetohydrodynamics. We shall find such 
equations for the conditions in which the dissipa- 
tion terms can be considered small. Such a situa- 
tion essentially obtains in ordinary hydrodynamics 
as well. As in the previous section, we first con- 
sider the case of no external magnetic field. 

The equations of magnetohydrodynamics ob- 
tained in Sec. 1 hold under the conditions that the 
phase velocity of the wave processes in the plasma 
is much less than the thermal velocity of the elec- 
trons (w/k « VKT/m). By w we mean here the 
frequency in the system of coordinates attached 
to the ions. As a result, in the derivation of the 
equations of hydrodynamics for a plasma without 
account of dissipative processes, we can neglect 
of/dt in the kinetic equation for the electrons. 
Thus, for Bo = 0, the initial kinetic equation for 
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the electrons is written in the form 


vofldr + eE df/ap = 0. (3.1) 


Denoting the electric potential by y (r, t) and the 

drift velocity of the electrons by Ve(r, t) = je/de> 
we attempt to satisfy Eq. (3.1) by a solution of the 

form 


f= F (eg (r, 1) + m (v — V.)*/2). 


Here F is an arbitrary function. In a special case, 
for example, the function f is the Maxwell-Boltz- 
mann distribution. 

We now find the connection between E = —- Ve 
and the density p, for which such a solution satis- 
fies Eq. (3.1). For this purpose, we multiply Eq. 
(3.1) by v and integrate over p. Asa result, we 
get the equation for the transfer of momentum of 
the electrons 


0 
| vgvifdp = qeEx. (3.2) 


Making use of the given expression for the solution 
of Eq. (3.1), we get 


Te iP 
{ cxorfdp = ee {dn “ ar VerV es} ’ 
where 
Ve 
ge=e\fap, 9 *P=\(v—Vytfdp. (3.3) 


Substituting Eq. (3.3) in (3.2) and using the equation 
of continuity, we obtain 


OV op 
i= 
seQGr 


maeV + oT Ge) = eqE (3.4) 
R 

By a comparison of Eq. (3.4) with Eq. (1.2), we 

see that in the computation of the intensity of the 
electric field, we can neglect the first term on the 
left side of Eq. (3.4) because of the smallness of 
the ratio m/M. As a result, when the velocity Ve 
is much smaller than the thermal velocity of the 


electrons, we obtain the following expression for 
E: 


This relation also determines the desired connec- 
tion among E, p, T, for which the solution 
selected above satisfies Eq. (3.1). Therefore, 
such a relation, consistent with the definition of T, 
is an equation of state. 

If the characteristic dimension of the inhomoge- 
neity is much larger than the Debye radius, then 
p=|ei/e|qe. As a result, we get the following 
set of hydrodynamic equations without account of 
dissipative processes (see reference 18): 


dp 


0 ov, r) le:/e| a 
ot ane (pV) == 05 Val 


Mp or (xp). 
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This set of equations is closed if the temperature 
of the electrons is given. With account of dissipa- 
tive terms in the case of a constant temperature, 
the set of hydrodynamic equations takes the form 


OVaan (6) 
Aa Ce haere 


— \ ar’ Qo (r — r’) div V(r’, t). (3.5) 
Here vg, is the sound velocity. The expression 

for the kernel Q) with account of the finite size of 
the mean free path is determined by Eq. (1.20). 

To study the possibility of existence of shock 
waves in the plasma, it suffices to consider Eqs. 
(3.5) in the one-dimensional case. We introduce a 
set of coordinates connected with the surface of 
discontinuity, and direct the x axis perpendicular 
to this surface. Making use of Eq. (3.5), we write 
down the equations of continuity of matter flux and 
momentum flux on the surface of discontinuity: 

{py =O, (3.6) 
(ove + pt — Fone | Ke(lG2 ean} = 


—oo 


0(3.7) 


where a=ymmv2/2kT. Further, taking pV = jo 

= const, and eliminating p from (3.7), we write 
the condition for the discontinuity of the momentum 
density in the form of an integral equation 


Veh 


Now we introduce a new constant Vand write C 
in the form V +v%/V . In this case, the integral 
equation (3.8) takes the form 

-+0o 


==" UsPo ny Ko (= are “ae ae 


+co 


“ UsPo Ko(! Fe dx (3.8) 


l 


VV)+8(7— 


The integral equation (3.9) is satisfied by definite 
constant values of the velocity V. In this case we 
get from Eq. (3.9) 


V—V) +0 (1/V — VV) = 0, (3.10) 
whence follow the two constant values 
Vee an i oe ae (deuL) 


Both values are the same only if V =vg. 

For an answer to the question of the existence 
of shock waves in the plasma, we must consider 
the possibility of such a solution of Eq. (3.9) which 
takes on the values V*, V’ for V*# V, as 
x— +, It follows from Eq. (3.9) that such a 
solution exists if a transition from V to V* takes 
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place such that V(x) changes little over distances 
of the order of the mean free path. Actually, we 
can take dV/dx out from under the integral sign 
in Eq. (3.9) in this case, and the integral equation 
reduces in first approximation to the differential 
equation 


Ve ; 
V V pe i, i — 
z 


s\ V Wr} =a jo (3.12) 


It is well known that Eq. (3.12) has a solution which 
takes on the values V*, V- as x > 4, For the 
solution to be stable here, the conditions V~ > Vs 
and V* < Vg must be satisfied. The width of ine 
transition region is determined by the mean free 
path. Thus, this case is analogous to that consid- 
ered in ordinary gas dynamics (for the approxi- 
mation that we have employed). 

It follows from Eq. (3.9) that a stationary shock 
wave cannot exist in a plasma in which the transi- 
tion from V to V* takes place at distances much 
less than the wavelength. Actually, in this case, if 
we assume that the transition from V™ to V* takes 
place near Xp, the equation can be written approx- 
imately in the form 


(3.13) 


suff a 4 iJ = + QV ,P0 
AG re Un scnbes 


xX — Xo 


l 


V—V 4 


ml 


Since the correct form of Eq. (3.13) differs from 
zero when x — X) ~ 1, it then follows that the as- 
sumption made in obtaining Eq. (3.13) is not vali- 
dated. Thus, stationary shock waves cannot exist 
in a plasma of width much less than the mean free 
path. Of course, it does not follow from this that 
no shock waves can in general exist in a plasma 
with a width less than the mean free path. Such 
shock waves can exist in the plasma, but they are 
not stationary. 

We now consider the case in which the plasma 
is located in an external magnetic field. Here. 
again the problem arises of obtaining the nonlinear 
equations under the condition that the dissipation 
be small. Since the expressions for the dissipative 
terms in the linear approximation are already 
known, it remains only to establish the form of the 
equations of magnetohydrodynamics without ac- 
count of dissipative processes. In place of Eq. 
(3.1), we now have the equation 


v t+ e(E + + (vB) =0. (3.14) 


Limiting ourselves here to the case of an isotropic 
velocity distribution, we seek a solution of Eq. 


(3.14) also in the form of (3.2). In order to find 
an expression for E, we proceed as in the case 
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V=0. In place of Eq. (3.4), we now have the equa- 
tion 


/ 0 eto ie xe 
m(Ve =x) Ve = eE + 5 Ge (nT) + [V.B}, (3.15) 


whence we find 


il Gi e 
eE x —7— op (GX) ——F LVB)- (3.16) 


Substituting this expression in Eq. (1.2), and taking 
it into account that je =qdeVe and de = | e/ej| p, 
we obtain the equation of motion in the nonlinear 
approximation, but without account of dissipative 
terms. If we add the expression for F{SS) to 
this equation (which is computed in the linear ap- 
proximation), we get the desired set of equations 
for T = const: 


2. 4 div pV =0, 


0 s 
opt (V oe) V = — 2 ae + Gap ("Ot B, BY + 


P (3.17) 


The value of F(iss) ig determined by Eq. (1.15). 
Without the term F(4iSS), Eq. (3.17) is identical 
with the equation of magnetohydrodynamics for an 
ideal liquid, if we take the equation of state to be 
p= vip. We now proceed to the problem of the 
possibility of existence of shock waves in the 
plasma in the presence of a magnetic field. As 
above in the study of shock waves, the unit vector 
n is perpendicular to the surface of discontinuity. 
We consider the continuity condition on the discon- 
tinuity surface. In order to write down the con- 
tinuity relation for the momentum flux vector, we 
write out the expression for F(4iSS) in the form 


of the divergence of the tensor Saar Employing 


Eq. (1.14), we obtain the following expression for 
F (diss): 
a 


Fo avo 


{2babp (b 2.) (bL) bp = (bL) babs ( 2 L) + sae 


where 


b= \ Q (r — r’) V (r’) dr’, lp eae bay, 


The expression for the momentum flux vector has 
the form 


ta = (pVaVp + pbap) np — oa | BaBs oa 7 B00] fig — F apn. 
(3.19) 
It follows from Eg. (3.19) that the continuity condi- 
tion for the components of the momentum flux vec- 
tor on the surface of discontinuity, and the corre- 
Sponding integral equations, will contain integral 
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terms of the same type as in Eq. (3.10). There- 
fore, solutions here which describe stationary 
shock waves in a plasma, with a width much less 
than the mean free path, are shown to be impos- 
sible. 

The conditions should again be noted for which 
the results given in the present paper are valid. 

a) Conditions are considered for which the 
collisions are unimportant. The mean free path 
is assumed to be infinitely large. 

b) The plasma is assumed to be strongly non- 
isothermal, which gives grounds for neglecting the 
thermal motion of the ions. Account of the thermal 
motion of the ions does not change the essentials 
of the results. 

c) Significant changes in the functions p, V, B 
take place over distances much greater than the 
Debye radius, the Larmor radius and c/wy,.. 

To conclude the paper, we make a brief com- 
parison of the equations of magnetohydrodynamics 
obtained here for a plasma with the results of 
CGL’; these latter results were established on the 
basis of many investigations devoted to the mag- 
netohydrodynamic theory of plasma. It should be 
noted here that the chief assumption of this work 
on the perpendicularity of the electric field and 
the magnetic induction in a plasma without colli- 
sions is actually not satisfied [as is seen from 
Eq. (1.14), and also (3.16)]. In particular, this 
leads to a violation of the adiabatic equations of 
CGL. Moreover, it must be noted that only the 
correct account of the longitudinal field arising in 
the plasma (a field which violates the basic as- 
sumption of CGL) leads to the true spectrum of 
magnetohydrodynamic waves (2.4) (see also ref- 
erence 13). 

Finally, we note that in a comparison of the 
present work with the results of CGL, it must be 
kept in mind that we have limited ourselves to a 
consideration of a strongly nonisothermal plasma, 
in which the temperature of the ions can be set 
equal to zero. 
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POLARIZATION RESULTING FROM SCATTERING OF NEUTRONS BY FERROMAGNETIC 


SUBSTANCES 


S. V. MALEEV 
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Submitted to JETP editor November 30, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1224-1227 (April, 1961) 


An expression is obtained for the polarization of slow neutrons scattered by a ferromagnet. 
It is shown that the polarization vector consists of two mutually perpendicular components, 
one of which is due to the interference of nuclear and magnetic scattering, and the other to 
inelastic magnetic scattering with spin flip of the neutron. 


In the present paper it is shown that an experi- 
mental study of the polarization resulting from the 
scattering of unpolarized slow neutrons in ferro- 
magnets can, in certain cases, enable one to de- 
termine the fraction of those neutrons scattered 
in a given direction which are magnetically scat- 
tered. 

As was shown by Halpern and Johnson,! the 
amplitude for scattering of a neutron by a system 
of N magnetic atoms has the form 


i oe 1A, = + Bike Viol (9) (57,6 — (es) e)} : 
7 
(1) 


Here p and p’ are the neutron momentum before 
and after the scattering, q=p-— pp’; Rj and §; are 
the coordinates and spin of the /-th atom; Aj] 
+, BjJ1-o is the amplitude for scattering of the 
neutron by the nucleus, where Jj is the spin of 
the nucleus and o/2 is the neutron spin. y is the 
absolute value of the magnetic moment of the neu- 
tron in nuclear magnetons; ry = e’/mc’ is the 
classical radius of the electron; F(q) is the 
magnetic form factor of the atom; e = qq !. 

From (1) we see that the magnetic scattering 
amplitude is proportional to the matrix elements 
of the vector 


Ki exp (iqR,) S;. 
if 


The vector K consists of two parts: a longitud- 
inal component K, along the magnetization vector 
of the system, and two perpendicular components 
K = Kx +iKy. As shown by Holstein and Prima- 
koff,” the component Kz, is responsible for trans- 
itions in which the total number of spin waves is 
unchanged (in our case, for elastic scattering 
and for scattering with absorption of one spin 
wave and emission of another), or is changed by 


two (simultaneous emission or absorption of two 
spin waves by the neutron). The components K+ 
are responsible for transitions with a change of 
of the total number of spin waves by unity.* 

Thus for scattering processes for which the 
matrix elements of the operator Kz are different 
from zero, the polarization of the scattered neu- 
trons can arise only from interference with that 
part of the nuclear scattering which is independent 
of the nuclear spins (where we assume that the 
nuclei are unpolarized ). Such interference is ob- 
viously possible only for elastic and for magneto- 
vibrational scattering. 

Now let us consider those scattering processes 
in which the matrix elements of the operators K* 
are different from zero. We shall neglect the 
small relativistic corrections to the interaction 
of the atomic spins (dipole-dipole interaction and 
anisotropy energy ). Then the matrix elements of 
K* (K~ ) are different from zero only for transi- 
tions in which the total number of spin waves in- 
creases (decreases) by unity. Using this fact 
and the well known formula for the polarization 
in the scattering of an unpolarized beam 


P = = Sp <ftef>/o(n) (2) 
(where Sp is the trace over the spin indices of 
the neutron, and <... > denotes an average 


over the initial state of the scatterer and an inte- 
gration over all energies of the neutrons scattered 
in the direction n; o(n) is the total cross section 
for scattering in the direction n), we get the 
expression for the polarization: 


*If we neglect relativistic corrections to the interaction of 
the atomic spins, we may say that the matrix elements of Kz 
are different from zero only for transitions in which the total 
Spin of the system is unchanged, and K * for transitions with a 
change of the spin of the system by + 1. 
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POUNRIZATION RESULTING FROM SCATTERING OF NEUTRONS 


P = 6 *(n) {— 2 Re ASroyF (q) (1 — G(T) 


Geon(M)|A| *(m— (em)e) 
|- 2(em)e [1 +(em)?}4 [o_(n) —o, (n)]}. (3) 


Here m is a unit vector along the direction of 
magnetization; A is the average of the amplitude 
A over the distribution of isotopes in the lattice; 
S is the spin of the atom; G(T) is the percentage 
deviation of the spontaneous magnetization at tem- 
perature T from its value at T= 0; ogoh(n) is 
the cross section for coherent scattering by the 
crystal into the direction n; o,(m) and o_(n) are 
the respective cross sections for magnetic scat- 
tering with increase or decrease by unity in the 
number of spin waves. 

Strictly speaking, in Eq. (3) we should include 
the dependence of the vector e on the energy of 
the scattered neutrons, write the expression P 
for a given energy of scattering of the neutron and 
then integrate over all energies. But usually the 
intensity of the scattered neutrons is significantly 
differently from zero only when q = T, where T 
is a vector of the reciprocal lattice multiplied by 
2k, and consequently the vector e 77 ! can be 
regarded as independent of energy to a high degree 
of accuracy. 

The most interesting consequence of formula 
(3) is that the polarization vector consists of two 
mutually perpendicular components. One of them, 
directed along the vector m — e(e-m), is the 
result of interference between nuclear and mag- 
netic scattering. As we have already remarked, 
this interference occurs for elastic and magneto- 
vibrational scattering. The other component, 
which is along the vector e, is proportional to the 
difference of the cross sections o_(n) — o,(D). 
By separately studying these two components of 
the polarization vector, one can draw various 
conclusions concerning elastic magnetic and mag- 
neto-vibrational scattering one the one hand, and 
concerning inelastic magnetic scattering with 
emission and absorption of spin waves on the 
other. Since the scatterer is magnetized, the po- 
larization vector will rotate around the field. As 
a result of such rotation, at sufficiently large 
distances from the scatterer the component of P 
which is perpendicular tothe field will effectively be 
averaged to zero (since the neutrons arriving at 
the detector will have traversed different paths 
in the magnetic field). Thus we practically ob- 
serve only the component of P which is parallel 
to the field. 

Having magnetized the crystal perpendicular to 
the vector e (where e * T/T, with T a vector of 
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the reciprocal lattice, in whose neighborhood we 
are studying the scattering), we separate out the 
part of the polarization vector which is due to inter- 
ference of magnetic and nuclear scattering: 


; 2 Re ASroyF (q) (4 — G (T)) Sconlt 
Int, s= 6 (n) . 


(Al 


m. (4) 


This part of the polarization vector was studied 
experimentally by Nathans, Shull et al.? If we 
magnetize the scatterer along e, we get the part 

of the vector P due to inelastic magnetic scattering: 


Pee a [(o_ (n) he (n)) / i) (n)] e. (5) 


The numerator of (5) contains the difference 
o.(n) — o,(n). It is known‘ that at low tempera- 
tures (when one can speak of spin waves*) the 
main scattering processes are those with absorp- 
tion or emission of one spin wave. The kinematics 
of these scattering processes are such that there 
are cases where there is a considerable intensity 
of inelastic magnetic scattering and, at the same 
time, there is scattering accompanied only by 
emission or only by absorption of a spin wave. 
Then Eq. (5) becomes 


Prag= =a (04. (n)/o (n)) e, 


From (6) it follows that if we know Pmag and the 
total scattered intensity we can easily determine 
Gal Ne 
Let us consider the two most important cases. 
1. Scattering when the Bragg condition 
|p + 7| * p is almost satisfied. If A > (2a) }, 
then only scattering with absorption of a spin wave 
can occur; but if A < (2a@)7', then one can have 
only emission of a spin wave. Here A is defined 
by the formula 


m || e. (6) 


A= (|p + t| — p)/p = 2 sin 2p, dp 


(where yp is the angle between p and T satisfying 
the Bragg condition: 


jp +t|=p (cos, = — 1/2p), 


6y is the deviation of the angle y» between p and 
Tt from the angle yp), and 


a = 2JMSy082/3h? S> 1 


(J is the exchange integral, y the number of 
nearest neighbors, 6 the distance between them, 
and M the mass of the neutron ). 

2. Scattering of slow neutrons, p< ( Tmin/2)x 
(1 —1/4qa@). In this case scattering atlarge angles 


*Recently Engert ° and Ginzburg and Fain’ have attempted 
to extend the spin wave picture to the whole range of tempera- 
ture below the Curie point. In this note we shall not discuss 
the consequences of their theory for the scattering of neutrons. 
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can occur only with absorption of a spin wave. A 
detailed discussion of the kinematics of the scat- 
tering as well as formulas for the cross section 
for these cases can be found in reference 4. 

We note that for both cases the wave vector of 
the spin wave cannot be very small. But we know 
that relativistic corrections to the interaction of 
the atomic spins affect the dispersion law only for 
very long spin waves. Thus they need not be in- 
cluded in the cases considered here. 

In conclusion the author expresses his gratitude 
to G. M. Drabkin for a discussion of various ques- 
tions concerning magnetic scattering of neutrons, 
which stimulated the writing of this note. 
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Ir is known that when thin ferromagnetic films 
are deposited on an isotropic substrate, they ac- 
quire a uniaxial anisotropy, even in the case of 
perpendicular incidence of the metal ions (the 
anisotropy that occurs with angle of incidence less 


than 90° will not concern us here). MAlek, Schiippel, 


et al.!;? conducted elegant experiments that demon- 
strated that this anisotropy occurs spontaneously, 
together with the appearance of ferromagnetism, 
at a certain film thickness, independently of 
whether or not an external magnetic field was 
applied to the film at the time of deposition. They 


studied certain properties of the spontaneous aniso- 


tropy, and they presented a hypothesis that attrib- 
utes the occurrence of the anisotropy to a definite 
orientation of interacting pairs, formed by atoms 
of the ferromagnet and by defects. 

In a thin film, in contrast to bulk polycrystals, 
the vector I, upon appearance of ferromagnetism 
orients itself along a single direction throughout 
the whole film (the film either is magnetized to 
saturation or breaks up into domains with oppo- 
sitely directed magnetizations). This direction 
is random when the film is deposited in the ab- 
sence of an external field; when the deposition 
occurs in a magnetic field, the selected direction 
coincides with the direction of the field (or is 
close to it). Therefore the pairs of ferromagnet 
atoms and defects in any case are oriented by the 
internal field (from the requirement of minimum 
energy of the demagnetizing field) along a direc- 
tion that is common to the whole polycrystalline 
film. 

Another mechanism capable of leading to the 
occurrence of spontaneous anisotropy is proposed 
here; it is connected with magnetostriction. Upon 


appearance of spontaneous magnetization, magneto- 


strictive deformations of the film material occur. 
A circular region on the film surface elongates 
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under the influence of magnetostriction (for A > 0) 
to an ellipse in the direction of Jg. It is such a de- 
formed film that will adhere to the substrate. Mag- 
netizing the film in the perpendicular direction en- 
tails doing work against the forces of adhesion of 
the film to the substrate (and of the individual 
‘“‘crystallites’’ to one another). The difference in 
magnetoelastic energy between the original and the 
perpendicular magnetizations of the film is 


Afme = */2'9, (1) 


where o is the stress produced by the magneto- 
strictive deformations. From the known relation 
of the stresses to the deformations, in the case of 
isotropic magnetostriction, we get 


6=Ed/(i +) 


(E = Young’s modulus, v = Poisson’s ratio). Con- 
sequently the difference in magnetoelastic energy 
density, or the effective constant of spontaneous 
anisotropy, is 


K;, =3EW/2(1 +). (2) 


The values of E and vp for different materials do 
not differ greatly; and it may be assumed that the 
values measured on bulk specimens can be used 
for thin films. For the magnetostriction constant, 
such an assumption is appreciably further from 
correctness. But since the magnetostriction of 
thin films is not known, we shall use the bulk val- 
ues for preliminary estimation. On taking? }=—7 
x 107® for iron and —34 x 107° for nickel, we get 
for the effective anisotropy constants 1.1 x 10? and 
2.34 x 10? erg/cm?, respectively. 

Verification of this hypothesis can be accom- 
plished either by direct measurement of the quan- 
tities that appear in formula (2) or by an indirect 
method. For example, the spontaneous anisotropy 
should diminish on separation of the film from the 
substrate; stronger adhesion of the film to the sub- 
strate should be associated with greater stability 
of the position of the anisotropy axis; etc. 

The hypothesis presented here and the hypothe- 
sis advanced in references 1 and 2 appear not to be 
mutually exclusive. 


17. Malek and W. Schiippel, Ann. Physik 6, 252 


(1960). 
27. Malek, W. Schiippel, O. Stemme, and W. 


Andra, Ann. Physik 5, 211 (1960). 
3. Kittel, Revs. Modern Phys. 21, 541 (1949). 
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Ik dependence of the Hall constant of hole type 
semiconductors on the strength of the magnetic 
field has been studied several times. The experi- 
mental investigations of the field dependence of 
the Hall constant in p-type InSb’? showed good 
qualitative agreement between the results of meas- 
urements and the deductions from classical theory.® 
This agreement consists in the change of sign of 
the Hall constant with increasing magnetic field in 
the temperature region where the Hall effect has 
the electronic sign. However, the Hall constant 

of p-type germanium in weak fields changes sign 
from positive to negative. Willardson, Harman, 
and Beer’ used a model with three types of current 
carriers (electrons, ordinary holes and ‘‘light’’ 
holes) to explain the field dependence of the Hall 
constant in p-type germanium, and obtained good 
agreement between the deductions from the theory 
and the experimental results in weak fields up to 

8 koe. Measurements of the Hall effect in p-type 
germanium by Stafeev and Tuchkevich in fields up 
to 20 koe® did not show a second change in sign of 
the Hall constant, which they interpreted as a dis- 
agreement between the results and the deductions 
from the theory. In addition, Orlova and Tuchke- 
vich® suggested that the disagreement between 

che theoretical and experimental values of the Hall 
constant lies in the incorrectness of the energy 
model of germanium. It is thus of great interest 
to measure the Hall effect in p-type germanium 
specimens in the region of stronger magnetic 
fields and to compare the results obtained with 
the theoretical predictions. 

The aim of the present work is to measure the 
Hall effect in p-type germanium over a wide range 
of magnetic fields. The measurements were made 
on a p-type specimen with room temperature re- 
Sistivity 25 ohm-cm (specimen No.1) in pulsed 
magnetic fields up to 200 koe, and also on a spe- 
cimen with room temperature resistivity 58 ohm- 
cm (specimen No.2) in fields up to 300 koe). 
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The high pulsed magnetic field generator de- 
scribed earlier’ was used in the measurements. 
The specimens had dimensions 8 X 2.0 x 0.8 mm 
and were placed in the uniform field region of the 
solenoid with the help of a special holder. The 
ohmic contacts were fixed with indium, followed 
by heating in vacuum. The temperature was regu- 
lated by a thermostat and was controlled by a 
copper-constantan thermocouple. The measuring 
system made it possible to obtain the field depend- 
ence of the Hall voltage directly on the oscillo- 
scope screen. 


Field dependence of the Hall voltage for specimen No. 1. 
Curve 1 corresponds to a temperature of 50°C; 2—53.5°C; 
3—55°C; 4—58.5°C} 5 62.5°C; 6=—68:5°C. 7 =76°C; 

8 —85°C, 


The figure shows the results for specimen No. 1. 
The curves, obtained in pulsed field, were not 
plotted point by point, as they are enlarged oscillo- 
grams. The initial part of the dependence Vx(H) 
(up to 20 koe) was measured in the constant field 
of an electromagnet. 

The results can be explained by a model in 
which the resultant Hall field is made up of com- 
ponents produced by separate types of current 
carriers. The relation between the separate com- 
ponents of the Hall effect changes with changing 
temperature and field strength. 

In specimen 1, the ratio of mobilities and con- 
centrations of the separate types of current car- 
riers is such that for t < 60°C the Hall constant 
in weak fields becomes positive. On increasing 
the magnetic field, the ratio of the components 
changes, owing to the bending of the lines of cur- 
rent flow. Since the bending of the lines is deter- 
mined by the parameter uH (where u is the mo- 
bility of the current carriers and H is the field 
strength), an increase in the field decreases first 
the contribution of the most mobile fast holes and 
then that of the electrons. This leads to a double 
change in sign of the Hall constant with a change 
in field strength in the temperature interval be- 
tween 56 and 60°C. The first time that Vx(H) 
passes through zero is connected with the reduc- 
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tion in the contribution of fast holes, and the sec- 
ond with that of electrons. 

The form of the Vx(H) dependence also 
changes with changing temperature. On increas- 
ing the temperature, the field corresponding to 
the first change decreases, while the field corre- 
sponding to the second increases. There is thus 
no first passing of the Hall constant through zero 
for t > 60°C (curve 5). A decrease in the tem- 
perature leads to a reduction in the number of 
free electrons and to an increase in the mobility 
of the current carriers. As a result, the role of 
electrons in the Hall effect decreases, and the 
field range in which the influence of fast holes 
becomes appreciable narrows. Our results agree 
with the deductions from classical theory of gal- 
vanomagnetic phenomena not only qualitatively 
but quantitatively. In fact, if we take the concen- 
tration of light holes to be 5% of that of heavy 
holes, and the ratio of their mobilities to be 8.0, 
then the experimental field dependence of the Hall 
constant agrees well with theory. Numerical com- 
parison was made for specimen No.1 at 55, 62.5, 
and 76°C. The experiments show that in the tem- 
perature range studied the ratio of mobilities of 
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Ferm was evidently the first to use the analogy 
between the electromagnetic field of a moving 
charge and a radiation field. This method was de- 
veloped by Weizsicker’ and Williams,’ who ob- 
tained the spectrum of photons equivalent to the 
field of a charge. Recently there have been a 
number of papers in which authors have used 
this method (cf. Low,’ and especially Pomeran- 
chuk and Shmushkevich’). 

In these papers, however, the method is applied 


only to cross sections averaged over polarizations. 


We shall show how a virtual quantum can be re- 


placed by a real one directly in the matrix element. 


Let us consider a diagram describing some 
process that occurs in the field of another particle 
(and with the diagram connected with the source 
of the field by one photon line). The momentum 
of the virtual photon is q = Py—P, (the difference 
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“‘light’’ and ‘‘heavy’’ holes does not change, while 
the ratio of their concentrations is, to a first ap- 


proximation, proportional to the absolute temper- 
ature. 
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of the four-momenta of the heavy particle before 
and after the collision). The Fourier components 
of such a field are given by 


A(q) = —2nZeq *P5(qP), (1) 


where P = P, + Py, and the 6 function expresses 
the obvious relation (P,—P,)(P,+ P,) = 0; we 
use throughout ab =a-b—apgby. In the system in 
which P= 0, Eq. (1) goes over into the Fourier 
component of index 4 for the static Coulomb field. 

We call one of the external lines of the diagram 
the incident particle [momentum p (pp, p), mass 
mJ]. In order for the expression (1) to go over into 
a free field, we must choose a new gauge. In the 
calculation of formulas with a free photon one usu- 
ally chooses the gauge so that the photon will have 
no scalar component in some chosen coordinate 
system (usually in the system p=0). This con- 
dition can be written in the form ep = 0. There- 
fore let us choose a new polarization vector é by 
the formula 


@ =(P—q(qp)* (PP), P= PP + (py? (Py, (2) 
so that ep = 0. Then the field (1) is replaced by 


A(q) = —2mZeq*5(qP)fe - (3) 
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This formula gives the field of equivalent photons 
(amplitude and polarization). 

It is not hard to get from it also the spectrum 
of equivalent photons. Let us determine the num- 
ber of equivalent photons in the invariant interval 
d‘q: 


nv? \ Tix pi Pr dVdsq, (4) 


where Tj, is the energy-momentum tensor of the 
field (3), and —x =m7'(pq) is a variable that plays 
the part of the energy of the quantum. The integra- 
tion is over a spacelike hypersurface orthogonal to 
p. It is not hard to see that in the system p = 0 
this expression goes over into the ratio of the en- 
ergy To of the field to the energy qg of one quan- 
tum, and consequently Eq. (4) gives an invariant 
definition of the number of equivalent photons. It 

is important to note that only with the gauge (2) is 
the number of photons proportional to the square 

of the amplitude of the field (as in the usual gauge 
for free photons). The calculations give 


[(n, @)d'q= 4 


4 foo COO) ; n 2) O(gP) 

y) (x, q*) — one pl =r : ~ 9} ee A (5) 
Here we have introduced q,, which is the compo- 
nent of q orthogonal to @ and plays the part of the 
wave vector of the quantum: 


mé=9, m=q—é(éq), gp=4p. 


If the condition qi « (q,p)*m~ is satisfied, we can 
neglect the second term in the square brackets in 
Eq. (5). In the system p = 0 this condition requires 
that the four-length of the ‘‘wave vector’’ be small 
in comparison with its energy. When this condition 
holds the spectrum can be written in the form 


Za (pP 
1, 9) = sae (qe + P (6) 


2 (7p)? \5(qP) 
2 (q1p) ) ‘ 


(ai) GF 


The spectrum can also be written in an invariant 
three-dimensional form. 
To get rid of the 6 function, we introduce 


1D se iy IP, (2p = Se (GaiP yo, 2p =O. 
Then 
d(pP) = 6{[— m™*(pP)(qp) + gPi). 


We can integrate over the component of q parallel 
to p [integral over d(qp)]. After this there re- 
mains the integration over the three-dimensional 
space orthogonal to p, under the supplementary 
condition 


m*(qp) = m(qPu)(pP) + = — (qv), 


where the vector v = —m(pP) !Py, has three in- 
dependent components (because of the condition 
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vp = 0) and goes over into the ordinary velocity 

vector in the reference system in which p = 0. 

The spectrum is finally written in the form 
LAO 


—"~{q —(qu)v — m 1(qv)p}? 


d°q 
2n2 (qv) q 


I(x, g?)a°q = 
(7) 


It is not hard to see that for p = 0 this expression 
agrees with the usual one (for [yew yee kane 
square-bracket expression in this case goes over 
into qi. where q, is the three-dimensional vec- 
tor orthogonal to v. 


with gp=0. 


1%. Fermi, Z. Physik 29, 315 (1924). 

2C. Weizsicker, Z. Physik 88, 612 (1934). 

3&. J. Williams, Phys. Rev. 45, 729 (1934); 
Proc. Roy. Soc. A139, 163 (1933); Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 18, No.4 
(1935). 

4. E. Low, Phys. Rev. 120, 582 (1960). 

5T. Ya. Pomeranchuk and I. M. Shmushkevich, 
Nuclear Phys. 28, 452 (1961). 


Translated by W. H. Furry 
208 
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‘Tae direct interaction of 7° mesons with the 
electromagnetic field can be written in the form! 


0A*(x) 0A%(x) 
OX, 


1 
Hint ae ire 
mM 


80 
Tt W(X) Eapys axs (1) 


where 7 is the mean life of the 7’ meson and mM 
its mass. From this follows that 7° mesons can 
be produced in electromagnetic processes: 


1) e+ere+e+ [7]; 2) yteom+y7 +e; 
3)e +e > r+y7, 4) ete—n: 
5) y+ nucleus -> 29+ nucleus; 


6) e+ nucleus -+2°+ e+ nucleus. 


The last two processes are meant to take place in 


LETEERS TO 


the Coulomb field of the nucleus. The cross sec- 
tions of these processes are generally small be- 
cause the mean life of the 7? meson is large com- 
pared with the characteristic time of the electro- 
magnetic interaction. So the cross section of 
process 1) (see reference 2) at an electron energy 
of 300 Mev equals roughly 107° of the elastic scat- 
tering cross section. 

However, if a 7° propagator is contained in the 
amplitude for another process, poles will appear, 
of which some may lie in the physical region. Then 
the diagrams containing these singularities can 
dominate in the expression for the cross sections 
of that particular process. All such diagrams 
characteristically contain a part that corresponds 
to photon-photon scattering via a 7° meson. Such 
a part will be contained in the diagrams of the fol- 
lowing processes: 

a) & +e => 3y; 


b) @+ Yes $27; c) e+e — 27; 


d) e+e-e+e; 


The photon-photon scattering was investigated 
by Oraevskii,? who showed that there exists a 
sharp maximum in the cross section for this proc- 


ess at a photon energy w=u/2. Analogous maxima 


will exist also in the cross sections of processes 
c) and d) (in the latter case — in the annihilation 


e)yte-rt+e flheteseie+ 27. 
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the electron or positron in the c.m.s.) and for 
process b) on the line €) = w =e / 40 (w — energy 
of the incoming photon in the c.m.s., € — energy 
of the final electron). 

In processes which do not have an annihilation 
character, and also in the process e), the pole of 
the 7° propagator lies in the unphysical region. 
For example, for process e) it lies at c.m.s. scat- 
tering angle with cos 8 = 1 + p?/2u°. 

Amongst the possible 1° production processes 
the process 3) is of particular interest. Jt is not 
masked by photonuclear production processes like 
the processes 5) and 6); it has a larger cross sec- 
tion than processes 1) and 4), and it is easier to 
observe than process 2). Its cross section in the 
c.m.s. is given by 


3(0) = (c?/4t?)(q/e)?(1 + cos?0)f?(e?), (2) 


where q —momentum of the 7’ meson, ¥ — angle 
between the momenta of the initial and the final 
particles, f(«*) —form factor of the 7° meson. 
The latter makes its appearance because the inter- 
action (1) is not a ‘‘fundamental’’ interaction and, 
generally speaking, has to be chosen in a nonlocal 
form. At an energy of 130 Mev the process has a 
cross section of the order of 107** cm?. 

Recently the possibility of the existence of a 
neutral vector meson of mass M ~ 3yu has been 


diagram of electron-positron scattering ). However, 
due to the small probability of a decay of the 7° me- 
son into two electrons the contribution of the 7° in- 
termediate state to these processes is smaller than 
the purely electrodynamic part even at its peak. We 


widely discussed. It has been proposed by Nambu‘ 
to explain the isoscalar part of Hofstadters charge 
distributions. In this connection we would like to 
remark that the existence of such a meson could 
be checked by means of the reaction e*+ e — 7° 


assume here and later that the ‘‘widths’’ of the 7° 


‘“‘level’’ are determined by its experimental mean life. 


The situation is completely different for the 
processes a) andb). Here the cross section of 
the process going via the n° meson contains just 
the additional factor e? = 1/137 as compared to 
the case of photon-photon scattering. As a result 
of this the contribution of the diagrams going via 
a a meson will dominate the cross sections in 
the vicinity of the pole of the n° propagator. For 
example, the cross section for the three photon 
annihilation of a pair at an energy of the positron 
or electron in the center-of-mass system (c.m.s.) 
of 140 Mev has the order of magnitude of 10-7? — 
10789 em?/sr. This is 5—6 orders of magnitude 
larger than the corresponding electrodynamic 
cross section and has the same order of magni- 
tude as the two-photon annihilation cross section. 
As collision processes which have three particles 
in the final state are characterized by five param- 
eters the maximum of the scattering amplitude for 
process a) will lie on the line w = € —p?/4e (w— 
energy of one of the final photons, € — energy of 


+y. In this case in the reaction cross section 
there would appear a resonance denominator of 
the form [(2e -M)*+T?/4] (I — ‘‘width of the 
level’’). If the mean life of that meson with re- 
spect to the decay into 7’ + y would be 107??— 
107! sec then the reaction cross section averaged 
over an interval of 5 Mev at the energy containing 
the resonance would be of order 107?" to 10778 em? 
which is considerably larger than all electrody- 
namic cross sections at such an energy. 

In conclusion the authors thank I. B. Khriplovich 
for discussions. 
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ly metals with a complicated dispersion law for 
the conduction electrons there is a continuous 
spectrum of values for the effective masses and, 
consequently, a whole range of natural frequencies 
of rotation of the electrons in a magnetic field Hz 
=H (wy =H; » =e/me; 27m = 98/de, where 
S=S(e, pz) is the cross-section area of the iso- 
energetic surface by the plane pz = const ).! 

Under the conditions for cyclotron resonance 
(i.e., in a magnetic field parallel to the surface 
of the metal and in a high-frequency electric field 
of frequency w),° electrons of mass m contribute 
to all the high frequency characteristics of the 
metal a term with a ‘‘resonance’’ denominator 
w—-uwH+i/t (7 is the relaxation time). This 
means that the corresponding characteristics 
(such as the conductivity of surface impedance ) 
are of the form, for wt >1 


a2 AG AUC i ee 9 o) x (uw) du 
M ee aCe) few (1) 


where xy(y) is a smooth function of uw over the 
whole range of variation of effective masses, ex- 
cept for points where the density of states has a 
singularity or a discontinuity; in particular near 
the extremal values p = Mgt X (u)~ (pu = pg)”. 
As can be seen from (1) it is just these singulari- 
ties wy =H which are also resonances for M, 
and for all other natural frequencies M isa 
smooth function of w. 

At low temperatures (kT « whH « €)) when 
the integration in (1) is only carried out for elec- 
trons at the Fermi surface € = €), quantization 
of p, in a magnetic field leads to discrete values 
of the effective mass and, as a result, to the re- 
placement of (1) by a sum of the form 


(Mn) Oy 
M' sO resreeaice (2) 


By considering the cross section area of the 
Fermi surface as a function of up (S=S(p)), we 
can express the condition for quasi-classical 
quantization as 


(Ua) = enn ie: 


From this du = ehH/c (8S/du), and near the 
point pH = w 


6p/u = ho/(dS/dm). (3) 


If the relative distance between the levels 6u/p 
is of the same order as or larger than the attenua- 
tion constant 1/wrT, i.e., 


1/wt, (4) 


then the separate frequencies fH in the sum (3) 
are split and M’ is no longer a smooth function of 
w/H. A simple calculation gives* 
x (bw) dp 
ph eae ; 


For p/wrou > 1, cot T{...} —--—i and (5) goes 
over into (1). On the other hand, for p/wtdu < 1, 
M’ has oscillations of large amplitude AM’/M’ 

(6u/u) wt which correspond to resonance at 
each of the discrete frequencies Wy =MyH. The 
periods of these oscillations, in the inverse of the 
magnetic field A are 


ho/(dS/am) < 


M'= = x (u)ctgn {SH 4; I} (5)* 


| ehH @t6L) jp=ol Al 


A=< (6) 


[(S+ war) 
The period A is thus a function of the magnetic 
field. 

By measuring the A(w/H) dependence we can 
obtain a variety of information about the Fermi 
surface, in particular we can find the area of any 


cross-section as a function of the inverse of the 
mass u: 


p=o/H : 


pS (ph) = — S (po) = 0. 

Condition (4) is most easily fulfilled for the 
‘‘anomalous’’ electron groups with long period 
oscillations in the de Haas—van Alphen effect (in 
this case it is apparently fully realized for fre- 
quencies w ~ 10!4 sec™!). It is still not quite clear 
for which cases it can be realized for the normal 
electron groups. 

We should remark that the expression 9S/9m 
appearing in the denominators of (3) and (4) can, 
in general, change sign and be zero at certain 
points (9S/3m = vo /(a In m/ép, ); Ve (pe) is the 
mean value of v, pone the contour pz = const). 
Near points where vZ = 0, dm/dp, = 0, 08/am 


*If the S(u) dependence has several branches, then the sum 
in (5) must be taken over all these branches. 
*ctg = cot. 


Pe Pe ho <T.O 


will be ~m—mp, and the relative distance between 
levels will be 6u/u ~ Viiw/e,. Near the critical 
points pz, corresponding to self-intersecting tra- 
jectories (of the figure-of-eight type), m ~ 

—In |pz — pk | (see reference (1)), and a simple 
calculation gives du/u ~ 1/ln (€)/hw). In these 
cases the condition (4) goes over to a considerably 
weaker condition wt 2 In (€)/hw), which is al- 
most always realized. 

The oscillations connected with the splitting of 
the resonance frequencies differ considerably from 
the usual quantum oscillations of the de Haas—van 
Alphen and Shubnikov—de Haas effect, and also from 
the high frequency conductivity oscillations con- 
sidered by Azbel’. All these oscillations have a 
universal period, independent of magnetic field, 
A= eb/ Caer, determined by the extremal Fermi 
surface cross-section; the form of these oscilla- 
tions is also described by a single universal func- 
tion.’ In calculating the sum in (2), these oscilla- 
tions arise from terms lying in the region of sin- 
gular points in the density of states v (p,) dp, 
= v(pz)(dpz /du) du, i.e., singular points of the 
function x(u). These points, naturally, are inde- 
pendent of H and w and correspond to extremal 
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cross-sections Sexty. The oscillations deter- 
mined by them have very small amplitude and can 
be neglected if condition (4) holds, as has been 
done in (5). On the other hand, for the opposite 
limiting case 6u/u <«< 1/wT, when there is no 
splitting of the resonance frequencies, quantum 
effects enter only into these small oscillations. 


'T. M. Lifshitz and M. I. Kaganov, Usp. Fiz. 
Nauk 69, 419 (1959), Soviet Phys.-Uspekhi 2, 831 
(1960). 

2M. Ya. Azbel’ and E. A. Kaner, JETP 30, 811 
(1956) and 32, 896 (1957), Soviet Phys. JETP 3, 
THA (958) arch B, (BO (O87). 

31. M. Lifshitz and A. M. Kosevich, JETP 29, 
730 (1955), Soviet Phys. JETP 2, 636 (1956); Izv. 
Akad. Nauk SSSR, Ser. Fiz. 19, 395 (1955), Colum- 
bia. Tech. Trans]: p.353; 1. M. Litshitz, JETP 32; 
1507 (1957), Soviet Phys. JETP 5, 1227 (1957); 
M. Ya. Azbel’, JETP 34, 969 (1958), Soviet Phys. 
JETP 7, 669 (1958). 


Translated by R. Berman 
210 


SOVIET 
PHYSICS 
JOURNALS 


Soviet Physics—JETP 


A translation, beginning with 1955 issues of Zhurnal 
Eksperimental not i Teoreticheskoi Fiziki of the USSR 
Academy of Sciences. Leading physics journal of Soviet 
Union. Similar to “The Physical Review” in quality 
and range of topics. Outstanding new work is most 
likely to appear in this journal. 

Vols, 13 and 14 comprising twelve issues, approx. 4000 pp. 


$75 domestic, $79 foreign 
Libraries* $50 domestic, $54 foreign. Single copies, $8 


Soviet Physics—SOLID STATE 


A translation, beginning with 1959 issues of Fizika 
Tverdogo Tela of the USSR Academy of Sciences. 
Offers results of theoretical and experimental inves- 
tigations in the physics of semiconductors, dielectrics, 
and on applied physics associated with these problems. 
Also publishes papers on electronic processes taking 
place in the interior and on the surface of solids. 

Vol. 3 comprising twelve issues, approx. 3800 pp. 


$70 domestic, $74 foreign 
Libraries* $45 domestic, $49 foreign. Single copies, $8 


Soviet Physics—TECHNICAL PHYSICS 


A translation, beginning with 1956 issues of Zhurnal 
Tekhnicheskoi Fiziki of the USSR Academy of Sciences. 
Contains work on plasma physics and magnetohydro- 
dynamics, aerodynamics, ion and electron optics, and 
radio physics. Also publishes articles in mathematical 
physics, the physics of accelerators, and molecular 
physics. Vol. 6 comprising twelve issues, approx. 2000 pp. 


$55 domestic, $59 foreign 
Libraries* $35 domestic, $39 foreign. Single copies, $8 


Soviet Physics—ACOUSTICS 


A translation, beginning with 1955 issues of Akusti- 
cheskii Zhurnal of the USSR Academy of Sciences. De- 
voted principally to physical acoustics but includes 
electro-, bio-, and psychoacoustics. Mathematical and 
experimental work with emphasis on pure research. 


Vol. 7 comprising four issues, approx. 500 pp. 
$12 domestic, $14 foreign 
(No library discounts.) Single copies, $4 


Translations of the 1961 Originals—Published in English by the American 
Institute of Physics with the cooperation of the National Science Foundation. 


Publication year July, 1961—June, 1962. 


Soviet Physics—DOKLADY 


A translation, beginning with 1956 issues of the physics 

sections of Doklady Akademii Nauk SSSR, the pro- 

ceedings of the USSR Academy of Sciences. All-science 

journal offering four-page reports of recent research in 
physics and borderline subjects. 

Vol. 6 comprising twelve issues, approx. 1500 pp. 

$35 domestic, $38 foreign 

Libraries* $25 domestic, $28 foreign 


Single copies Vols, 1 and 2, $5; 
Vol. 3 and later issues, $7 


Soviet Physics—CRYSTALLOGRAPHY 


A translation, beginning with 1957 issues of the journal 
Kristallografiya of the USSR Academy of Sciences. 
Experimental and theoretical papers on crystal struc- 
ture, lattice theory, diffraction studies, and other topics 
of interest to crystallographers, mineralogists, and 


metallurgists. Vol. 6 comprising six issues, approx. 1000 pp. 


$25 domestic, $27 foreign 
Libraries* $15 domestic, $17 foreign. Single copies, $5 


SOVIET ASTRONOMY—AJ 


A translation, beginning with 1957 issues of Astro- 
nomicheskii Zhurnal of the USSR Academy of Sciences. 
Covers various problems of interest to astronomers and 
astrophysicists including solar activity, stellar studies, 
spectroscopic investigations of radio astronomy. 


Vol. 5 comprising six issues, approx. 1100 pp. 
$25 domestic, $27 foreign 
Libraries* $15 domestic, $17 foreign. Single copies, $5 


Soviet Physics—USPEKHI 


A translation, beginning with September, 1958, issue of 
Uspekhi Fizicheskikh Nauk of the USSR Academy of 
Sciences. Offers reviews of recent developments com- 
parable in scope and treatment to those carried in Re- 
views of Modern Physics. Also contains reports on 
scientific meetings within the Soviet Union, book re- 
views, and personalia. 

Vol. 4 comprising six issues, approx. 1700 pp. 


(Contents limited to material from Soviet sources) 


$45 domestic, $48 foreign 
Libraries* $30 domestic, $33 foreign. Single copies, $9 


*For libraries of nonprofit academic institutions. 


ee 


